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Preface 


Real world is featured with complex phenomenons. As uncertainty is 
inevitably involved in problems arise in various fields of life and classical 
methods failed to handle these type of problems. Dealing with imprecise, 
uncertain or imperfect information was a big task for many years. Many 
models were presented in order to properly incorporate uncertainty into sys- 
tem description, Lotfi A.Zadeh in 1965 introduced the idea of a fuzzy set. 
Zadeh replaced conventional characteristic function of classical crisp sets 
which takes on its values in {0,1} by membership function which takes 
on its values in closed interval [0,1]. Fuzzy set theory is conceptually a 
very powerful technique to deal with another aspect or vision of imperfect 
information related to vagueness and is a modelling tool for complex sys- 
tems that can be controlled by human but very tough to define exactly. 
It also reduces the chances of failures in modelling. Until 1960’s uncer- 
tainty was considered solely in terms of probability theory and understood 
as randomness but Zadeh discovered the relationships of probability and 
fuzzy set theory which has appropriate approach to deal with uncertain- 
ties. Fuzzy set theory not only formulate imprecise information into model 
but it helps us in problem solving and decision making. In fact a fuzzy set 
approaches are suitable when it is needed to model human knowledge or 
evaluation. Moreover a fuzzy logic is that branch of mathematics that al- 
lows a computer to model the real world in the same way as that of people 
do. 

Many authors have applied the fuzzy set theory to generalize the basic 
theories of Algebra. Mordeson et al. has discovered the grand exploration 
of fuzzy semigroups, where theory of fuzzy semigroups is explored along 
with the applications of fuzzy semigroups in fuzzy coding, fuzzy finite state 
mechanics and fuzzy languages etc. and fuzzy approach is also applied to 
the problem of integrated design of high speed planar mechanism. But at 
a point when we talk about degree of non-membership or falsehood then 
fuzzy set theory does not work properly and we need something new to deal 
with it more properly. Krassimir T. Atanassov introduced the degree of 
non-membership/falsehood (f) in 1986 and defined the intuitionistic fuzzy 
set. An intuitionistic fuzzy set is basically a generalization or extension of 
fuzzy set and can be viewed in the perspective as an approach to fuzzy 
set in case when we are not provided with sufficient information. Use of 
intuitionistic fuzzy sets is helpful in the introduction of additional degrees of 
freedom (non-membership and hesitation margins) into set description and 
is extensively use as a tool of intensive research by scholars and scientists 
from over the so many years. 

Various theories like theory of probability, fuzzy set theory, intutionistic 
fuzzy sets, rough set theory etc., are consistently being used as powerful 
constructive tools to deal with multiform uncertainties and imprecision 
enclosed in complex systems. But all these above theories do not model 


undetermined information adequately. Therefore, due to the existence of 
indeterminacy in various world problems, neutrosophy founds its way into 
the modern research. Neutrosophy is a generalization of fuzzy set, where the 
models represented by three types concepts that is truthfulness, falsehood 
and neutrality. Neutrosophy is a Latin world "neuter" - neutral, Greek 
"sophia" - skill/wisdom). Neutrosophy is a branch of philosophy, introduced 
by Florentin Smarandache which studies the origin, nature, and scope of 
neutralities, as well as their interactions with different ideational spectra. 
Neutrosophy considers a proposition, theory, event, concept, or entity, "A" 
in relation to its opposite, "Anti-A" and that which is not A, "Non-A", and 
that which is neither "A" nor "Anti-A", denoted by "Neut-A". Neutrosophy 
is the basis of neutrosophic logic, neutrosophic probability, neutrosophic 
set, and neutrosophic statistics. 

Inspiring from the realities of real life phenomenons like sport games 
(winning/ tie/ defeating), votes (yes/ NA/ no) and decision making (mak- 
ing a decision/ hesitating/ not making), F. Smrandache introduced a new 
concept of a neutrosophic set (NS in short) in 1995, which is the generaliza- 
tion of a fuzzy sets and intutionistic fuzzy set. NS is described by member- 
ship degree, indeterminate degree and non-membership degree. The idea 
of NS generates the theory of neutrosophic sets by giving representation 
to indeterminates. This theory is considered as complete representation of 
almost every model of all real-world problems. Therefore, if uncertainty 
is involved in a problem we use fuzzy theory while dealing indeterminacy, 
we need neutrosophic theory. In fact this theory has several applications 
in many different fields like control theory, databases, medical diagnosis 
problem and decision making problems. 

This book consists of seven chapters. In chapter one we introduced neu- 
trosophic ideals (bi, quasi, interior, (m,n) ideals) and discussed the prop- 
erties of these ideals. Moreover we characterized regular and intra-regular 
AG-groupoids using these ideals. 

In chapter two we introduced neutrosophic minimal ideals in AG-groupoids 
and discussed several properties. 

In chapter three, we introduced different neutrosophic regularities of AG- 
groupoids. Further we discussed several condition where these classes are 
equivalent. 

In chapter four, we introduced neutrosophic M-systems and neutrosophic 
p-systems in non-associative algebraic structure and discussed their rela- 
tions with neutrosophic ideals. 

In chapter five, we introduced neutrosophic strongly regular AG-groupoids 
and characterized this structure using neutrosophic ideals. 

In chapter six, we introduced the concept of neutrosophic ideal, neutro- 
sophic prime ideal, neutrosophic bi-ideal and neutrosophic quasi ideal of 
a neutrosophic semigroup. With counter example we have shown that the 
union and product of two neutrosophic quasi-ideals of a neutrosophic semi- 
group need not be a neutrosophic quasi-ideal of neutrosophic semigroup. 


We have also shown that every neutrosophic bi-ideal of a neutrosophic 
semigroup need not be a neutrosophic quasi-ideal of a neutrosophic semi- 
group. We have also characterized the regularity and intra-rgularity of a 
neutrosophic semigroup. 

In chapter seven, we introduced neutrosophic left almost rings and dis- 
cussed several properties using their neutrosophic ideals. 


1 
Neutrosophic Sets 
in AG-groupoids 


In this chapter we have defined neutrosophic ideals, neutrosophic interior 
ideals, neutrosophic quasi-ideals and neutrosophic bi-ideals (neutrosophic 
generalized bi-ideals) and proved some results related to them. Further- 
more, we have done some characterization of a neutrosophic LA-semigroup 
by the properties of its neutrosophic ideals. It has been proved that in 
a neutrosophic intra-regular LA-semigroup neutrosophic left, right, two- 
sided, interior, bi-ideal, generalized bi-ideal and quasi-ideals coincide and 
we have also proved that the set of neutrosophic ideals of a neutrosophic 
intra-regular LA-semigroup forms a semilattice structure. 


Introduction 


It is well known fact that common models with their limited and re- 
stricted boundaries of truth and falsehood are insufficient to detect the re- 
ality so there is a need to discover and introduce some other phenomenon 
that address the daily life problems in a more appropriate way. In different 
fields of life many problems arise which are full of uncertainties and classi- 
cal methods are not enough to deal and solve them. In fact, reality of real 
life problems can not be represented by models with just crisp assumptions 
with only yes or no because of such certain assumptions may lead us to 
completely wrong solutions. To overcome this problem, Lotfi A.Zadeh in 
1965 introduced the idea of a fuzzy set which help to describe the behavior 
of systems that are too complex or are ill-defined to admit precise math- 
ematical analysis by classical methods. He discovered the relationships of 
probability and fuzzy set theory which has appropriate approach to deal 
with uncertainties. According to him every set is not crisp and fuzzy set is 
one of the example that is not crisp. This fuzzy set help us to reduce the 
chances of failures in modelling.. Many authors have applied the fuzzy set 
theory to generalize the basic theories of Algebra. Mordeson et al. has dis- 
covered the grand exploration of fuzzy semigroups, where theory of fuzzy 
semigroups is explored along with the applications of fuzzy semigroups in 
fuzzy coding, fuzzy finite state mechanics and fuzzy languages etc. 

Recently, several theories have been presented to dispute with uncer- 
tainty, vagueness and imprecision . Theory of probability, fuzzy set the- 
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ory, intutionistic fuzzy sets, rough set theory etc., are consistently being 
used as actively operative tools to deal with multiform uncertainties and 
imprecision enclosed in a system. But all these above theories failed to 
deal with indeterminate and inconsistent information. Therefore, due to 
the existence of indeterminancy in various world problems, neutrosophy 
founds its way into the modern research. Neutrosophy was developed in 
attempt to generalize fuzzy logic. Neutrosophy is a Latin world "neuter" - 
neutral, Greek "sophia" - skill/wisdom). Neutrosophy is a branch of phi- 
losophy, introduced by Florentin Smarandache which studies the origin, 
nature, and scope of neutralities, as well as their interactions with differ- 
ent ideational spectra. Neutrosophy considers a proposition, theory, event, 
concept, or entity, "A" in relation to its opposite, "Anti-A" and that which 
is not A, "Non-A", and that which is neither "A" nor "Anti-A", denoted 
by "Neut-A". Neutrosophy is the basis of neutrosophic logic, neutrosophic 
probability, neutrosophic set, and neutrosophic statistics. 

Inspiring from the realities of real life phenomenons like sport games 
(winning/ tie/ defeating), votes (yes/ NA/ no) and decision making (mak- 
ing a decision/ hesitating/ not making), F. Smrandache introduced a new 
concept of a neutrosophic set (NS in short) in 1995, which is the generaliza- 
tion of a fuzzy sets and intutionistic fuzzy set. NS is described by member- 
ship degree, indeterminate degree and non-membership degree. The idea 
of NS generates the theory of neutrosophic sets by giving representation 
to indeterminates. This theory is considered as complete representation of 
almost every model of all real-world problems. Therefore, if uncertainty 
is involved in a problem we use fuzzy theory while dealing indeterminacy, 
we need neutrosophic theory. In fact this theory has several applications 
in many different fields like control theory, databases, medical diagnosis 
problem and decision making problems. 


Preliminaries 

Abel-Grassmann’s Groupoid (abbreviated as an AG-groupoid or LA- 
semigroup) was first introduced by Naseeruddin and Kazim in 1972. LA- 
semigroup is a groupoid S whose elements satisfy the left invertive law 
(ab)c = (cb)a for all a, b, c € S. LA-semigroup generalizes the concept 
of commutative semigroups and have an important application within the 
theory of flocks. In addition to applications, a variety of properties have 
been studied for AG-groupoids and related structures. An LA-semigroup is 
a non-associative algebraic structure that is generally considered as a mid- 
way between a groupoid and a commutative semigroup but is very close to 
commutative semigroup because most of their properties are similar to com- 
mutative semigroup. Every commutative semigroup is an AG-groupoid but 
not vice versa. Thus AG-groupoids can also be non-associative, however, 
they do not necessarily have the Latin square property. An LA-semigroup 
S can have left identity e (unique) i.e ea = a for all a € S but it can not 
have a right identity because if it has, then S becomes a commutative semi- 
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group. An element s of LA-semigroup S is called idempotent if s? = s and 
if holds for all elements of S then S is called idempotent LA-semigroup. 

Since the world is full of indeterminacy, the neutrosophics found their 
place into contemporary research. In 1995, Florentin Smarandache intro- 
duced the idea of neutrosophy. Neutrosophic logic is an extension of fuzzy 
logic. In 2003 W.B Vasantha Kandasamy and Florentin Smarandache intro- 
duced algebraic structures (such as neutrosophic semigroup, neutrosophic 
ring, etc.). Moreover SUI — (a-- bI: where a, b € S and I is literal indeter- 
minacy such that J? = I) becomes neutrosophic LA-semigroup under the 
operation defined as: 

(a + bI) x (c+ dI) = ac + bdI for all (a+ bI), (c+ dI) € SUI. That 
is (SUI, *) becomes neutrosophic LA-semigroup. They represented it by 
N(S). 


[(a1 + az1)(bi  bə1)l(ci + eI) = [(e1 + col) (b1 + bat) \(a1 + a21), (1) 


holds for all (a1 + a21), (bi + 521), (ci + col) € N(S). 

It is since than called the neutrosophic left invertive law. A neutrosophic 
groupoid satisfying the left invertive law is called a neutrosophic left almost 
semigroup and is abbreviated as neutrosophic LA-semigroup. 

In a neutrosophic LA-semigroup N(S) medial law holds i.e 


[(ay+a2I) (bi +b2T)] [(cy+c21) (d,+d2I)| => [((ay +a!) (cy -Fea1)] [(by +b2T) (di-də1)), 
(2) 
holds for all (aı + azl), (b + bel), (cı + cəl), (dy + dol) € N(S). 
There can be a unique left identity in a neutrosophic LA-semigroup. In a 
neutrosophic LA-semigroup /V(S) with left identity (e + eI) the following 
laws hold for all (dı + aol), (bi + bel), (cy + Col), (di + dəT) € N(S). 


[(a14-a21) (b1--b21)][(e1-- 021) (di t+dal)| = [(di+deI) (bi +b2I)][(c1 +e2T) (a3 Faz1)), 
(3) 


[(ay+a2I) (bi +b21)] [(cy+c2) (d,+d2I)| = [((dy+d2I)(c,+c2I)] [(by +b2) (a1--a»1)], 
(4) 


and 


(a1 + aoI)[(bi + bo1) (cı + coI)] = (b + beT)[(a1 + aəl) (cı + cəl). (5) 


for all (aı + azl), (bi + bel), (cı + col) € N(S). 

(3) is called neutrosophic paramedial law and a neutrosophic LA semi- 
group satisfies (5) is called neutrosophic AG" -groupoid. 

Now, (a+ bI)? — a 4- b1 implies a 4- bI is idempotent and if holds for all 
a+bI € N(S) then N(S) is called idempotent neutrosophic LA-semigroup. 
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Hn 


Example 1 Let S = (1,2,3] with binary operation "."is an LA-semigroup 
with left identity 3 and has the following Cayley’s table: 








then N(S) = (12-17, 12-27, 1437, 22-17, 24-21, 2-31, 3+1/, 34-21, 32-31) 
is an example of neutrosophic LA-semigroup under the operation "x" and 


has the following Cayley's table: 





















































* 1+12 1427 141431 2E11 2427 2431 3412 3421 3431 
1E1/ 31431 3412 3427 1432 1417 1422 2431 24711 2421 
1427/3422 3-31 3417 1427 141431 1417 2421 2431 2411 
1437) 3412 3422 3437 14177 1427 1437 2412 2421 243] 
2412 )2+3f 2411 2421 3-31 3417 3421 1437 1417 1421 
24-21|2--2] 2431 2411 3-21 3431 3411 1427 1437 1411 
2432 )2+12 2421 2431 3412 3421 3431 1417 1427 1431 
38412) 1-31 1417 1422 2437 2417 2421 3437 3412 3421 
34-21| 1-21] 1437 1412 2427 2431 2411 3422 3437 3411 
3432) 14+12 1427 141431 24172 2427 2431 3412 3421 3431 


























It is important to note that if N(S) contains left identity 3 + 37 then 
(N(S))? = N(S). 


Lemma 2 If a neutrosophic LA-semigroup N(S) contains left identity e+ 
Ie then the following conditions hold. 
(2) N(S)N(L) = N(L) for every neutrosophic left ideal N(L) of N(S). 
(it) N(R)N(S) = N(R) for every neutrosophic right ideal N(R) of N(S) 





Proof. (i) Let N(L) be the neutrosophic left ideal of N (S) implies that.N (S) N (L) € 





N (L).Let a--bI € N (L) and since a+bI = (e + eI) (a+ bI) € N (S) N (L)which 


implies that N (L) C N (S) N (L). Thus N (D) = N (S) N (L). 
(ii) Let N(R) be the neutrosophic right ideal of N(S). Then N(R)N(S) C 
N(R). Now,let a+ bI € N(R). Then 








a+bl = (e-el)(a-bI) 
= 8: + eT)] (a+ bI) 
[(a + 51) (e + ef)| (e+ ef) 
e (N (R )N(S))N(S) 
C N(R)N(S). 


Thus N(R) € N(R)N(S). Hence N(R)N(S) = N(R). m 

A subset N(Q) of an neutrosophic LA-semigroup is called neutrosophic 
quasi-ideal if N(Q)N(S) n N(S)N(Q) C N(Q). A subset N(I) of an LA- 
semigroup N(S) is called idempotent if (N(7))? = N(I). 
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Lemma 3 The intersection of a neutrosophic left ideal N(L) and a neu- 
trosophic right ideal N(R) of a neutrosophic LA-semigroup N(S) is a neu- 
trosophic quasi-ideal of N(S). 


Proof. Let N (L) and N(R) be the neutrosophic left and right ideals of 
neutrosophic LA-semigroup N(S) resp. 

Since N (L)nN (R) € N (R) and N (L)NN (R) € N (D) and N (S) N (D) C 
N (L) and N (R) N(S) C N(R). Thus 


(N (D) n N (R)) N (S) à N (S) (N (D) n.N (R)) 


INIA 
- 
5 
ə 
z 
is) 


a 

Hence, N (L) à N (R) is a neutrosophic quasi-ideal of N (S). 

A subset(neutrosophic LA-subsemigroup) N(B) of a neutrosophic LA- 
semigroup N (S) is called neutrosophic generalized bi-ideal(neutosophic bi- 
ideal) of N(S) if (N(B)N(S)) N(B) C N(B). 


Lemma 4 If N(B) is a neutrosophic bi-ideal of a neutrosophic LA-semigroup 
N(S) with left identity e+ eI, then ((xi + Iyi1)N(B))(x2 + Tye) is also a 
neutrosophic bi-ideal of N(S), for any zi + Iyy and xə + İyə in N(S). 
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Proof. Let N (B) be a neutrosophic bi-ideal of N(S), now we get 


Gi + gil) N(B 
= [UN(S)(za + yel) 
= [m “ ulN(B 


} (za + y2D)EN(CS)] [Ens + nil) N(B)) (zə  va1)] 
MH 
) 
= [{{@i+wl)N(B) 
) 
} 


) 

Gi £ mL) N(B)}[{(1 + wD) N(B) } (2 + yəl) 

(zə + yal) }{ (a1 + iT) N(B)§II zə + yot) 

(zi + wil) }{(w2 + yoT)NCB))] zə + yel) 

(zi t+ yi1))N(S)İH(zrə + gə1)N(B) (2 + vəl) 

(231 € 3a D)N(CB))] (2 + yol)N(B)} (12 + vəl) 

yazı + mDN(S)}[{(we + yaT) NCB) (x2 + yel) 

(zi + yl) }{(w2 + yo) N(B) (21 + wl ) (v2 + yel) 

(zi + yl) } {22 + yoI)N(B))]N(CS) 

(zı + yiM))H (2 + yol) N(B) 


= [mi yi1)N(B 
= [(UN(G)(G t gil) 
=> {N(B (zı mS yid 


} 
} 
} 
1 




















a 
zə 





e+ e1)N(S) 
(B))N(S) 
X2 m vəl) 








( 
)N 
Mai + yD) EN (BLN (S)N(B) fC 
= İ(zə — yl){N(S)N(B)}IIN(B) (21 + mT) 
+ gə1)) (NCS)N(B)][N (B) x + yil) 
X 
M 





N(S)}{ (a2 + yaI)(e + eD) HIN (B) (a1 + wt) 
Zı m vil) 








= İ(V(B)N(S)) N(B)][((za + yoI)(e + eI) 
C N(B)[((za + ysI)(e + ef) f(a + 1D) 
= [(t2+ gəT)(e + e)][N(CB) (21 + i1)] 

zı + yil)N(B)J[( + ef) (x2 + yol] 

zı + yil)N(B)J(za + vəl). 











u 

A subset N(I) of a neutrosophic LA-semigroup AN (S) is called a neutro- 
sophic interior ideal if (N(S)N(I))N(S) € N(I). 

A subset N(M) of a neutrosophic LA-semigroup JN (S) is called a neutro- 
sophic minimal left (right, two sided, interior, quasi- or bi-) ideal if it does 
not contains any other neutrosophic left (right, two sided, interior, quasi- 
or bi-) ideal of N(S) other than itself. 


Lemma 5 If N(M) is a minimal bi-ideal of N(S) with left identity and 
N(B) is any arbitrary neutrosophic bi-ideal of N(S), then N(M) = ((a1 + 
Iyi)NCB))(22 + Iy2), for every (zi + yil), (zi + y2t) € N(M). 


Proof. Let N(M) be a neutrosophic minimal bi-ideal and N(B) be any 
neutrosophic bi-ideal of N(S), then, [(a1 + y11) N(B)](za + gəl) is a neu- 
trosophic bi-ideal of N(S) for every (zı + y1I), (x2 + yet) € N(S). Let 
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(zi + gil), (zo gəl) € N(M), we have 


İzi yi D)N Q)] (x2 + gəl) (BİN(M) 


[N(M)N 
[N(M)N 


IN IA IA 


N(M). 
But N(M) is a neutrosophic minimal bi-ideal, so [(z1--y17) N(B)](xa4 yaI) = 
N(M). m 


Lemma 6 In a neutrosophic LA-semigroup N(S) with left identity, every 
idempotent neutrosophic quasi-ideal is a neutrosophic bi-ideal of N(S). 
Proof. Let N (Q) be an idempotent neutrosophic quasi-ideal of N (S), then 
clearly N (Q) is a neutrosophic LA-subsemigroup too. 


(N(Q)N(S))N(Q) € (N(Q)JN(S)N(S) 
= (N(S)N(S) N(Q) 


(N(Q)N(5)) N(Q) € (N(S)N(S)) N(Q) 





( 
Thus (N(Q)N(S)) N(Q) € (N(Q).N(S)) n (N(S)N(Q)) € N(Q). Hence, 
N(Q) is a neutrosophic bi-ideal of N(S). m 


Lemma "7 If N(A) is an idempotent neutrosophic quasi-ideal of a neutro- 
sophic LA-semigroup N(S) with left identity e -- eI, then N(A)N(B) is a 
neutrosophic bi-ideal of N(S), where N(B) is any neutrosophic subset of 
N(S). 

Proof. Let N(A) be the neutrosophic quasi-ideal of N(S) and N(B) be any 
subset of N(S). 


((N(A)N(B)) N(5)) (N(A)N(B)) 


toot Ia li 


In Il 
a 
zs 
E: 
S 


Hence N(A)N(B) is neutrosophic bi-ideal of N(S). m 


Lemma 8 // N(L) is a neutrosophic left ideal and N(R) is a neutrosophic 
right ideal of a neutrosophic LA-semigroup N(S) with left identity e+ eI 
then N(L)U N(L)N(S) and N(R)JUN(S)N(R) are neutrosophic two sided 
ideals of N(S). 
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Proof. Let N(R) be a neutrosophic right ideal of N(S) then we have 


[N (R) U N(S)N ()]N(S) 


and 


N(S)N(R)UN(S)N(R) = 


Il In lın, di 


Hence İN (6) U N(S)N 








N(R)N(S)U[N (S)N(R)IN(S) 
N(R) U[N (S)N(B)İN (S)N(S)) 
N(R) U[N (S)N(S)|[N(R)N(S)] 
N(R)U N(S)IN (R)N(S)] 

N(R)U N(R)IN (S)N(S)] 

N(R)U N(R)N(S) 

N(R) € N(R)UN(S)N(R) 
(S)N(R)U N(S)[N (S)N(R)] 
(S)N(R) U [N(S)N(S)]LN (S)N (R)] 
(S)N(R) U İN (R)N(S)][N (S)N(S)] 
(S)N(R)U N(R)IN(S)N(S)] 
(S)N(R)U N(R)N(S) 

(S)N(R)U N(R) 

(R) U N(S)N(R). 


(R)] is a neutrosophic two sided ideal of N (S). Sim- 


ilarly we can show that [N (L) U N(S)N(L)] is a neutrosophic two-sided 


ideal of N(S). m 


Lemma 9 A subset N (I) of a neutrosophic LA-semigroup N (S) with left 
identity e+ eI is a neutrosophic right ideal of N(S) if and only if it is a 


neutrosophic interior ideal of N(S). 


Proof. Let N(I) be a neutrosophic right ideal of N(S) 


N(S)N(I) 


I 


INIA II 


So N(I) is a neutrosophic two-sided ideal of N(S), so is a neutrosophic 


interior ideal of N(S). 


Conversely, assume that N(I) is a neutrosophic interior ideal of N(S), 
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then we have 


N(1)N(5) = N(DIN(S)N(S)] 
= N(S)İNU)N(5)) 
= [N(S)NG)ING)N(S)] 
= İN(S)N()İN(5)N(5)) 
[N(S)N Q)]N(S) 
C NU) 


" 

If N(A) and N(M) are neutrosophic two-sided ideals of a neutrosophic 
LA-semigroup N(S), such that (N(A))? C N(M) implies N(A) C N(M), 
then N(M) is called neutrosophic semiprime. 


Theorem 10 In a neutrosophic LA-semigroup N (S) with left identity e+ 
el, the following conditions are equivalent. 

(i) If N(A) and N(M) are neutrosophic two-sided ideals of N(S), then 
(N(A)? € N(M) implies N(A) C N(M). 

(it) If N(R) is a neutrosophic right ideal of N(S) and N(M) is a neu- 
trosophic two-sided ideal of N(S) then (N(R))? C N(M) implies N(R) C 
N(M). 

(iii) If N(L) is a neutrosophic left ideal of N(S) and N(M) is a neu- 
trosophic two-sided ideal of N(S) then(N(L))? C N(M) implies N(L) C 
N(M). 


Proof. (i) — (iii) 

Let N(L) be a left ideal of N(S) and [N(L)? € N(M), then N(L)U 
N(L)N(S) is a neutrosophic two sided ideal of N (S), therefore by assump- 
tion (i) ,we have [N(L) U N(L)N(S)? € N(M) which implies [N(L) U 
N(L)N(S)) € N(M) which further implies that N(L) € N(M). 

(itt) => (4i) and (i) > (i) are obvious. m 


Theorem 11 A neutrosophic ideal N(M) of an LA-semigroup N (S) with 
left identity e + eI is neutrosophic semiprime if and only if (a1 + 31)? € 
N(M) implies a3 + bil € N(M). 


Proof. Let N(M) be a neutrosophic semiprime left ideal of N(S) and 
(a; - bi1)? € N(M). Since N(S)(ai + iI)? is a neutrosophic left ideal of 
N(S) containing (a; + 15) )?, also (a; + 631)? € N(M), therefore we have 
(ai + b, 1)? € N(S)(ai + by I)? C N(M). But we have 





N(S)a -byJI? = N(S)[(ai + bil)(ar bil). 
= [N(S)N(S)][(ai + bi1)(ai + b11)] 
= [N(S)(a + & DING (ai + 012) 
= [N(S)(a1 + ))^. 
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Therefore İN (S)(a14-b11)]? C N(M), but N(M) is neutrosophic semiprime 
ideal so N(S)(a; + bI) € N(M). Since (ai + bI) € N(S)(ai + bil), 
therefore (a; + 5:7) € N(M). 

Conversely, assume that N(I) is an ideal of N(S) and let (N(I))? C 
N(M) and (a4 + 6,1) € NÜ) 

implies that (a,+b,/)? € (N(I))?, which implies that (a1--b11)? € N(M) 
which further implies 

that (a; + 1I) € N(M). Therefore (N(I))? € N(M) implies N(I) C 
N(M). Hence N(M) isa 

neutrosophic semiprime ideal. Wi 

A neutrosophic LA-semigroup /N(S) is called neutrosophic left (right) 
quasi-regular if every neutrosophic left (right) ideal of N(S) is idempotent. 


Theorem 12 A neutrosophic LA-semigroup N(S) with left identity is neu- 
trosophic left quasi-regular if and only if a bl € [N (S)(a -- b)]| N(S)(a 4- 
bI). 


Proof. Let N(L) be any left ideal of N(S) and a+ bI € [N(S)(a + 
bI)|[N(S)(a + bI)]. Now for each ly + lgI € N(L), we have 


[N (S)(h + IoT)]IN (S)(h + let) 
[N(S)N(L)I[N(S)N(Z)] 
N(L)N(L) = (N(Z))’. 





lh cll € 
c 
Cc 


Therefore, N(L) = (N(L))?. 

Conversely, assume that N(A) = (N(A))? for every neutrosophic left 
ideal N(A) of N(S). Since N(S)(a + bI) is a neutrosophic left ideal of 
N(S). So, 

a4 bI € N(S)\(a+ bI) 2 [N(S)(a 4- bI)]||N(S)(a 4- bI)]. m 


Theorem 13 The subset N(I) of a neutrosophic left quasi-regular LA- 
semigroup N(S) is a neutrosophic left ideal of N(S) if and only if it is a 
neutrosophic right ideal of N (S). 


Proof. Let N(L) be a neutrosophic left ideal of N(S) and sı + sə? € N(S) 
therefore by 
(1), we have 


(l + ləT)(si + səl) 


Il 


{( 
{( 
{N(S){N (S)N(L)}RILN (S)N(L 
N (S)N(L)IIN (S)N(L)] 


m 


İ 
I 
İ 


IN 
pa 
5 
=o 
SE 
Il 
z 
b 


Conversely, assume that N(I) is a neutrosophic right ideal of N(S), as 
N(S) is itself a neutrosophic left ideal and by assumption N(S) is idempo- 
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zı + zə1)(i + lel) }{ Gn + yalI)(h + lə1))(si + səl) 
sı “səl (gi + yəl (li + lot) } hia + x21)(I + let) 
) 


1. Neutrosophic Sets in AG-groupoids 


tent, therefore we have 


N(S)N(1) — [N(S)N(S)IN(Z) 
= [NU)N(S)N(S) 
€ N(DN(S)C NU) 

implies N(I) is neutrosophic left bi-ideal too. m 


Lemma 14 The intersection of any number of neutrosophic quasi-ideals 
of N(S) is either empty or quasi-ideal of N(S). 


Proof. Let N(Q1) and N(Q3) be two neutrosophic quasi ideals of neutro- 
sophic LA-semigroup N(S). If N(Qı) and N(Qə) are distinct then their 
intersection must be empty but if not then 
N(S)[N(Q1) n N(Q2)] 9 [N(Q1) n N(Qə)1N(S) 
= [N(S)N(Q1) N(5)N(Qə))n [N(Q1)N(S 
[N(S)N(Q1) n. N(Q1)N(S)] n [N(S) N (Q 
€ N(Qı)n N(Qə). 
Therefore N(Q1) M N(Qə) is a neutrosophic quasi-ideal. 
Now, generalizing the result and let N(Q1), N(Q2),..., N(Qn) be the n- 


number of neutrosophic quasi ideals of neutrosophic quasi-ideals of N(S') 
and assume that their intersection is not empty then 


( 


)n N(Q» 
)n N(Q» 


f 


N(S)IN(Q1) n N(Q2) n... N(Qn)] OV [N(Q1) 1 N(Q2) n... N(Qn)|N 





= [N(S)N(Qi) NN (S) N(Q)) n ..n N (S) N(Q,)] n 
[N(Q1)N(S) n N(Qə)N(S) fn... N(Qn)N(S)| 

= [N(S)N(Q1)N N(Q1)N(S)] 9 İN (S) N(Q2) 
N(Q2)N(S)].--LN (S) N(Qn) n. N(Qn)N(S)] 

C N(QinN(Qs)n..n N(Qn).- 


Hence N(Q1) à N(Qə) n ... N(Qa) is a neutrosophic quasi-ideal. 

Therefore, the intersection of any number of neutrosophic quasi-ideals of 
N(S) is either empty or quasi-ideal of N(S). m 

An element a.4- bI of a neutrosophic LA-semigroup N(S) is called regular 
if there exists x + yl € N(S) such that a 4- bI = [(a 4- bI)(x 4- yI)](a 4- 61), 
and N(S) is called neutrosophic regular LA-semigroup if every element of 
N(S) is regular. 





Example 15 Let S = {1,2,3} with binary operation "." given in the fol- 
lowing Cayley’s table, is a regular LA-semigroup with left identity 4 





vəl ee 
It nz” a 2 
2: 33-35 edad 
3. d. Bo d 
Me | des ME EE 
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then N(S) = {1+17,1+2/7,14+3/7,2+1/7,2+2/7,2+3/7,3+1/,342I,34 
31,4-- 11,4 -- 21, 4 4-31, 4 - AI] is an example of neutrosophic regular LA- 
semigroup under the operation "x" and has the following Cayley's table: 





* 1+ 1421 193] 144 
1-173431] 3441 3E11 342 


H 2411 2421 2431 2441 3411 3421 3431 3441 4€ M 4821 4437 4441 
1 4-31 4441 4411 4421 1437 1441 1417 1421 2431 2441 2411 2421 
14+2/)3+27 3+ WU 3441 3431 4421 4411 4441 4431 1421 1411 14+47 143/ 2421 2411 244/ 2431 
1:3/13441 3431 3421 3E11 4441 4431 4421 4411 14141 1431 1427 16M 2441 2431 2421 2411 
1:4/134 17 3421 3431 3441 4411 4421 4431 4447 1-M 1427 1431 1241 2411 2421 2431 2441 
3411712431 2441 2*1 2421 1431 1441 161 01421] 4437 4441 4417 4421 3431 3441 3417 3421 

I H 

I H 





2-2/]2*-21] 2411 2441 2431 1421 1417 1441 1431 4421 4411 4441 4437 3421 3411 3441 3431 
2431112441 2431 2421 24 14+47 143/ 1421 1611 4441 4431 4421 4E11 3441 3431 3421 34+ 
2441241 2421 2431 2441 1- M 142] 1431 1641 4417 4421 4431 4447 3411 3421 3431 3441 
3417/4437 4441 4417 4421 3431 3441 3417 3421 2431 2441 2E11 2421 18431 1441 14+ 01421 
3421144121 4411 4-41 4431 3421 3411 3441 343/ 2421 2411 2441 2431 1421 1411 14+47 1437 
3431144141 4431 4421 4411 3441 3431 3421 3411 2441 2431 2421 2411 1441 1431 1421 14-17 
3441144111 4421 4431 4441 3411 3421 3431 3441 2411 2421 2431 2441 14+ 1421 1831 1841 
4-M|1-31 1-41 141/ 1421 2431 2441 2411 2421 3631 3441 3411 3421 4831 4441 4411 4421 
44211142/ 1417 144/ 1831 2421 2€ M 2441 2431 3421 3411 3441 3431 4421 4411 4441 4431 
4431119441 1931 1421 1I 244/ 243/ 2421 2411 3441 3437 3421 3411 48441 4831 4421 440 
A44İİ 1417 142/ 19531 144/ 241/ 2421 2431 2441 3411 3421 3431 3441 4411 4421 4431 4441 

















Clearly N (S) is a neutrosophic LA-semigroup also [(1 + 17)(4 4- 41)|(2+ 
81) A (1  1T)İ(4 4- 41)(2  3T)), so N(S) is non-associative and is regular 
7 (1412) = [(14+1D (2420) (1410), (24-27) = [(2+21(3+3D)](2 

27), (34-21) = (34-27) (14-32)] (32-21), (4410) = (441 (4420) (441), 
(44+ AI) = [(4+ 41)(4 FE. A1)](4 4 AI) etc. 

Note that in a neutrosophic regular LA-semigroup, [N(S)]? = N(S). 




















Lemma 16 If N(A) is a neutrosophic bi-ideal(generalized bi-ideal) of a 
regular neutrosophic LA-semigroup N(S) then [N(A)N(S)|N(A) = N(A). 


Proof. Let N(A) be a bi-ideal(generalized bi-ideal) of N(S), then İN (A) N(S)|N(A) C 
N(A). 
Let a+ bI € N(A), since N(S) is neutrosophic regular LA-semigroup so 
there exists an element x + yJ € N(S) such that a+ bI = [(a+ bI)(x + 
yI)](a + b1), therefore, 
a c bl = İ(a 4. bI)(x 4- bI)|(a + bI) € İN (A)N(S)|N(A). This implies 
that N(A) € [N(LA)N(S)]|N(A). Hence İN (4)N(S)1N(A) = N(A). m 





Lemma 17 If N(A) and N(B) are any neutrosophic ideals of a neutro- 
sophic regular LA-semigroup N(S), then N(A) n N(B) = N(A)N(B). 


Proof. Assume that N(A) and N(B) are any neutrosophic ideals of N(S) 


so N(A)N(B) € N(A)N(S) C N(A) and N(A)N(B) C N(S)N(B) C 
N(B). This implies that N(A)N(B) € N(A)n N(B). Let a+bI € N(A)P 
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N(B), then a+ bf € N(A) anda+bI € N(B). Since N(S) is a neu- 
trosophic regular AG-groupoid, so there exist « + yl such that a+ bI = 
(fa + bD)(z + yD)](a-- bI) € [N(A)N(S]N(B) € N(A)N(B), which implies 
that N(A) n N(B) € N(A)N(B). Hence N(A)N(B) = N(A)n N(B). m 





Lemma 18 Jf N(A) and N(B) are any neutrosophic ideals of a neutro- 
sophic regular LA-semigroup N(S), then N(A)N(B) = N(B)N(A). 


Proof. Let N(A) and N(B) be any neutrosophic ideals of a neutrosophic 
regular LA-semigroup N (S). Now, let aı Faş? € N(A) and bi bəl € N(B). 
Since, N(A) € N(S) and N(B) € N(S) and N(S) is a neutrosophic 

regular LA-semigroup so there exist zı + zəİ, y1-- yoI € N(S) such that 
aı-azl = [(a1 + ag!) (x4 + z31)](a1--a21) and 5: +6b2I = [(by + bel) (yi + yot)| (bit 
bel). 

Now, let (a4 + a3I) (by + 651) € N(A)N(B) but 





(a1 taal) (by -- 091) = [{(a1 + as D)(zi + xo) (a1 + aə1)) 
[{(b1 + bol) (yr + yo) (bi + bə1)) 
€ [QNCAN(S)EN CA UN CB)N (5) EN (B)] 
€ İN(A)N(A)IN(B)N(B)) 
= İN(B)N(B)İN(A)N(A)) 


c 
N(A)N(B) C N 


(bi + bo) (ay + azl) — 


IN 


B)N(B)][N(A)N(A)] 
A)N(A)][N(B)N(B)] 
C N(A)N(B). 


(n 
ee eee 
Es 
B 
= 
WR 
c 
- 
tj 
m 
= 
= 
= 
W 
c 
= 
m 


Since N(B)N(A) € N(A)N(B). Hence N(A)N(B) = N(B)N(A). m 


Lemma 19 Every neutrosophic bi-ideal of a regular neutrosophic LA-semigroup 
N(S) with left identity e+ eI is a neutrosophic quasi-ideal of N (S). 


Proof. Let N(B) be a bi-ideal of N(S) and (s1+521)(bi+b2T) € N(S)N(B), 
for sı + sof € N(S) and bi + bəl € N(B). Since N(S) is a neutrosophic 
regular LA-semigroup, so there exists zı + rol 

in N(S) such that b4 + bol = [(bi + bel) (x1 + z31)](bi + bol), then by 
using (4) and (1), we 
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have 


sı + SoI)(bi + bof) 
2400770002 

524777 Moe esl Orbi 

— [{(s1 s2I)(bi + bel) }(@1  z21)](b1 + bal) 

= [(s1 + sol){{(b1 + bol) (a1 + zə1)1(bi + boD)} (a1 + x21)] (63 + BL) 


o 





= [{(b1 + bel) (a1 + zo1)H(sı + 821) (by + b51))] (zi T z31)](bi + bə1) 
(21 + zol)l(si + səl) (by + bol)}}] (a1 + z31))] (bi + bə1) 








(bi + b51)|1 
N (B)N(S)IN(B) 
N(B). 


C0 m 


Therefore, N(BJN(S) a N(S)N(B) € N(S)N(B) C N(B). m 


Lemma 20 In a neutrosophic regular LA-semigroup N(S), every neutro- 
sophic ideal is idempotent. 


Proof. Let N(I) be any neutrosophic ideal of neutrosophic regular LA- 
semigroup N (S). As we know, (N(7))? C N(I) and let a+bI € N(I), since 
N(S) is regular so there exists an element x + yI € N(S) such that 


a+bl = [(a+bI)(a+yl)|(a+ bI) 





I) m 
E 
— 
— 
z 
“ə 
—- 
— 
Il 
on 
z 
— 
—- 
bea 
— 
IŞ 


This implies N(I) € (N(7))?. Hence,((N(7))? = N(I). 
As N(I) is the arbitrary neutrosophic ideal of N(S). So, every ideal of 
neutrosophic regular AG-groupoid is idempotent. mi 


Corollary 21 In a neutrosophic regular LA-semigroup N(S), every neu- 
trosophic right ideal is idempotent. 


Proof. Let N(R) be any neutrosophic right ideal of neutrosophic regular 
LA-semigroup N(S) then N(R)N(S) C N(R) and (N(R))? C N(R).Now, let 
a öl € N(R), 

As N(S) Is regular implies for a+bI € N(R),there exists x+yI € N(S) 
such that 


a bli = 





(a+ bI)(a + yI)])(a + bI) 
€ [N(R)N(S)|NZ) 

C N(R)N(R) 

= (N(R))?. 
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Thus (N(R))? = N(R). Hence, (N(R))? = N(R). So every neutrosophic 
right ideal of neutrosophic regular LA-semigroup N (S) is idempotent. m 


Corollary 22 In a neutrosophic regular LA-semigroup N(S), every neu- 
trosophic ideal is semiprime. 


Proof. Let N(P) be any neutrosophic ideal of neutrosophic regular LA- 
semigroup / (S) 
and let N(I) be any other neutrosophic ideal such that [N(1)]? C N(P). 
Now as every ideal of N(S) is idempotent. So,[N(I)? = N(I) implies 
N(I) € N(P). Hence, every neutrosophic ideal of N(S) is semiprime. m 
An LA-semigroup N(S) is called neutrosophic intra-regular if for each 
element a; +a2I € N(S) there exist elements (zı 4- x21), (yı Evə?) € N(S) 
such that aı aol = [C21 + zol)(aı + aaI)?](yi + yal). 


Example 23 Let S = {1,2,3} with binary operation "." given in the fol- 
lowing Cayley’s table, is an intra-regular LA-semigroup with left identity 
2: 





then N(S) = {14+17,14+27,143/7,2+17,24+2/7,2+37,3417,3+27,3+ 
31) is an example of neutrosophic intra-regular LA-semigroup under the 


operation "x" and has the following Cayley's table: 































































































* 1+12 1427 1431 2E11 2427 2431 3412 3421 3431 
14+17/) 24272 243f 2417 3421 3431 3417 1427 14131 1411 
1427/2412 2422 2437 3417 3422 3437 1417 14121 1831 
1437) 2432 2412 2427 3431 3412 3427 1437 141 142! 
24+12)1+22 1437 1412 2427 2431 2411 3-21 3431 3411 
24+22)1+12 1427 1431 2412 2421 2431 3412 3421 3431 
2+32)14+32 1412 1422 2431 2412 2427 3431 3411 3421 
38412 )3+22 3431 3412 1427 1437 1412 24272 2437 2411 
3422 )3+12 3427 3431 1417 1427 141431 24172 2421 2431 
3432 )3+32 3417 3421 1437 1417 1422 2437 2411 2421 











Clearly N (S) is a neutrosophic LA-semigroup and is non-associative 
because [(1 + 17) x (2+ 27)] « (2+ 32) A (1+ 1I) x [(2 + 27) x (2 4- 37)] and 
N(S) is intra-regular as 

(1412) = [(13-37) (1--1D)2] (24-31), (24-31) = (14-17) (24-31)2] (34-11), 
(3 + 1I) = ((2 4- 3I) (3 + 17)?](3 + 31) etc. 

Note that if N(S) is a neutrosophic intra-regular LA-semigroup then 
[N(S)P? = N(S). 
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Lemma 24 In a neutrosophic intra-regular LA-semigroup N (S) with left 
identity e -- eI, every neutrosophic ideal is idempotent. 


Proof. Let N(I) be any neutrosophic ideal of a neutrosophic intra-regular 
LA-semigroup N(S) implies [N(I))? C N(I).Now, let a1 + a3] € N(I) and 
since N(I) € N(S) implies a4 + a31 € N(S) Since, N(S) is a neutrosophic 
intra-regular LA-semigroup, so there exist (zı + zoI), (y1 + yoI) € N(S) 
such that 


Il 


IN 
ee uu 


(a1 + ael) 


m 


Il 


IN Il 


Il 





Hence (N(1)? = N(1). As, N(I) is arbitrary so every neutrosophic ideal 
of is idempotent in a neutrosophic intra-regular LA-semigroup N (S) with 
left identity. m 


Lemma 25 In a neutrosophic intra-regular LA-semigroup N (S) with left 
identity e - el, N(I)N(J) = N(I) n N(J), for every neutrosophic ideals 
N(I) and N(J) in N(S). 


Proof. Let N(I) and N(J) be any neutrosophic ideals of N(S), then 
obviously N(I)N(J) € N(I)N(S) and N(I)N(J) € N(S)N(J) implies 
N(I)N(J) € N(I)aAN(J). Since N(T) n N(J) € N(I) and N(I)AN(J) € 
N(J), then İN (7) a N(J)]? € N(I)N(J). Also N(I) n N(J) is a neu- 
trosophic ideal of N(S), so we have N(I) n N(J) = [N(I)n N(J? € 
N(D)N(J). Hence N(I)N(J) = N(I)A N(J). m 


Theorem 26 For neutrosophic intra-regular AG-groupoid with left iden- 
tity e -- el, the following statements are equivalent. 

i) N(A) is a neutrosophic left ideal of N(S). 

ii) N(A) is a neutrosophic right ideal of N(S). 

iii) N(A) is a neutrosophic ideal of N (S). 

iv) N(A) is a neutrosophic bi-ideal of N(S). 

v) N(A) is a neutrosophic generalized bi-ideal of N(S). 

(vi) N(A) is a neutrosophic interior ideal of N(S). 

vii) N(A) is a neutrosophic quasi-ideal of N(S). 

(viii) N(A)N(S) = N(A) and N(S)N(A) = N(A). 





Proof. (i) > (viii) 
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Let N(A) be a neutrosophic left ideal of N(S). Thus, N(S)N(A) = 
N(A). Now let (a1 + a2]) € N(A) and (sı + soI) € N(S), since N(S) 
is a neutrosophic intra-regular LA-semigroup, so there exist (zı + xol), 
(ui + yal) € N(S) such that (ai + asl) = (ci mu zəol)laı + a31)?](yi + gəl), 
therefore we have 





[(z4 + zə1)(aı + a3D)?M(yi + yəl)l(si + 521) 

((zi + wel) {(a1 + dal) (ay + agl)}} (yi + yaI)](si + səl) 
{N(S){N (A)N(A)))N(5)İN(S) 

{N(S){N (S)NCA) EN (S) N (S) 

UN (S)N (A) N (S))N (S) 

N (S)N(S)IIN (S)N(A)] 
= N(S)N (S)N(A) € N(S) N(A) = N(A). 


(ai + aaI)(si + səl) 








Eo dO dO m Il 


which implies that N(A) is a neutrosophic right ideal of N(S) and so 
N(A)N(S) = N(S). 

(viii) => (vit) 

Let N(A)N(S) = N(A) and N(S)N(A) = N(A) then N(A)N(S) n 
N(S)N(A) = N(A), which clearly implies that N(A) is a neutrosophic 
quasi-ideal of N(S). 

(vii) 2 (vi) 

Let N(A) be a quasi-ideal of N(S). Now let [(s; + sə7)(aı + aə1)l(si + 
sol) € IN (S)N(A)|N(S), since N(S) is neutrosophic intra-regular LA- 
semigroup so there exist (z1-- xal), (yityel), (pi4- pal), (qd14- q21) € N(S) 
such that (s; + sə/) = İ(zi + zaI)(s1 + s21)?](y1 + y2I) and (ai + a21) = 
İpi + paI)(a1 + a21)?](q1 + qə1). Therefore we have 





[(s1 + səl) 
= [(s1+ səl) 
[{(s1 + sof) 
= (a + a2I)[{ 
€ N(A)N(S). 


+ azl)l(sı + səl) 

a1 + agl)|[{(a1 + #1) (81 + 521)? (yx + yol)] 
(a + I) (51 + 82L)?}}][(an + a21)(yi + 21)] 
(sı + 821){(a1 + zə1)(si + 521) }} (yi + yol)] 


a 


a 





( 
(a 
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(sı + soI)(ai + aəl )l(sı + səl) 


(sı + sə/)44(pi  paI)(a1 + a21) (a1 + gal) (si + 521) 

(pi + pol) (a1 + a21)? H (51 + s2I)(a1 + qa1))] (51 + 527) 

{(p1 + pol) { (a1 + a2I)(a1 + a21) {(s1 + 521) (a1 + qə1) $I (51 + $21) 
{(a1 + aol) {(pi + pot) (a1 + aol) (81 + $21) (G1 + qə1) $I (s1 + 521) 
{(qi + qə1)(si + S21) }{{(pi + pol) (a1 + a21)) (a1 + az1))l(si + sə1) 
[i + pol) (ai + a21)H (Cai + gel) (81 + 521)) (a1 + aol) }](s1 + sə1) 
{(a1 + aol) {(q1 + qə1)(si + sə1)) (ai  a2I) (px + pə1) (si $21) 
(a1 + aol) {{(a1 + aol) {(qi + qə1))(si + 821) } (px + pal) $](s1 + səl) 
(sı + Sol){{(@1 + Gal) {(q + gal) (81 + S21) fh (px + pol) }] (ai + a21) 

N(S)N(A) € N(A). 






































which shows that N(A) is a neutrosophic interior ideal of N(S). 
(vi) + (v) 
Let N(A) be a neutrosophic interior ideal of a neutrosophic intra-regular 
LA-semigroup N(S) 


and [(a1 + aoI)(si + soI)|(ai + aol) € 
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IN (A)N(S)|N (A). Now we get 


(ay + agl)(s1 + sə1)l(ai + aol) 

(a1 £.az1)(sı + 522)|[{(a1 + 21) (a1 + a21)?) (yx + vo1)] 

(zi + zo T)(a1 + a2)? ](((a1 + a21)(51 + 521) (yi + yol)] 

(zı + 21){(a1 + a21)(a1 + a2l)}|[{(ai + az1)(si + Sal) } (y1 + və1)) 
{{(ai + a2I)(s1 + Sal) (yi + y21) }{ (a1 + Gol) (a1 + aol) }]( 

(a1 + agl){{{(a1 + a2I)(s1 + 521) (1 + y21)) (a1 + a21)]]( 

(a1 + dal){{(a1 + aal)(y1 + yol)}{(ai + azl)(si + sol) } 1C 

{(a1 + a2I)(y1 + yo1) }{ (ai + al) { (a1 + aə1)(si + sə1)) 1 

(dai + a2I)t(ax + aə1)(si + 822) (y + yot) bai + aal)]( 








N (S)N(A)]N(S) € N(A). 


(v) = (iv) 
Let N(A) be a neutrosophic generalized bi-ideal of N(S). Let a1 + a2I € 
N(A), and since N(S) is neutrosophic intra-regular LA-semigroup so there 
exist (zı + vel), (y1 + yoI) in N(S) such that a1 + agI = İ(zi + zəl)(a + 
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aə1)”l0 + yəl1), then using (3) and (4), we have 


dı + a»I)(ai + ae!) 

= İ((zi + w21)(a1 + a2T)? (yi + yoT)](as + a1) 

— [{(a1 + 21)(a1 + a21)? Hex + eI) (yi + ya1))](a1 + a2) 
= [{(yr + yol)(e1 + e21)H (a1 + a21)? (a1 + vol) J] (as + aa!) 
= İ(aı + aol)? {{(y1 + yoI)(ex + ea1)) (a1 + səl) 

= [{(a1 + aol) (a1 + a21) HG + yo) (e1 + ea!) 
= [t(Gi + tol) {(y1 + yal)(ei + e21)) H (ai + aol 

= [(a-F aol){{(a1 + val) {(y1 + yot)(e1 + ea1)] 
€ [N(AN(S)N(A) € N(A). 

















)j](ax + a21) 
dı kc 157 --azl) 
a, + azl))l(aı + aol) 











Hence N(A) is a neutrosophic bi-ideal of N(S). 

(iv) x (iii) 

Let N(A) be any neutrosophic bi-ideal of N(S) and let (a; + aaI)(s; + 
821) € N(A)N(S). Since N(S) is neutrosophic intra-regular LA-semigroup, 
so there exist (zı + zə7), (y1 + y2t) € N(S) such that (a1 + agl) = İ(zi + 
x2I1)(a, + a21)?])(y1 + yoI). Therefore we have 
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(a1 + azl)(sı + səl) 

{(1 + @21)(a1 + G21)" } i + yəT)l(si + S21) 

(sı + 821) (yr + yo T)][Grs + x21) (a1 + a21)7] 

(a, + agI)*(z1 + €21)][(yr + yol)(S1 + sə1)) 

(i + y2T)(s1 + 821)}(@1 + 21) ) (a1 + ao1)?] 

Tni gə1)(si + $21) } (21 + z21)][(a1 + a2I)(a1 + a21)] 
(a1 + a2I)(a1 + a21)][(x1 + xoI)t(yi + yoI)(s1 + 521)]] 
{(x1 + z2I) Gn + yol) ($1 + S2L)}} (a1 + a21)](a1 + aol) 











= {(1 + 21) {(y1 + yəl)(si + sə1))) 





(Gri + zə1)(ai + a31)? (yi + yaT)) (a1 + aa) 

(oa + ID) (a1 + aol)? (Gri + 21) (Qi + yo T) (81 + 521))] 
(yr + yol)}] (ai + aol) 

Ti + yol){ (x1 + tol) { (yi + yal) (si + sal) }}} 

{(ay + agl)?(a1 + z31))](a3 + a2!) 

(ai + a31)? {{ (yr + yol){ (a1 + vol) { (yr + yl) (81 + 521) FH} 
(zi + r2I)}](a1 + ae!) 
{(a1 + a3I)(a1 + a31)H (Gi + yet) 
Ti + yol)(si + sal) }}} (a1 + zəl)) 
[Gi + zo) n + yol){(a1 + al) { 
{(a1 + aə1)(aı + agl)}] (a1 + a2I) 

N (A)N(S)|N(A) € N(A). 











-— 


(a1 + zəl) 
(a1 + aa) 
yi + yol)(si 521))]]] 











EE E en 
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(sı + so1)(ay + aol) 
— (sı sal)[(zi + zə1)(ai + a31)? }(y + ya1)] 
= (zi oie zəl) (a1 + az1)”ll(sı + sol) 


yi + yl) 
[ 




















( 
= İ(zı € z2I)((ai + dal) (ay + a21))][(s1 + s2I)(yi + ya1)] 
= İ(aı + aol){(a1 + eel) (aq + a21))][(s1 + s2I)(yi + vəl) 
= [{(s1 + soI)Ga + yal) }{(a1 + Lol) (a1 + a21))](a1 + a2!) 
= [((a + agI)(z1 + xoI) (yr + yəl)(si + 821)}](a1 + a2!) 
= [i + yol)(s1 + 521) ) (21 + 221) (a1 + a21)] (a1 + a21) 
= [mo + yol)(s1 + Sol) } (a1 + zə1)) 


[Gri + m2) (a5 + del)? }(y + y2t)} (a1 + az) 

= [i + yol)(s1 + se) }{ (a1 + 2I) (a1 + a31)?)] 

Toi + z2I)(yi + yo1))](a1 + a21) 

= ttai + asI)?(z4 + t21) }{( sı + Sol) (yi + yal) }} 

[xi + z2I)(yi + yo1))](a1 + a21) 

— [{{{(a1 + a2I)(ai + aol) (21 + x21) (81  s21)(y1 + v21))] 

Toi + z2I)(yi + y21))](a1  a21) 

= [Gi + xo) + yol) }{(s1  s2I) Qa + yə1))) 

{{(a1 + asI)(ai + agl)} (21 + zə1))l(aı + aa) 

= [Gi + z2ID)Gn + ya1)H (01 + a21)(a1 + a21))] 
{{(s1 + sol) (yi + gəl) Hai + z21))](a1 + a21) 

= [{{(ai + azl)(aı + a1) HQ) (i + 221)3] 

{{(s1 + sol) (yi + gəl) Hai + 21) } (a1 + a21) 

= [{{{(s1 + 822) (yi + yol)} (1  221)) 
(Ün + yal) (a1 + 221))] 
[(a4 + aə1)(aı + a31))](a4 + aol) 

= [(a1 + aol) {{{{(s1 + 521) + ya) (a1 + zə1)) 
(Ün + yol) (a1 + 221)) (a1 + a21))](a1 + a21) 

€ [N(A)N(S)]N(A) 

C N(A). 








ODD MP EUN, 

















— 











Therefore N(A) is a neutrosophic ideal of N(S). 
(iii) — (di) and (ti) — (i) are obvious. m 


Lemma 27 A neutrosophic LA-semigroup N(S) with left identity (e + 
el) is intra-regular if and only if every neutrosophic bi-ideal of N(S) is 
idempotent. 


Proof. Assume that N (S) is a neutrosophic intra-regular LA-semigroup 
with left identity (e+e) and N(B) is a neutrosophic bi-ideal of N(S). Let 
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(b+ bI) € N(B), and since N(S) is intra-regular so there exist (cı + col), 
(di + dal) in N(S) such that (bi + bə1) = [(c1 + Col) (by + b31)?](di + də1), 
then we have 


by + bel) 

= İ(cı eaI)(b; + bə1)”1(di + dəl) 

— [{(c1 + col) (b1 + bol)? Me c ME Hi 

= [f(di + dəl Me + eD }{ (bi + bel)? (cy + cə1))) 

= [(by + 651)? (((d; + daI)(e + eT)) (ei + e31)] 

— [bi + bol) (bi + bal) }{{(di + dol) (e + ef) } (cr + col)}] 

= [{{(di + dəT)(e + eT))(ci + col)}(b1 + bə1)l(bi + bel) 

= ([{{(di + daI)(e £ el)} (ex + eo1)) 

[ei + e2T) (by + bo)?} (di + da1))](bi + bef) 

= [{{(er + ez1)(bi + bel)? (di + del) (e + e1))(ci + eo1)] 

dı + d31)JJ(bi + bel) 

= [{(cr + eal) { (br + 7 )(d1 + bol) FL {(di + dəT)(e + e1)) 

cı + eə1) (di  daI)|(b1 + bel) 

= [{(01 + bal) {(ar + 7 + bel) }}{{{(di  dəlT)(e + e1)) 

€1 + cal) } (dy + daI))](bi + bol) 

= [di daI)(e + el) } (er + cal) f (di  do1))) 

{(c1 + cə1T)(bi + 65D) (b1 + bo1)1(bi + bel) 

= HHİda + daI)(e + ef) } (er + cal) (di + də1)) 

f(ci + eoD Les + cə1)(bi 4-031)? 

dı + do1)) (b + bə1)l(bi + bə1) 

= [ffff(di £ dəT)(e £ e1))(ci + eo) (di + də1)) (ea + el) 

{{(e1 + e2D) {(b1 + bə1)(bi + bol) }} (di + də1)))) 

by + boT)}](b1 + bəl) 

= [{{{{(h + daI)(e + el) } (er + eI) 

[(e1 + col) (b1 + boT)}} (di + də1)) 

= [{{{{(d + dol )(e + el) } (er + col) f (di  do1)) E (bx + bel) 

HG + col) {(e1 + eT) (b1 + 051)) (di + dot) } }(b1 + boL)](b1 + bə1) 

= [(dr bo)  dal)(e + ef) }(e1 + cal) } (di + dol) }} 
} )) ( 
) 








ə 









































dı + dol) }{(e1 + col) {{(b1 + bal) 
by + b5I)](b3 + bə1) 





























Ge + col) { (cr + cot) (bi + bol) }} (di + dol) }}(b1 + bə1)) 
€ [{N (B)N(S)}N(B)|N(B) C N(B 


bı + bol) 





Hence [N (B)? = N(B). 
Conversely, since N(S)(a + bI) is a neutrosophic bi-ideal of N(S), and 
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by assumption N(S)(a + bI) is idempotent, so we have 





(a+bI) € [N(S)(a-FbI)][N (S)(a 4- b1)] 
= TEN (S)(a t bI) LN (S)(a + bl) HİN (S)(a + 62) 
[UN (S) N (5) ((a + 62) (a EDİN (S)(a bl) 
€ İN(S)(a  bI)*][N (S)N(S)] 
= İN(S)(a bI)']N(S). 





Hence N (S) is neutrosophic intra-regular LA-semigroup. MH 


Theorem 28 In a neutrosophic LA-semigroup N (S) with left identity e+ 
el, the following statements are equivalent. 

(i) N(S) is intra-regular. 

(ii) Every neutrosophic two sided ideal of N(S) is semiprime. 

(iii) Every neutrosophic right ideal of N(S) is semiprime. 

(iv) Every neutrosophic left ideal of N(S) is semiprime. 


Proof. (i) > (iv) 

Let N(S) is intra-regular, then every neutrosophic left ideal of N(S) is 
semiprime. 

(iv) = (iii) 

Let N(R) be a neutrosophic right ideal and N(T) be any neutrosophic 
ideal of N(S) such that [N(I)? C N(R). Then clearly [N(2)? C N(R)U 
N(S)N(R). Now N(R) U N(S)N(R) is a neutrosophic two-sided ideal of 
N(S), so is neutrosophic left. Then by (iv) we have N(I) C N(R)U 
N(S)N(R). Now we have 


N(S)N(R) = 


This implies that N(7) € N(R)U N(S)N(R) € N(R). Hence N(R) is 
semiprime. 

It is clear that (ii) > (i). 

Now (ii) x (1) 

Since (a + bI)? N(S) is a neutrosophic right ideal of N(S) containing 
(a 4- bI)? and clearly it is a neutrosophic two sided ideal so by assumption 
(ii), it is semiprime, therefore, (a + bI) € (a+ bI)? N(S). Thus we have 

a+bl € (a+bI)?N(S) 
= (a 4. b1)”IN (S)N(S)] 
= N(S)[(a+bI)?N(S)] 
(S)N(S)][(a + bD*N(S)] 
(S)(a + 61)”) LN (S)N(S)] 
N(S)(a + b1)*]N(S). 
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Hence N(S) is intra-regular. m 


Theorem 29 An LA-semigroup N(S) with left identity e + eI is intra- 
regular if and only if every neutrosophic left ideal of N(S) is idempotent. 


Proof. Let N(S) be a neutrosophic intra-regular LA-semigroup then every 
neutrosophic ideal of N(S) is idempotent. 

Conversely, assume that every neutrosophic left ideal of N(S) is idem- 
potent. Since N (S)(a 4- bI) is a neutrosophic left ideal of N(S), so we have 


a+bl € N(S)(a-bI) 


[ 
[LN (S)(a + bI) HN (S)(a + 617))] UN (S)(a bl) 
[UN (S) N (5) ((a + bI) (a kibi) GN (S)(a bl) 
[N (S)(a + 61)*][N(S)N(S)] 
[N (S)(a + bI)*]N(S). 





Theorem 30 A neutrosophic LA-semigroup N(S) with left identity e + 
el is intra-regular if and only if N(R) à N(L) C N(R)N(L), for every 
neutrosophic semiprime right ideal N(R) and every neutrosophic left ideal 


N(L) of N(S). 


Proof. Let N(S) be an intra-regular LA-semigroup, so N(R) and N(L) 
become neutrosophic ideals of N (S), therefore N(R)M N(L) € N(L)N(R), 
for every neutrosophic ideal N(R) and N(L) and N(R) is semiprime. 

Conversely, assume that N(R) n N(L) € N(R)N(L) for every neutro- 
sophic right ideal N(R), which is semiprime and every neutrosophic left 
ideal N(L) of N(S). Since (a + &1)? € (a+ bI)? N(S), which is a neutro- 
sophic right ideal of N(S) so is semiprime which implies that (a + bI) € 
(a + bI)? N(S). Now clearly N(S)(a + bI) is a neutrosophic left ideal of 
N(S) and (a+ bI) € N(S)(a-- bI) Therefore using (3),we have 


atbl € İ(a 4.51) N(S)]n[N (S)(a bI) 
C [(a- bI? N()]EN CS)(a + b1)] 
C [(a--bD?N(S)]IN C) N(S)] 
(a 01) N(S)]N(S) 





= [{(a+bl)(a+bI)}N(S)]N(S) 

= [{(a+ bl)(a br) }{N(S)N(S)}]N(S) 
= [{N(S)N(S)}{(a + bl) (a+ 01)]] N(S) 
= [N(S)((a 4- bI)(a 4- bI))]] N(S) 

= [N(S)(a-- bI?]N(S). 





Therefore N(S) is a neutrosophic intra-regular LA-semigroup. M 
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Theorem 31 For a neutrosophic LA-semigroup N(S) with left identity 
e+el, the following statements are equivalent. 

(i) N(S) is intra-regular. 

(it) N(L) n N(R) € N(L)N(R), for every right ideal N(R), which is 
neutrosophic semiprime and every neutrosophic left ideal N(L) of N(S). 

(iti) N(L) n N(R) € [N(L)N(R)|N(L), for every neutrosophic semi- 
prime right ideal N(R) and every neutrosophic left ideal N(L). 


Proof. (i) 2 (iii) 

Let N(S) be intra-regular and N(L), N(R) be any neutrosophic left and 
right ideals of N(S) and let aj + a3] € N(L)M N(R), which implies that 
a, --aoI € N(L) and a; 4- a3] € N(R). Since N(S) is intra-regular so there 
exist (zı + tel), (yi + yoI) in N(S), such that a1 + aol = [(z1 + zəl)(ar + 
a51)?](yi + yəl), then by using (4), (1) and (3), we have 











aı Fayl = İV(zi + zəl )(ai + a21)?](yi + vəl) 
= İ(zı mala: + a2I)(ai + a21)Y](yi + yol) 
= [(a1 + a2I)((z1 + X21) (a1 + a21)Y](yi + yol) 
= [(yi + yol){(a1 + zəl)(a + aol) }](ai + a21) 
— İ(m + yol){(w1 + vol) {{ (a1 + zə1)(ai + a21)*) 
(yr + yol)} } (a1 + a21) 
= İ(yi + yel){{(w1 + v2l)(a1 + aol)? H (i + 21) (y)) (aa + aa!) 





= [{(@1 + #21)(a1 + a1)? HQ + a1) 

yi + yol)}}] (a1 + aol) 

{(a1 + aol) (a1 + a21)) UG + v1) 

[xi + tol) (yi + y21))3)(a1  a21) 

= [{(a1 + a2I)t (21 + 221) (a1  a21)] {(M + yl) 

{(x1 + tol) (yi + yal) ff] (ai  a21) 

€ [{N(R){N (S)N(L))))N(S)IN(L) 

C TN (R)N(L)}N(S)|N(L) 
[ 























which implies that N(L) n N(R) € IN (L)N(R)IN(L). Also N(L) is 
semiprime. 

(iit) => (it) 

Let N(R) and N(L) be neutrosophic left and right ideals of N(S) and 
N(R) is semiprime, then by assumption (iti) and by (3), (4) and (1), we 
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have 


N(R)n N(L) 


IN AA 


INIA 


(ii) = (4) 

Since e+el € N(S) implies a4-bI € N(S)(a--b1), which is a neutrosophic 
left ideal of N(S), and (a + bI)? € (a + bI)? N(S), which is a semiprime 
neutrosophic right ideal of N (S), therefore, a + bI € (a + bI)?N(S). Now 
using (3) we have 


a 4- bI 





IY IN m 





Hence N(S) is intra-regular. m 

A neutrosophic LA-semigroup N(S) is called totally ordered under in- 
clusion if N(P) and N(Q) are any neutrosophic ideals of N(S) such that 
either N(P) € N(Q) or N(Q) € N(P). 

A neutrosophic ideal N(P) of a neutrosophic LA-semigroup N(S) is 
called strongly irreducible if N(A) à N(B) C N(P) implies either N(A) C 
N(P) or N(B) € N(P), for all neutrosophic ideals N(A), N(B) and N(P) 
of N(S). 


Lemma 32 Every neutrosophic ideal of a neutrosophic intra-regular LA- 
semigroup N(S) is prime if and only if it is strongly irreducible. 


Proof. Assume that every ideal of N(S) is neutrosophic prime. Let N(A) 
and N(B) be any neutrosophic ideals of N(S) so, N(AJN(B) = N(A)n 
N(B), where N(A)n N(B) is neutrosophic ideal of N(S). Now, let N(A)n 
N(B) € N(P) where N(P) is a neutrosophic ideal of N(S) too. But by 
assumption every neutrosophic ideal of a neutrosophic intra-regular LA- 
semigroup A (S) is prime so is neutrosophic prime, therefore, N(A)N(B) = 
N(A) n N(B) € N(P) implies N(A) € N(P) or N(B) € N(P).Hence, 
N(S) is strongly irreducible. 
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Conversely, assume that N(S) is strongly irreducible. Let N(A), N(B) 
and N(P) be any neutrosophic ideals of N(S) such that N(A) n N(B) C 
N(P) implies N(A) € N(P) or N(B) C N(P). Now, let N(A) n N(B) C 
N(P) but N(A)N(B) = N(A) n N(B) and N(A)N(B) C N(P) implies 
N(A) € N(P) or N(B) € N(P). Since, N(P) is arbitrary neutrosophic 
ideal of N(S) so, Every neutrosophic ideal of a neutrosophic intra-regular 
LA-semigroup N(S) is prime. m 


Theorem 33 Every neutrosophic ideal of a neutrosophic intra-regular LA- 
semigroup N (S) is neutrosophic prime if and only if N(S) is totally ordered 
under inclusion. 


Proof. Assume that every ideal of N(S) is neutrosophic prime. Let N(P) 
and N(Q) be any neutrosophic ideals of N(S), so, N(P)N(Q) = N(P)n 
N(Q), where N(P)NN(Q) is neutrosophic ideal of N(S), so is neutrosophic 
prime, therefore N(P)N(Q) € N(P) n N(Q), which implies that N(P) € 
N(P)n N(Q) or N(Q) € N(P) n N(Q), which implies that N(P) C N(Q) 
or N(Q) C N(P). Hence N(S) is totally ordered under inclusion. 

Conversely, assume that N(S) is totally ordered under inclusion. Let 
N(I) N(J) and N(P) be any neutrosophic ideals of N(S) such that 
N(I)N(J) € N(P). Now without loss of generality assume that N(I) C 
N(J) then 


NW) = [N(DP? 2 MDNU) 
C N(IN(J)C N(P). 


Therefore either N(I) € N(P) or N(J) € N(P), which implies that N(P) 
is neutrosophic prime. m 


Theorem 34 The set of all neutrosophic ideals N(I), of a neutrosophic 
intra-regular N(S) with left identity e+ eI, forms a semilattice structure. 


Proof. Let N(A), N(B) € N(I),, since N(A) and N(B) are neutrosophic 
ideals of N(S) so we have 


[N(A)N(B)]N(S) [N (4)N(B)İN (5)N(5)) 
[IN (A) N(S)ILN (B)N(5)) 
C N(A)N(B). 
Also N(S)İN(A)N(B)) İV (S)N(5)İİN (4)N(B)) 
EV (5)N(A)İEN(S)N(B)) 


ın 
x 
= 
LE. 
. 


Thus N (A) N(B) is a neutrosophic ideal of N(S). Hence N(I), is closed. 
Also, we have, 


N(A)N(B) = N(A)Jn N(B) = N(B)n N(A) = N(B)N(A) 
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which implies that N(T), is commutative, so is associative. Now [N(A)]? = 
N(A), for all N(A) € N(I),. Hence N(I), is semilattice. m 


1.1 Neutrosophic Quasi Ideals 


In this section, we introduce neutrosophic ideals in neutrosophic Abel 
Grassmann groupoids and we also introduce a new class namely neutro- 
sophic intra-regular AG-groupoids. We characterize neutrosophic intra- 
regular Abel Grassmann groupoids using the properties of their neutro- 
sophic quasi-ideals and neutrosophic semiprime ideals. 

Now (a+ bI)? — a -- bI implies a+ 51 is idempotent and if holds for all 
a PE bl € N(S) then N(S) is called idempotent neutrosophic AG-groupoid. 

An element a-4-bI of a neutrosophic AG-groupoid N (S) is called neutro- 
sophic intra-regular if there exist (zı + zə7), (yi + yoT) € N (S) such 
that a + bI = [(x1 + zəl) (a 4- bI)^] (yi + yəl) and N (S) is called neu- 
trosophic intra-regular, if every element of N (S) is neutrosophic intra- 
regular. 

A neutrosophic AG-subgroupoid of a neutrosophic AG-groupoid N (S), 
is a non-empty neutrosophic subset N (A) of N (S) such that (N (A))? C 
N (A). 

A non-empty neutrosophic subset N (A) of a neutrosophic AG-groupoid 
N (S) is called a neutrosophic left (right) ideal of N (S) if N (S) N (A) C 
N (A) (N (A) N (S) C N(A)) and it is called a neutrosophic two-sided 
ideal if it is both neutrosophic left and a neutrosophic right ideal of N (S). 

A non-empty neutrosophic subset N (A) of an AG-groupoid N (S) is 
called a neutrosophic generalized bi-ideal of N (S) if (N (A) N (S))N (A) C 
N (A) and a neutrosophic AG-subgroupoid N (A) of N (S) is called a neu- 
trosophic bi-ideal of N (S) if (N (A) N(S))N(A)C N(A). 

A non-empty neutrosophic subset N (A) of a neutrosophic AG-groupoid 
N (S) is called neutrosophic semiprime if (a+ bI)" € N (A) implies 
(a--bI) € N(A). 

A neutrosophic subset N (A) of a neutrosophic AG-groupoid N (S) is 
called a neutrosophic generalized interior ideal of N (S) if IN (S) AJN (S) C 
N (A). A neutrosophic AG-subgroupoid N (A) of a neutrosophic AG-groupoid 
N (S) is called a neutrosophic interior ideal of N (S) if (N (S) A)N (S) C 
N(A). 

A neutrosophic subset N (A) of an AG-groupoid N (S) is called a neu- 
trosophic quasi-ideal of N (S) if (N (S) N(A)n(N(A)N(S) € N (A). 

If N (S) is a neutrosophic AG**-groupoid such that N (S) = (N (S))”. 
Then it is simple to show that N (S) (a + bI) becomes neutrosophic quasi- 
ideal and neutrosophic left ideal of N (S). Also every neutrosophic right 
ideal of N (S) becomes neutrosophic left ideal. 


Example 35 Let S = (1,2,3] with binary operation "." given in the fol- 
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lowing Cayley’s table, is an intra-regular AG-groupoid with left identity 2. 





Wr dR 


2 
3 
2 
1 


3 
1 
3 
2 


then N(S) = (1-- 17,14-27,1--31,2 - 11,2 21,2 31,34+11,3+ 





21,3-- 31) is an example of neutrosophic intra-regular AG-groupoid under 


the operation "x" and has the following Cayley's table: 


















































* 1+12 1427 1431 2417 2427 2431 3412 3421 3431 
14+17/) 24272 243f 2417 3421 3431 3417 1427 14131 1411 
1427/2412 2422 2437 3417 3422 3437 14711 14121 1831 
1437/2432 2412 2427 3431 3412 3427 1437 14111 142! 
24+12)14+22 1437 1-41] 2427 2431 2411 3-21 3437 3411 
24+22)1+1f 1427 1431 2412 2421 2431 3412 3421 3431 
24-31| 1-31 1417 1422 2437 2411 2421 3437 3411 3421 
3412 )3+22 3431 3411 1427 1437 1412 2427 2437 2411 
3422 )3+12 3421 3431 1417 1427 14131 2412 2421 2431 
3432 )3+32 3417 3421 1437 1417 1427 2437 2411 2421 
































Clearly N (S) is a neutrosophic AG-groupoid and is non-associative be- 
cause [(1 + 17) x (2+ 27)] * (2 - 3I) A (1 4- 1I) x [((2 4- 21) x (2 4- 37)] and 


N(S) is intra-regular as 


(14-17) = ((14-37)(14-17)71(24-31), (24-37) = ((14-17)(24-31)71(3 - 11D), 
(3 4-17) = ((2 + 31)(3 + 11)71(3 + 31) etc. 





Lemma 36 If a neutrosophic AG-groupoid N(S) contains left identity e+ 


el then the following conditions hold. 


(2) N(S)N(L) = N(L) for every neutrosophic left ideal N(L) of N(S). 


(it) N(R)N(S) = N(R) for every neutrosophic right ideal N(R) of N(S). 


Theorem 37 For neutrosophic intra-regular AG-groupoid with left iden- 
tity e+ el, the following statements are equivalent. 





Proof. (i) 2 (viii) 
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i) N(A) is a neutrosophic left ideal of N(S). 
ii) N(A) is a neutrosophic right ideal of N (S). 
iti) N(A) is a neutrosophic ideal of N(S). 
iv) N(A) is a neutrosophic bi-ideal of N(S). 
v) N(A) is a neutrosophic generalized bi-ideal of N(S). 
vi) N(A) is a neutrosophic interior ideal of N(S). 
vii) N(A) is a neutrosophic quasi-ideal of N(S). 


viii) N(A)N(S) = N(A) and N(S)N(A) = N(A). 
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Let N(A) be a neutrosophic left ideal of N(S). Thus, N(S)N(A) = 
N(A). Now let (a1 + agI) € N(A) and (sı + sə1) € N(S), since N(S) isa 
neutrosophic intra-regular 

AG-groupoid, so there exist (zı + tel), (y1 + yal) € N(S) such that 

(a4 + a3I) = [(24 + x31) (a, + a3I)?](y1 + yo), therefore by (1), we have 


Il 


[(z4 + zəl)(a + a3D)?M(yi + yəl)l(si + səl) 

((zi + oI) {(ay + aI) (ay + as1)) (yr + yəl)l(si + səl) 
{N(S){N (A)N(A)))N(5)İN(S) 

{N(S){N (S)NCA) EN (S) N (S) 

IN (S)N(A)}N(S)]N(S) 

N (S)N(S)IIN (S)N(A)] 

N(S)IN (S)N(A)] € N (S) N(A) = N(A). 


(ai + aaI)(si + səl) 





Iİ dO d m Il 





which implies that N (.A) is a neutrosophic right ideal of N(S), thus N(A)N(S) = 


N(S). 

(viii) — (vii) 

Let N(A)N(S) = N(A) and N(S)N(A) = N(A) then N(A)N(S) n 
N(S)N(A) = N(A), which clearly implies that N(A) is a neutrosophic 


quasi-ideal of N (S). 

(vii) 2 (vi) 

Let N(A) be a quasi-ideal of N(S) and [(s1 + saI)(a1 + aə1)l(si + səl) 
belongs to İN (S)'N(A)|N(S). Since N(S) is neutrosophic intra-regular AG- 
groupoid so there exist (zı +221), (yit+yel), (pi - paI), (q1-- q91) € N(S) 
such that (s; + sel) = [(z1 + zəl)(si + s21)?](y1 + yəl) and (ai + agl) = 
[(pi + poI)(a4 + az1)”l(qı + qə1). Therefore using (2), (4), (3) and (1), we 

have 





[(s1 + səl) 
= [(s1+ səl) 
[{(s1 + sof) 
= (a + a2I)[{ 
€ N(A)N(S). 


+ azl)l(sı + səl) 

a1 + agl)|[{(a1 + #1) (81 + 521)? (yx + yol)] 
(a + I) (51 + 82L)?}}][(an + a21)(yi + 21)] 
(sı + 821){(a1 + zə1)(si + 521) }} (yi + yol)] 


a 


a 





( 
(a 
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(sı + soI)(ai + aəl)l(sı + sol) 


(sı + s2/)(4(i + pol) (a1 + a21)^ qi + qə1))l(si + sə1) 

[pi + pol) (a1 + a2l)"}{(s1 + 2I) (a1 + qə1))(si + S21) 

{(p1 + pol) { (a1 + aol) (a1 + Gol) fF (81 + 21) (a1 + GI) $I (51 + 521) 
{(a1 + aol) {(pi + pot) (a1 + aol) fF {(s1 + sə1)(qi + qə1) H(si + 521) 
{(qi + qə1)(si + $21) }{{(p1 + pot) (a1 + a21)) (a1 + a21)]](s1 + sə1) 
{(pi + pol) (ai + aol) HH (Gai gel) (81 + 521)) (a1 + a21)]](s1 + 521) 
{(a1 + a2l){(q1 + qəl)(si + 521)] }{ (ai + a2l) (pi + pol) }](s1 + 82) 
(a1 + aol) {{(a1 + aə1)((qi + gal) (81 + S22) } (p + pot) }](s1 + səl) 
(sı + sol){{(a1 + aə1)((qi + gal) (81 + 522) } (pi + pot) } (a1 + a2!) 

N(S)N(A) € N(A). 



































which shows that N(A) is a neutrosophic interior ideal of N(S). 
(vi) — (v) 
Let N(A) be a neutrosophic interior ideal of a neutrosophic intra-regular 
AG-groupoid N (S) 


and [(a4 + aoI)(si + soI)|(ai +21) € 


and (1), we get 


























IN (A)N(S)|N (A). Now using (4) 


(aı + azl)(sı + sə1)l(ai + aol) 

(a1 + a3I)(s1 + 522)|[{ oa + 21) (a1 + a21)?) (yx + va1)] 

(zi + z21)(ai + aaI)?][£(as + a2) (1 + 521)) (yx + ya1)] 

(zi + v2I)t(a1 + az1)(aı + a2) })[{(a1 + aə1)(si + 821)3 Q1 + gə1)) 
{{(ai + a2I)(s1 + sal) (yi + y21) }{ (a1 + Gol) (a1 + aol) } (x1 + zəl) 
(a1 + a2l){{{(a1 a2I)(51 521) } (yr + yot)} (a1 + aol) }] (x1 + zəl) 
(a1 + dal){{(@1 + aal)(y1 + yol)}{(ai + azl)(si + sə1)) (ni + zəl) 
{(a1 + dol) (yr + yo1) (ai + Gol) {(a1 + a1) (51 + sə1)) (zi + zəl) 
(dai + dol){ (a1 + aə1)(si + 822) (y + yə1)Mai + aol) | (x1 + rəl) 





N (S)N(A)IN(S) € N(A). 


(v) = (iv) 
Let N(A) be a neutrosophic generalized bi-ideal of N(S). Let a1 + agI € 
N(A), and since N(S) is neutrosophic intra-regular AG-groupoid so there 
exist (zı + vel), (gi + yoI) in N(S) such that a1 + agI = İ(zi + zəl)(a + 
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a51)?](y1 + vəl), then using (3) and (4), we have 


ay + azl)(aı + ae!) 

— [{(@1 + w21)(a1 + a2T)? (yi + yot)|(aa + a21) 

— [{(a1 + e2I)(a1 + a21)? H(e + eD) (yi + ya1))](a1 + aa!) 

= İl(yı + gəl (ei e3D)H (ai + asI)?(z4 + zəl) Har + aol) 

= İ(aı + aol)? (£i + yəl)(e + eT)) (a1 + x21))] (a1 + a2) 

= [{(a1 + aol) (a1 + a21) Hn + yəl)(e + e1) Hezi + wal) } (a1 + a21) 
= (Git v2I)tQa + gəl )(e + el) } (ai + Geol) (a1 + az1))(aı + a21) 
= [(a1 + aol) {{(a1 + ral) { (yi + yal )(e + e) (ai + a21))](a1 + a21) 
€ [N(A)N(S)]N(A) € N(A). 














Ww 

















Hence N(A) is a neutrosophic bi-ideal of N(S). 

(iv) x (itt) 

Let N(A) be any neutrosophic bi-ideal of N(S) and let (a; + aaI)(s; + 
821) € N(A)N(S). Since N(S) is neutrosophic intra-regular AG-groupoid, 
so there exist (zı + 21), (y1 + gə?) € N(S) such that (a1 + a2l) = [(z1 + 
zəl (aş + a21)?](y1 + yəl1). Therefore using (1), (3), (4) and (2), we have 
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(a1 + azl)(sı + səl) 

(oa + D) (a1 + a2l)?} (yr + yot)] (81 + sa) 

(sı + sə1)(gyi + yot)|[(a1 + zə1)(ai + aa1)?] 

(a1 + G21)? (a + T)]((yx + yol)(s1 + s21)] 

(n + yol)(s1 + 821)} (a1 + 221) (a1 + a21)7] 

(0 + yol)(s1 + sol) } (x1 k zəl)lİ(ai + a2I)(a1 + a21)] 

(a1 + a2I)(a1 + az1)lİ(si + x21) (i + yəl)(si  521)]] 

(Ga + tol){ a + yal)(s1 + s21)] 1 (a1 + a21)](a1 + aa1) 
(sı + sol)}}{{ (x1 + zəl)(ai + a1)? 











(ın + ya1)) (a1 + a21) 

(oi + D) (a1 + aol)? (Gri + 2T) (Qi + yoT)(s1 + 821) }} 
(gi + yol)}] (ai + a21) 

Ti + yol){ (x1 + tol) { (yi + yol)(si + sal) }}} 

{(ay + agl)?(a1 + z31))](aa + a2!) 

(ai + a31)? {{ (yr + yol){(a1 + wal) { (yr + yl) (81 + 821) }} 
(zi + r2I)}](a1 + ae!) 
{(a1 + G21) (a1 + a1) H (Gri + yl) 
Ti + yol)(si + sal) }}} (a1 + zəl)) 
[Ga + xD) a + yaT)t oi + z21)1 
[(a1 + aə1)(aı + agl)}] (a1 + aol) 

N (A)N(S)|N(A) € N(A). 














-— 


(a1 + zəl) 
(a1 + aa) 
yi “gəl )(si  521))]]] 
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(sı + solI)(ai + aol) 
= (sı sal)[(zi + zəl)(ai + a31)? }(y + ya1)] 
= (zi oie zəl) (a1 + az1)”ll(sı + sol) 


(yi + yot)] 

= [(@1 + Gol) { (a1 + a2I)(ai + aol) $I [(s1 + 821) (1 + v21)] 
= İ(aı + agl){(x1 £ zə1)(aı + Gal) $I [(51 + 822) (1 + v21)] 
= [{(s1 + soI)Qa + yal) }{(a1 + Lol) (a1 + a21))](a1 + a2!) 




















= [{(a1 + a2I)(zi + wal) H (yi + yol) (81 + S21) }] (ai + aol) 
= [{{(y + gəl)(si + $22) (a1 + 21) } (a1 + a21))(a1 + aol) 
= [{{(y + gəl1)(si + $22) zi + x21) Hi + zəl) 

ay + a31)? (yi + yəl))l(aı + a21) 








= [{{(yr + yol)(s1 + 82) }{ Gri + x21) (a1 + a2l)?}} 
Toi + z2I)(yi + yo1))](a1 + a21) 
= [{{(a1 + aə1) (zi + 221) M (1 + $21) Qi + gə1))) 
[xi + z2I)(yi + yo1))](a1 + a21) 
— [{{{(a1 + a2I)(ai + aol) (21 + x21) (81  s21)(y1 + v21))] 
Toi + z2I)(yi + y21))](a1  a21) 
= [Gi + xo) + yol) }{(s1  s2I) Qa + yə1))) 
{{(a1 + asI)(ai + agl)} (21 + zə1))l(aı + aa) 
= [Gi + z2ID)Gn + ya1)H (01 + a21)(a1 + a21))] 
{{(s1 + sol) (yi + gəl) Hai + z21))](a1 + a21) 
= [{{(ai + aol) (ai + a1) HQ) (i + Lal) f} 
{{(s1 + sol) (yi + gəl) Hai + z21))(ai + a21) 
= [{{{(s1 + 822) (yi + yal) } (1 + 221)) 
(Ün + yol) (a1 + tal) } (01 + a21) (a1 + a2l)}] (a1 + a21) 
= [(a1 + aol) {{{{(s1 + $21) (a + yal) } (s  z21)) 
Ti + yol) (a1 + 221)) } (a1 + a21))](a1 + a21) 
N(A)N(S)IN(A) 
N(A). 

















— 














m 





IN 


Therefore N(A) is a neutrosophic ideal of N(S). 
(itt) — (4i) and (i) > (i) are obvious. m 


Lemma 38 Intersection of two neutrosophic ideals of a neutrosophic AG- 
groupoid N(S) is a neutrosophic ideal of N(S) too. 

Proof. Let N(A) and N(B) are two neutrosophic ideals of N(S) im- 
plies N(S)N(A) C N(A), N(AJN(S) C N(A) and N(S)N(B) C N(B), 
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N(B)N(S) C N(B) respectively. Now 


N(S)İN(A)n N(B)] = N(S)N(A)n N(S)N(B) 
C N(A)nN(B). And 

İN(A) n N(B)IN(S) = N(A)N(S)n N(B)N(S) 
C N(A)NN(B). 


Hence N(A) n N(B) is a neutrosophic ideal of N(S). m 


Lemma 39 Product of a neutrosophic bi-ideal and a neutrosophic subset 
of a neutrosophic AG-groupoid N(S) with left identity is a neutrosophic 
bi-ideal. 

Proof. Let N(A) and N(B) be two neutrosophic bi-ideal and a neutrosophic 
subset of N(S) respectively. Now by using neutrosophic left invertive law, 
neutrosophic medial law and neutrosophic paramedial law we have 


İUV(A)N(B))N(5)1N(A)N(B)) = [UN(CS 


Hence N(A)N(B) is a neutrosophic bi-ideal of N(S). m 


Theorem 40 For N(S) with left identity e 4- eI, the following conditions 
are equivalent. 

(2) N(S) is neutrosophic intra-regular. 

(it) N(R)N N(L) = N(R)N(L), for every neutrosophic semiprime right 
ideal N(R) and every neutrosophic left ideal N(L). 

(itt) N (A) = [N(A) N(S)|N (A), for every neutrosophic quasi-ideal 
N (A). 
Proof. (i) — (iii) : Let N (A) be a neutrosophic quasi ideal of N(S) then 
N (A) is a neutrosophic ideal of N(S), thus IN (A) N(S)IN (A) C N(A). 

Now let a 4- bl € N(A), and since N(S) is neutrosophic intra-regular 
so there exist elements (xı + x21), (yı + yoI) in N(S) such that a+ bl = 
[(a1 + z2I)(a 4- b1)?](y1 + yoI). Now by using neutrosophic medial law with 
left identity e -- eI, neutrosophic left invertive law, neutrosophic medial law 
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and neutrosophic paramedial law we have 


a cl 

















+ tol 
a+ bI)((zi + 
a+r bl) (y4 + 
ə zolT)(a 


(zi + zəl)(a 4- bI)?](yi + yəl 
(zi + zoI)((a 4 bI)(a 
ee zı t zəl (a 





( 
) 
) 
) 


- yə1)(((zi + rə1)(a 1:1) (ri + vol 


+ zəl (a + bl)? 


) 
) 





€ IN(A)N(S)IN(A). 


Hence N (A) = 


INIA II 


c 
c 


Hence N(R)À 


[N (A) N(S 


N(L) 


Assume that 


((a 4- bI)(a 
zol)(a 
yə1)H4€n + zə1)(a k 
+ bI)}{{(a + bl)y (si + vol) (yr + yə1)))(a + 01) 
- zəl)(a 4- bI) (a + bI) (zi + x21) (yr + yl)? 

yi + yaL)? ((a + bI)(zi + eel) HM (a + bI)(ai + 
(a + bI) (yx + y2l)? 


Clearly N(R 


) 
+ oDyyQa + oT) 
+ oDyyGa + yet) 





[(z1 + zə1)(a + b1))](a 4- BI) 
(Gi + t2l){{(a1 + zə21)(a + BD? Y (ji + yo 
is 


( öl 01) 
(gi + ot) }}](a + bI) 
(gi + ot) }}](a + bI) 


Zı o 





) 
Ha + yo)t(zi + tal) 
+ BI) (M1 + yə1)4( 

+ b1)}}{(y1 + ya) toi + 


bl) Hu + 

















Hü 4- bI) 
z31))](a + bI) 
z31))](a + bI) 








{(a+ 61) (a1 + səl) + 


yy (4). 


)N(L) C N(R)n N(L) holds. Now 


= N(R)N(L). 


N(R) N(L) = N(R)N(L) for every neutro- 


sophic right ideal N(R) and every neutrosophic left ideal N(L) of N(S). 


Since (a--b1)? € 
and as by given assumption (a-4-b1)?.N 
implies that a + bI € (a+ b1)2N 


(a+bl)?N 


(S), which is a neutrosophic right ideal of N(S) 
(S) is neutrosophic semiprime which 
(S). Now clearly (a + bI) U N(S)(a + bI) 
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- bI) 
4 bI) 





- y»1))jl(a 
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is a neutrosophic principal left ideal, therefore 


a 4- bI) U N(S)(a 4- bI)] N(a+bI)?N(S) 
N(S)[(a + 5&2)? N(S)] 
+b 


alı 


m 





= [N(S)N(S)][(a 51)” N(S)) 
= [N(S)(a- bI)*][N(S)N (5)] 
= [N(S)(a- bI)']N(S). 


Hence N(S) is neutrosophic intra-regular. m 


Theorem 41 For N(S) with left identity e+ eI, the following conditions 
are equivalent. 
(2) N(S) is neutrosophic intra-regular. 
(it) For a neutrosophic ideal N (I) and neutrosophic quasi-ideal N(Q), 
N (I) à N(Q) = N (I) N(Q) and N (I) is neutrosophic semiprime. 
(iii) For neutrosophic quasi-ideals N (Qı) and N (Qo), N (Qi) N (Qə) 
( 
( 


Q1) 
N (Qə) and N (Qı) and N (Qə) are neutrosophic semiprime. 


Proof. (i) => (iii): Let N (Qı) and N (Qə) be a quasi-ideal of N(S). 
Now N (Qı) and N (Qə) become ideals of N(S). Therefore N (Qı) Qə € 
N (Qi) NN (Qə). Now let a+ bf € N (Q1) N (Qə) which implies that a + 
bl € N (Q1) and a+bI € N (Qə). For a+bI € N(S) there exists (zı + x21), 
(an + gəl) in N(S) such that a+bI = [(x1 + xl) (a + bI)?^] (yi + yaI). Now 
by using (i), neutrosophic left invertive law, neutrosophic medial law and 
neutrosophic paramedial law we have 


+ x21) (a+b1)’] (yi + aT) 

















a+bl = [(a 
= İ(zı + zəl) ((a t bI) (a+ b1)}] Qi + yet) 
= [(a- bI) ((z1 + zə1)(a + 020))] Qi + yet) 
= (yi yəl) (1 + zəl) (a + bI)}] (a + BI) 
€ [N(S){N(S)N (Qi) }]N (Qə) 
C [N(S)N (Q1)]N (Qə) 
C N(Q1) N (Qə). 


This implies that N (Qı) à N (Qə) € N(Q1) N (Qo). Hence N (Qi) n 
N (Qə) = N (Q1) N (Qo). Now we will show that N (Qı) and N (Qə) are 
neutrosophic semiprime. For this let (a+ bI)? € N (Qı), by (i) a - bI = 
İzi + zT) (a + b) ] (y+ yal) € [NCS)N (Q)))N(S) € N (Q1). Similarly 
N (Qə) is neutrosophic semiprime. 

(iii) => (ii) is obvious. 

(it) => (1) : Obviously N (S) (a + bI) is a neutrosophic quasi-ideal con- 
tains a + bJ and N(S) (a 4- bI? 
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is a neutrosophic ideal contains (a + 87)”. By (ii) N(S) (a + bI)? is neu- 
trosophic semiprime so a + bJ € N(S) (a+ b1)”. Therefore by (ii) we get 


a-bI € N(S)(a-4bI) nN(S)(a 4 bI) 
= ([N(S)(a-- bI) ][N(S) (a+ b)] € [N(S) (a + b) | N(S). 


Hence N (5S) is neutrosophic intra-regular. m 


Theorem 42 For N(S) with left identity e+ eI, the following conditions 
are equivalent. 

(2) N(S) is neutrosophic intra-regular. 

(ii) For neutrosophic quasi-ideals N (Qı) and N (Qə), N (Qı)lnN (Qə) = 
İN (Qı) N (Q3) N (Q1). 
Proof. (i) => (ii) : Let N (Qı) and N (Qə) be neutrosophic quasi-ideals 


of N(S). Now N (Qı) and N (Qə) become neutrosophic ideals of N(S). 
Therefore 


(Q1) 
(Q1) 


This implies that İN (Qi) N (Q2)|N (Qı) € N (Q1) N (Qə). We can easily 
see that N (Qı) à N (Qə) becomes an ideal. Now we get, 


N (Qı) n N(Qə) = [N(Q)nN (Q3) 

N (Qı) n. N (Q3) [N (Q1) N (Q2)] 

ÜN (Qi) n. N (Q2) HN (Q1) ON (Qa) FIN (Q) 1. N (Qə)) 
N (Q1) N (Q9)]N (Q1). 


Thus N (Q1)N (Qə) € İN (Q1) N (Q2)]N (Q1). Hence N (Q1)ON (Qə) = 
İN (Qı) N (Q2)]N (Q1). 
(it) — (i): Let N (Q) be a neutrosophic quasi-ideal of N(S) then by 
(ii), we get N (Q) = N (Q)NN (Q) = IN (Q) N (Q)IN (Q) € (N (Q))” N (Q) € 
N (Q) N (Q) = (N (Q))”. This 
implies that N (Q) € (N (Q))? therefore (N (Q))? = N (Q). Since N (SS) (a + bI) 
is a neutrosophic quasi-ideal, therefore 


İN (Q1) N(S)]|N (Q1) € N (Qı) and 


C 
€ [N(S)N (Q3))N(S) € N (Qə). 


a4-bI € N(S) (a4- bI) — [N(S) (a - bI)? = N(S) (a+ 61)? — [N(S) (a + bD)]N(S). 
Hence N (5S) is neutrosophic intra-regular. m 


Theorem 43 For N(S) with left identity e+ eI, the following conditions 
are equivalent. 

(2) N(S) is neutrosophic intra-regular. 

(it) For neutrosophic quasi-ideal N (Q) and neutrosophic ideal N (J), 
N(Q)n N(2) CN(J)N(Q) and N (J) is neutrosophic semiprime. 
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Proof. (i) — (ii): Let us suppose that N (Q) is a neutrosophic quasi- 
ideal and N (J) is a neutrosophic 

ideal of N (S). Let a+ bf € N(Q)MN (J) implies a + bI € N (Q) and 
a bl € N(J). For each a+ bl € N (S) there exists (zı + vol), (gi + gəl) 
in N (S) such that a4-bI = İ(zi + x21) (a + bI)?] (yj + yoI). Then by using 
(i) and neutrosophic left invertive law we have 





a cl 


Il 


(zi + zə1) (a+ b1)"] (yy + ya1) 

= İzi + a1) ((a 4- 61) (a+ 01))] (yi + gəl) 
( 
( 








a+ bl) ((24 + x21) (a + b1)Y] (yi + gəl 





) 
a 4- bI) 
)N (Q). 
Therefore N (Q) n N(J) € N(J)N(Q). Next let (a --51)” € N(J). 
Thus a + MI = İ(zı + x91) (a 4- bMI)^] (yy + oJ) € İN (S) N (J]N (S) C 
N (J). Hence N (J) is neutrosophic semiprime. 

(ii) — (i) : Since N (S) (a + bI) is a neutrosophic quasi and (a + bI)? N (S) 
is a a neutrosophic ideal 

of N (S) containing a 4- bI and (a + bI)? respectively. Thus by (ii) N (J) 
is neutrosophic semiprime so a + b/ € (a 4-81)” N (S). Therefore by hy- 


pothesis. neutrosophic left invertive law, neutrosophic medial law and neu- 
trosophic paramedial law we have 


yi + yaI) {(a1  z21) (a+ 01)j] 
€ [N(S)iN (S) N (J/)]]N (Q) € 





( 
N(J 





a+bl € N(S)(a-bI)n (a4 bI)? N (S) 
C [N (S) (a4 bI)]((a 4 bI) N (S 
= [N(S)(a+b1)"][(a 4- bI) N (S 
C [N(S)(a- &I)"]N (S). 





Hence N (S) is neutrosophic intra-regular. m 


Theorem 44 If N(A) is a neutrosophic interior ideal of neutrosophic AG- 


groupoid N (S) with left identity, then (N(A))” is also neutrosophic interior 
ideal. 


Proof. Using neutrosophic left invertive law, neutrosophic medial law and 
neutrosophic paramedial law we have 


[NCS)GN CA)P]N CS) 


in 
A 
ə 
= 
= 
İ 
A 
2 
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Theorem 45 For N(S) with left identity e+ eI, the following conditions 
are equivalent. 

(i) N(S) is neutrosophic intra-regular. 

(ii) For neutrosophic quasi-ideal N(Q), neutrosophic right ideal N(R) 
and neutrosophic two sided ideal N (I), [N(Q)YAN(R)]IaN(I) € [N(Q)N(R)|N(I) 
and N(R), N(I) are neutrosophic semiprime. 

(iii) For neutrosophic quasi-ideal N(Q), neutrosophic right ideal N(R) 
and neutrosophic right ideal N(I), [N(Q) N N(R)]n N(I) € [N(Q) RJN(I) 
and N(R), N(I) are neutrosophic semiprime. 

(iv) For neutrosophic quasi-ideal N(Q), neutrosophic right ideal N(R) 
and neutrosophic interior ideal N (I), [N(Q)NN(R)INN(L) € [N(Q)N(R)|N (1) 
and N(R), N(I) are neutrosophic semiprime. 


Proof. (i) => (iv) : Let a+ bl € [N(Q) n N(B))n N(I). This implies 
that a 4-bI € N(Q), a - bI € N(R), a-- bl € N(I). Since N(S) is neutro- 
sophic intra-regular therefore for each a + bI € N(S) there exists zı 4- aol, 
yi + yol € N(S) such that a+ bI = İ(zi + zəl) (a+ bI)? ](yi + yaI). Now 
by using (i), neutrosophic left invertive law, neutrosophic medial law and 
neutrosophic paramedial law we have 



































a 4- bI 
= İ(zı 2I) (a+b1)"\(y + a1) 
= İ(zi + zəl) (a +b) (a+ bl)Hün + y21) 
= [(a+ bI) ((z1 + zəl) (a+ b1)} (yi + yə1) 
= [(a+ bI) (zı + 221) (£(21 + 221) (a + BD)? )0n + yə1))))10n + yet) 
= [(a+ bI) (zi + x21) (a + 61)? (ai + 21) (ni + 92D } H(i + yell) 
= Im + yaD) Gri + ol) (a+ 01)? (21 k zəl) (y1 + yol)}}] (a + 91) 
= [(y + yol){{(a1 + zə1) ((a + 61) (a + b1)) G1 + zəl) Qi yot)}] (a + 91) 
= İm t+ yol){{(a + bI) (21 + tol) (a + 1) Hs + zəl) (yr + y21))] (a + 1) 
= [{(a+ bI) İzi + 221) (a+ BI) } HQ + gol) { (a1 + zəl) (gi + və1)))1(a + 01) 
= [{{(yi + ya)t(zi + tal) (ys + yo1)) HG + val) (a + 51)] j (a + b1)] (a + 01) 
€ [{N(S){N(S)N(S)HHN(S)N(Q)IN(R)IN(Z) € [N(Q)N(R)IN (1). 





Therefore, [N(Q)Y N(R)]n.N() € [N(Q)N (R)]N (1). Next let (a + bI)^ € 
N(R). Then using (1) and neutrosophic left invertive law, we get 
a+bl = İ(zi +221) (a -- &1)?] 
= [(a1 +221) {(a+ 01) 
= [(@+ bI) (zı 21) (a  bI)y] (i + yet) 
= İ(m £ yəl)4((zi + 221) (a+ bl))(a kl) € N(R). 


This implies that a+ b] € N(R). Similarly we can show that N(J) is 
neutrosophic semiprime. 


—— 


Vi + yol) 
at bI)}\(y + vəl) 


— — 











— 





50 


1. Neutrosophic Sets in AG-groupoids 


(iv) => (iii) => (4i) : are obvious. 

(ii) — Or We know that N(S) (a+ bT) is a neutrosophic quasi and 

N(S) (a + bI)? is neutrosophic right as well as neutrosophic two sided ideal 
of N(S) (a -- bI)? and by (ii) N(S) (a + bI)? is neutrosophic semiprime so 
a4- bI € N(S)(a-- bI)^. Then by hypothesis and by using neutrosophic 
left invertive law, neutrosophic medial law and neutrosophic paramedial 
law we have 


a+bl € [N(S)(a+bI)N N(S) (a 4- MI)] n N(S) (a 4- bI? 
+ bI)}{N(S) (a + D) JN (S) (a 4.01)) 
+ bI)?}{N(S) (a + bD)? }]{N(S) (a + 01)) 
a -b1))N(S)N(S) 

= İN(S)N (GİİN (S) (a -b1)”) 

(a +b)” N(S)IN(S)N(S)) 

= [N(S)(a 4-91)”1N(S). 





IN 
z 


Il 





Hence N(S) is neutrosophic intra-regular. m 


Theorem 46 For N(S) with left identity e+ eI, the following conditions 
are equivalent. 

(2) N(S) is neutrosophic intra-regular. 

(ii) For every neutrosophic bi-ideal N(B) and neutrosophic quasi-ideal 
N(Q), N(B)n N(Q) € N(B)N(Q). 

(iti) For every neutrosophic generalized bi-ideal N(B) and neutrosophic 
quasi-ideal N(Q), N(B)n N(Q) € N(B)N(Q). 


Proof. (i) ==> (iii) : Let N(B) is a neutrosophic bi-ideal and N(Q) is a 
neutrosophic quasi-ideal of N(S). Let a4-61 € N(B)n N(Q) which implies 
that a -- bl € N(B) and a+bI € N(Q). Since N(S) is neutrosophic intra- 
regular so for a+ bl € N(S) there exists (zı + vel), (gi + yol) € N(S) 
such that a + bI = İz (a+ bI)?]y. Now, N(B) and N(Q) become ideals of 
N(S). Then using (i), neutrosophic left invertive law, neutrosophic medial 
law and neutrosophic paramedial law we have 


zı + zəl) (atbl)"] (yi + yet) 

zı t X21) {(a+ bI) (a+ 01))] (yi + y21) 

a+ bI) (zi + tal) (a + b1)}] (ys + y21) 
1 yal) (21 + za) (a + 01)5] (a + bI) 

N(SAN(S)N(B)N(Q) € N(B)N(Q). 


Hence N(B) n N(Q) € N(B)N(Q). 
(iii) => (ii) is obvious. 


a+bl = 
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(it) — (i): Using (ài) we get 


a+bl € N(S)(a+bI)NN(S) (a+ bI) 
C N(S) (a --b1)” = [N(S) (a -- b1)”1N(S). 





Hence N(S) is neutrosophic intra-regular. m 


Theorem 47 For N(S) with left identity e+ eI, the following conditions 
are equivalent. 
(2) N(S) is neutrosophic intra-regular. 
(ii) For neutrosophic quasi-ideal N (Qı), neutrosophic two sided ideal 
N (I) and neutrosophic quasi-ideal N (Qə), IN (Qui) Q.N (T) n N (Qə) C 
[N (Qi) N (T))N (Qə) and N (I) is neutrosophic semiprime. 
(iti) For neutrosophic quasi-ideal N (Q1), neutrosophic right ideal N (T) 
and neutrosophic quasi ideal N (Q2),[N (Q4) n N (TƏN (Qə) € İN (Q1) N (D)] N (Qə) 
and N (1) is neutrosophic semiprime. 
(iv) For neutrosophic quasi-ideal N (Q1), neutrosophic interior ideal N (I) 
and neutrosophic quasi-ideal N (Qə), IN (Q1) NN (DIAN (Qə) € İN (Q1) N (T))N (Q3) 
and N (1) is neutrosophic semiprime. 


Proof. (i) => (v) : Let N (Qı) and N (Qə) be neutrosophic quasi-ideals 
and N (I) be a neutrosophic interior ideal of N(S) respectively. Let a+bI € 
İN (Q1) à. N(T))n N (Qə) this implies that a + ö7 € N(Qı), a+ bI € 
N (I) and a+ bI € N (Q5). For a+ bI € N(S) there exists (zı + xə7), 
(yi -yaI) € N(S) such that a + bI = İ(zi + zəl) (a + bI)^] (yi + yəl). 
Thus, N (Q1), N (Qə) and N (I) become ideals of N(S). Therefore by us- 
ing (4), neutrosophic left invertive law, neutrosophic medial law and neu- 
trosophic paramedial law we have 























a+bl = [(zi- o1) (a - 0D) ] (ya + a1) 
= (ri zəl) {(a + bI) (a+ bl) (y + vəl) 
— [(a+ bI) (zi + zə1)(a b bl) (yi + yo) 
= (yi yet) (i + zəl) (a + 01)j] (a + OF) 
= [(yr t+ yet) (i + al) (a + bl) mu + gəl) ((zi + 221) (a + bI)}} (a + b1)] 
= [(a+ bI) iyi + yo) İ(zi + vol) (a+ 81) y] [Era + 221) (a 4.51) (gi + yet) 


N (Qı) (N(5)1N(5)N 0))HIUN(CS)N (02)1N(5)) 
N (Qı) N (DIN (Q2). 


Hence İN (Q1) N.N (DIAN (Qə) € İN (Q1) I] N (Qə) . Next let (a + bI)? € 
N (1) then a--bI = İ(zi + zə1) (a + bI)^] (y1 + yəl) = (N (1))” € N (1) this 
implies that a + bf € N (I). So N (I) is neutrosophic semiprime. 

(v) (iv) (iti) (ii) are obvious. 

(ii) — (i) : Since N(S) (a + bI) is a neutrosophic quasi and N (S) (a + bI)? 
is a neutrosophic ideal of N (S) containing a+bI. Also by (ii) N(S) (a 4-97)” 


I) m 
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is neutrosophic semiprime so a + bJ € N(S) (a+ b1)”. Thus by using neu- 
trosophic paramedial and neutrosophic medial laws, we have 
a+bl € [N(S)(a4bI) n N(S) (a 4- bI) ] n N(S) (a 4- bI) 
{N(S) (a + b) HN (S) (a + bT)* HEN CS) (a + bT)] 

= [{(a+I)* N(S)H(a + 61) N(S)}] [NCS) (a  b1)] 
= [{(a+ 91) N(S)}{N(S)N(S)}]IN(S)N(S)] 
= [{(a+ 6) N(S)}N(S)|N(S) 
= [{N(S)N(S)} (a+ bD))]N(S) = [N(S) (a + bI)"]N(S). 





IN 








Hence N(S) is neutrosophic intra-regular. m 


Theorem 48 For N (S) with left identity e+ eI, the following conditions 
are equivalent. 
(2) N (S) is neutrosophic intra-regular. 
(it) Every neutrosophic quasi-ideal is idempotent. 
(iii) For neutrosophic quasi-ideals N (A), N (B), N (A)NN (B) = N (A) N (B)Ph 
(B) N (A). 
Proof. (i) => (iii) : Let N (A) and N (B) be neutrosophic quasi-ideals of 
N (S). Thus 


N(A)N(B)nN(B)N(A) 
N(A)N(B)nN(B)N(A) 


(B) and 


CN CN 
C N C N(A). 
Hence N (A) N(B) n N(B)N(A) € N(A)n N(B). Now let a+ 61 € 
N (A) N (B) this implies that a -- b € N (A) and a FE 51 € N (B). Since 
N (S) is neutrosophic intra-regular AG-groupoid so for 

a bl in N (S) there exists (zi + x31), (yi + yoT) € N (S) such that a+ 
bI = [(ay + xaT) (a + 01)^] (yi + a1) and (gi + yaT) = (ui + ual) (vi + va) 
for some (uy + ual), (v + vel) in N (S). Then using (2), neutrosophic left 
invertive law, neutrosophic medial law and neutrosophic paramedial law 
we 

have 


21 + zəl) (a + b1)"] (yi + yəl) 

zı + zəl) (a + bI) (a + b1))] (yi  y21) 

a+ bI) ((21 + tal) (a + b1)}][(ur + ual) (v1 + v21)) 

a+ b1) (ur + ual) ][{(1 + 21) (a + b1)) (vi + ve2I)] 
N (A) N (SEN (S) N (B))N (S)] € N (A) N (B). 

Similarly we can show that a + bI € N(B)N(A). Thus N (A) n N (B) 

N (A) N (B) n. N (B) (A). Therefore N(A) n N(B) = N(A)N(B) 

N(B)N(A). 


a 4- bI 


Il 
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(itt) => (ài): Let N (Q) be a neutrosophic quasi-ideal of N (S). Thus 
by (iit), N(Q) n N(Q) = N(Q)N (Q) à N (Q) N (Q) implies N(Q) = 
N (Q) N (Q). 

(ii) ==> (4) : Since N (S) (a + bI) is a neutrosophic quasi-ideal of N (S) 
contains a + b1 and by (ii), 

it is idempotent therefore by using neutrosophic AG-groupoid laws, we 
have 


at+bl € N(S)(a+bl) 





(a + bI)|[N (S) (a+ b1)] 
a+bl)|N(S) 


I 
gerer doro rem Poems 
z 
s 
3 
+ 
S 
- 

— 

+ 


Hence N (S) is neutrosophic intra-regular. Wi 


Theorem 49 For N (S) with left identity e+ eI, the following conditions 
are equivalent. 

(2) N (S) is neutrosophic intra-regular. 

(it) For neutrosophic bi-ideal N (B), neutrosophic two sided ideal N (T) 
and neutrosophic quasi-ideal N (Q), IN (B) n N (DIAN (Q) € IN (B) N (D)] N (Q) 
and N (I) is neutrosophic semiprime. 

(iti) For neutrosophic bi-ideal N (B), neutrosophic right ideal N (I) and 
neutrosophic quasi-ideal N (Q), IN (B) n N (DIAN (Q) € İN (B) N (DIN (Q) 
and N (I) is neutrosophic semiprime. 

(iv) For neutrosophic generalized bi-ideal N (B), neutrosophic interior 
ideal N (T) and neutrosophic quasi-ideal N (Q), IN (B) n N (D)])n N (Q) € 
İN (B) N (I) N (Q) and N (I) is neutrosophic semiprime. 


Proof. (i) => (iv) : Let N (B) be a neutrosophic generalized bi-ideal, 
N (1) be a neutrosophic interior ideal and N (Q) be a neutrosophic quasi- 
ideal of N (S) respectively. Let a+bI € İN (B) NN (1)|NN (Q). this implies 
that a+ bf € N(B), a - bI € N (I) and a EH bI € N (Q). Since N (S) is 
neutrosophic intra-regular so for a+ bI € N (S) there exists (zı + zaI), 
(yi --yaI) € N (S) such that a + bI = İ(zi + zəl) (a 4- &1)^] tn + a1). 
Now, N (B), N (I) 

and N (Q) become neutrosophic ideals of N (S). Therefore by using (i), 
neutrosophic left invertive law, neutrosophic medial law and neutrosophic 
paramedial law we have 
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abi 
zı + x21) (a - 01)" ] (yi + yet) 
1 (a + 61))] Q1 + gəl) 
bI) (1 + X21) (a —.51)) Qi + yet) 
} 


| 
£— 


Il 





T 














(a 
(a 

= [(yi + yol) ((z1 + zəl) (a + BI)}] (a bl) 

= (yi yol) (zs + zəl) (a  61))] Gi + yo) (zi + 221) (a + b1))) (a + b1)) 
(a + bI) Mn + gəl) (zi + 21) (a + 61)) SI Gri + wal) (a k.b1)) (yi + yet) 

€ [N(B){N(S){N(S)N (DHL (5) N (Q)EN (S)] 

€ [N(B)N (DIN (Q) 

Therefore, İN (B)AN (LINN (Q) € İN (B) N (DN (Q). Next let (a +61)? € 


N (1) and since a + bI = [(z4 + zəl) (a 4- &I)?] (y - yoI) = (N (1)? C 
N (1) this implies that a+ bI € N (1). 

(iv) => (itt) => (ii) are obvious. 

(it) — (2) : Clearly N (S) (a + b1) is both neutrosophic quasi and neu- 
trosophic bi-ideal containing a-- bI and N (S) (a+ bI)? is neutrosophic two 
sided ideal contains (a + 87)” respectively. Now by (ii) N (S) (a 4- 81)” is 
semiprime so a+bI € N (S) (a 4- b1)”. Therefore by using neutrosophic left 
invertive law, neutrosophic medial law and neutrosophic paramedial law 
we have 


a 4- bI N (S) (a - bI) n N (S) (a + b1)?] 
(N (S) (a+ bI)HN (S) (a + bI)? 
{(a + bI? N (S)H(a + bI) N (S) 
{(a + bI N (S)HN (S) N (S 
= [((a-- bI)* N(S))N (S)İN (S 
= [(N (S) (S)) (a 4- bD)]|N (S) — İN (S) (a 4- bD)]N (S). 





IN IA IAM 








Hence N (S) is neutrosophic intra-regular. Wi 


Theorem 50 For N (S) with left identity e+ eI, the following conditions 
are equivalent. 

(2) N (S) is neutrosophic intra-regular. 

(it) For neutrosophic quasi-ideals N (Q) and neutrosophic bi-ideal N (B), 

N(Q)n N (B) € N (QN (B). 

(iii) For neutrosophic quasi-ideal N (Q) and neutrosophic generalized bi- 
ideal N (B), N (Q) n N(B) € N(Q)N(B). 


Proof. (i) => (ii): Let N (Q) and N(B) be neutrosophic quasi and 
neutrosophic generalized bi-ideal of N (S). Let a 4-61 € N(Q)N N(B) 
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this implies that a+ bJ € N (Q) and a+bI € N(B). Since N (S) is 
neutrosophic intra-regular so for a+ bI € N (S) there exists (zı + rel), 
(yi --yoI) € N (S) such that a + bI = İ(zi + x31) (a + bI)^] (y1 + ya). 
Thus, N (Q) and N (B) becomes ideals of N (S). Therefore by using (i), 
neutrosophic left invertive law, neutrosophic medial law and neutrosophic 
paramedial law we have 


zı + zəl) (a - B1)" ] (yi + ya1) 

zı + zəl) (a 01) (a + 61))] (yi + yol 
a+ bI) ((z1 + tl) (a+ 1))] (ya yel 
1+ yal) (zi + zəl) (a + 1))] (a + BF 
N(S)(N(S)N(Q] N(B) C N(Q)N 


Thus a+ bl € N (QJ N (B) implies N (Q) n N(B)C N(Q)N(B). 

(iii) => (fi) is obvious. 

(i) => (dài) : Clearly (a + bI) N(S) is both neutrosophic quasi and bi- 
ideal of N(S) containing a + bI. Therefore by using (i), neutrosophic left 
invertive law, neutrosophic medial law and neutrosophic paramedial law 
we have 


a+bl = 











e 


) 
) 
) 
( 


m 


B). 


a-bI € N(S)(a-bI)n N (S) (a- bI) 





I 
N(S) (a 4-b1)”1 = [N(S) (a 4- bI] N(S). 
Hence N (S) is neutrosophic intra-regular. wi 


Theorem 51 For N (S) with left identity e+ eI, the following conditions 
are equivalent. 
(2) N (S) is neutrosophic intra-regular. 
(ii) For every neutrosophic quasi-ideal N (Q) of N (S), N (Q) = İN (S) N (Q)”n 
IN (Q) N (S). 
Proof. (i) — (ii) : Let N (Q) be any neutrosophic quasi-ideal of N (S). 


Now it becomes a neutrosophic ideal of N (S). Now using (i), neutrosophic 
medial law and neutrosophic paramedial law we get 


IN (S) N (QI n UN (Q) N (S)]" 


( 
İN (S) N (Q)] [IN (S) N (Q)] n [ 
= N(Q)N(Q)nN (Q)N (Q) — 


(Q) N (S) [IN (Q) N (5)) 
(Q)N (Q) € N (Q). 


Il 


Now let a+ bf € N (Q) and since N (S) is neutrosophic intra-regular so 
there exists (zı + zə/), (y1 + yoI) € N (S) such that a--bI = İ(zi + zəl) (a + bI)?] fn + yəl). 
Then using (i), neutrosophic left invertive law, neutrosophic medial law and 
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neutrosophic paramedial law we have 














a 4- bI 

=  [(xa + 2I) (a+b1)"] (ya + a1) 

= [(a-- bI) (zı + zəl) (a+ &1))] (y1 + gəl) 

= [(yi + ya) ((z1 + zəl) (a + BIDS] (a + OL) 

= İ(m + gəl) (zi + zəl) (a + 01))] (zi + zəl) (a 917) Qi + y2d)] 

= İ(zı + x21) (a+ 02^ [Gy + yo) ((21 + 221) (a + 51))) (yi + vəT)) 

= (uic yol) {(y + yet) (zi + 221) (a + BI) $}] [{(a + BL) (a + 01)) (zi + 221))] 
(a + bI) (a+ dD] ün + yet) {Cy + yə1) (xs + 221) (a + 01))3 3 (si + zə1)) 

= İ(zi + tal) {(y + yal) (Qi + yo) ((zi + 221) (a + bI)} 33] (a + 1) (a + b1)] 

€ N(S)[N (Q) N (Q)] 

= [N(S)N(S)][N (Q) N (Q)] 

= IN(S) N(Q)IIN (S) N (Q)] 2 IN (S) N (Q)P. 

Thus a + M1 € [N (S) N (Q))/”. Since [N (S) N (QI = [N (Q) N (S) by 


using neutrosophic medial 
and neutrosophic paramedial laws. Therefore a + bI € İN (S) N (Q) n 
IV (Q) N (S). Thus N (Q) € İN (S) N (Q)'n[N (Q) N (S)]?. Hence [N (S) N (Q^ 
IN (Q) N (S)? — N (Q). 
(it) — (i): Clearly N (S) (a + bI) is a neutrosophic quasi-ideal contain- 
ing a+ bI. Thus by (#2) 
and neutrosophic paramedial law, neutrosophic medial law and neutro- 
sophic left invertive law we 
have 


a+bl € N(S)(a-bI) 
= [N(S){N(S) (a - b) 
= HİN (S) N (S)MN (S) (a + b) 
= [{(a+bI) N(S)}{N (S) N (S). 
= [{N(S)N(S)} (a+b) 
= [N(S)(a-- bI)? 
= [N(S)(a-- b&I??] 2 IN (S) (a - bI)^|N (S). 








Hence N (S) is neutrosophic intra-regular. MN 


Theorem 52 For N (S) with left identity e+ eI, the following conditions 
are equivalent. 

(i) N (S) is neutrosophic intra-regular. 

(ii) For every neutrosophic quasi-ideal of N (S), N (Q) = İN (S) N (Q)? N (Q)n 
IN (Q) N (S)PN (Q). 
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Proof. (i) — (ii) : Let N (Q) be a neutrosophic quasi-ideal of a neutro- 
sophic intra-regular AG-groupoid N (S) with left identity. Now it becomes 
a neutrosophic ideal of N (S). Then 


İN (5) N (QI* N (Q) RİN (Q) N (S)? N (Q) € N (Q). 


Now let a € N (Q) and since N (S) is neutrosophic intra-regular so there 
exists (zı + zaI), (yi + yoI) € N (S) such that a--b1 = İ(zi + zəl) (a + bI)^] (x1 + va). 
Then by using (i), neutrosophic left invertive law and neutrosophic medial 
law and neutrosophic paramedial laws, we have 





zı + zəl) (a+ bI)" ] (yi + yo!) 
a+ bI) (zi + 221) (a + b1)}] (yi + yl) 


a+bl = ( 
( 
= [(y + y») (i + zəl) (a + 01)5] (a + bI) 
(y1 
( 
( 





{ 

+ yal) ((z1 + X21) (a + bI)}] (a + b1) 

m + yol) (zi + zəl) Hn + məl) (a + bI)^) (ii + yə1))) (a + 01) 
{ 








) } 
gi + yol) H(zi + vol) (a + bI)? (zi + zəl) (yi + gəl 
= İzi + oT) (a+ bD)? Hün + gəl) (i + wal) (yr gəl 
= İzi + zəl) (yi + yoT) (a 4.51)” (2i + wal) (yu + o1 
= [(a+ bl)? {{(a1 + zə1) (yi + yoT) (21 + 221) (yr gəl 
= [(a+ bI) (zı + zəl) (yi + yəl)M? (a 4- bd). 


Thus a-+bI € [£N (Q) £N (5) N (5)}2N (Q) = IN (Q) N (SN (Q) im 
plies that a+bI € İN (Q) N (S)? N (Q) therefore, N (Q) € İN (Q) N (S)? N (Q). 
Now since [N (Q) N (S)? = IN (S) N (Q)]? this also implies that N (Q) C 
IN (S) QN (Q). Hence N (Q) € İN (S) N (Q)2N (Q)nIN (Q) N (S)N (Q). 
Therefore, N (Q) = IN (S) N (QN (Q) n IN (Q) N (SEN (Q). 

(it) > (i ) : Clearly N (S) (a + bI) is a neutrosophic quasi-ideal contain- 
ing a+ bI. Therefore by 

(ii) we have 











) 
) 
) 
) 





a+bl € N(S)(a-0I) 
= İN (S)(N (S) (a  bD))P[N (S) (a *- b1)] 
€ İN (S) (a-- bD]P[N (S) (a + b1)] 
mui ) 








| 
S) (a + bI)^][N (S) (a + bI)] € [N (S) (a + bZ)"]N (S). 


Hence N (S) is neutrosophic intra-regular. wm 


Theorem 53 For N(S) with left identity e+ eI, the following conditions 
are equivalent. 

(2) N(S) is neutrosophic intra-regular. 

(it) For any neutrosophic quasi-ideals N (Qı) and N(Qə) of N(S), N (Qı) Qə C 
N(Qə)N (Qı) and N (Qı), N(Qə) are neutrosophic semiprime. 
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Proof. (i) => (i) : Let N (Qı) and N(Q2) be any neutrosophic quasi- 
ideals of a neutrosophic intra-regular AG-groupoid N(S) with left iden- 
tity. Thus N (Qı) and N(Q2) become neutrosophic ideals of N(S). Let 
a bI € N(Q,) N(Qə). Then a+ bI = (ui + uel) (v4 + vel) where ui + 
ual € N (Qı) and v4 + vel € N(Qə). Now since N(S) in neutrosophic 
intra-regular therefore for uq + uo1 and v4 + vol in N(S) there exists 
(zi +241), (zə +252), (yi cil), (yot 51) € N(S) such that a+ bf = 
H(ri + 24D) (ui + ua Qn + ADH cn + 2h) (v1 + v2l)?} (yo + u$ DH. 
Then by using using (7), neutrosophic left invertive law, neutrosophic AG**- 
groupoid law, neutrosophic medial 
and neutrosophic paramedial laws we have 


a cl 
= [HG 4 z11) (ur + uel) } (yi y D) (a + 51) (vi 4- vo1)^) (yo + yD} 











= [{(a1 +242) (ur + ual)? H (22 + 20) (va + vol) Ma + 921) in + DI 
= İI((zı F z11) (Qn + ual) (ur u21)) (2 + 25) ((01 + vel) (o + val) EH [2 + yD) Qn + vi1)] 
= (Qua + ual) (zi + 21D) (ur + ual) }{ Qi + vel) (zə + x51) (v1 + v21)33] 


(ya + yal) (yi + il) 
= İH(rə € a21) (v4 + vel) MH (1 + I) (ur + ual) }}{ (vi + vel) (u4 + uel) } 
(gə + ol) in iT) 
= [{{(t2 + 251) (zi + 211) H (v1 + val) (ur + u21)] Ho (di + u21)] 
(ya + ol) (yr bl) 
= [vi + vel) (uj + uel) M (vy + vel) (ui + uel) }}{ (2 + x31) (ay + 211) 
(gə + ¥ol) in il) 
































= [{(y2t+yol) (i + yi DH G2 + 251) (a1 + wD} {{(v1 + val) (ur + uel} 
{(v1 + v2) (ur + ual) fF 

= (yt yb) (yt yD} (we + 5T) (21 + 2 D))] (i + val)” (ui + w2l)”} 

= (yt yST) (i t+ yD} (or + val)" ][Gr2 + 2D) (zi + 2D} (ur + ual)”] 
(N (S) N (S))} QN (Q1)) LN (5) N (5)) QN (Q2))7] 





N (5) N (Qə)lİN (5) N (Q1)] 
N (Q2) N (Q1). 


IY IY m 


Thus a+ bl € N (Qə) N (Qı). Hence N (Qı) N (Qə) C N (Qə) N (Qı). 
Let (a 4- bI)? € N (Qı). Then since N(S) is neutrosophic intra-regular so 
for a+ bI € N(S) there exists (zı + vel), (yi + yoaI) € N(S) such that, 
a+bI = [(z1 +221) (a+b1)7] (yi + yaI). Then by using using (i), neu- 
trosophic left invertive law, neutrosophic AG**-groupoid law, neutrosophic 
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medial and neutrosophic paramedial laws we have 


(zi + zə1) (a + b1)"] (gi + o1) 

(zi + tal) {(a + bI) (a 7: —vəl) 
(a + bI) (zı + zə1) (a + 51)) (ys + yəl) 
(y1 + gəT) ((21 + zə1) (a + b1)}] (a + 01) 
{N(S)N(S)}N (Q1)|N (Qı) € N (Qı). 


a+bl = 

















[ 
[ 
E 
[ 
[ 


Similarly we can show that N (Q2) neutrosophic semiprime. 

(it) — (4): Let N(S) (a -- bI) be a neutrosophic quasi-ideal of N(S') 
containing a + bI then by (ii) 

and by using neutrosophic left invertive law, neutrosophic AG**-groupoid 
law, neutrosophic medial and neutrosophic paramedial laws we have 


a+bl € N(S)(a+bI)N N(S) (a 4- bI) 
= [N(S) (a+ b1))][N (S) (a  bI)| 
= [N(S)(a-- bI] = [N(S) (a+ bD]N(S). 





Hence N (5S) is neutrosophic intra-regular. m 


Theorem 54 For N(S) with left identity e+ eI, the following conditions 
are equivalent. 

(i) N(S) is neutrosophic intra-regular. 

(ii) For any neutrosophic quasi-ideal N(A) and neutrosophic two sided 
ideal N (B) of N(S), N(A) n N(B) = İN(A)N (B)N(A) and N(B) is 
neutrosophic semiprime. 

(iii) For any neutrosophic quasi-ideal N(A) and neutrosophic right ideal 
N (B) of N(S), N(A)n N(B) = [N(A)N (B)N(A) and N (B) is neutro- 
sophic semiprime. 

(iv) For any neutrosophic quasi-ideal N(A) and neutrosophic interior 
ideal N (B) of N(S), N(A), N(B), N(A) NN (B) = [N (A) N (B)|N(A) 
and N (B) is neutrosophic semiprime. 


Proof. (i) = (iv) : Let N (A) and N (B) be a neutrosophic quasi-ideal and 
a neutrosophic interior ideal of N(S) respectively. Thus, N (A) and N (B) 


are neutrosophic ideals of N (S). Then İN (A) N (B))N (A) € İN (A) N (S)İN (A) C 
N (A) and İN (4) N (B)İN (A) € İN (S) N (B)IN(5) € N (B). Thus [N (A) N (B))IN (A) 


N (A) n N(B). Next let a+ bl € N(A)n N(B), which implies that 
a+bI € N(A) and a EH bl € N(B). Since N(S) is neutrosophic intra- 
regular so for a + bI there exists (zı + tel), (yi + yet) € N(S), such that 
a -- bI = İ(ri -- zaI) (a 4- bI)^] (gi 4“. yoI). Then by using using (i), neu- 
trosophic left invertive law, neutrosophic AG**-groupoid law, neutrosophic 
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medial and neutrosophic paramedial laws we have 











a 4- bI 
= (zi + zəl) (a+b1)"] (yx + yl) 
= [(a+ bI) {(x1 + 221) (a + D] Qi + vəl) 
= (yi ya) {(a1 + zəl) (a + 01)5] (a bl) 
= (yi yol) {(a1 + zəl) (a + 01)5] (a bl) 
— İ(n + gəl) (zi + zəl) (zs + zəl) (a + 61) (yi + yot)}}] (a + 01) 
= [(y + ga) (ra + ol) (a + bI)! M (zi + 221) y}}] (a ol) 
= [£i + x21) (a+ 1)? Hün + yal) (i + wal) (yr + yot)}}] (a + 87) 
= [{(a+ bI) {(x1 + zə1) (at b2)) (yi + yel) (x1 + 221) (y1 + y21)33] (a + BL) 





= [Uni + ya1) ((zi + zəl) (gi + y2t) SH (a1 + zəl) (a + 61) }} 
a 4- b1))] (a 4- bI) 

= [(a-4 bI) (at b1)|[{(yi + ya) ((21 + səl) (a + və1))) 
{(a1 + rel) (a + b1)}| 
N (A) N (B)I[N(S){N(S)N (A)}] € IN (A) N (B)]N (A). 


Thus N(A) a N(B) = [N(A) N (B))N (A). Now in order to show that 
N (B) is neutrosophic semiprime let jd --91)” € N (B). Therefore for each 
a--bI € N(S) there exists (zı + vel), (yi + yoI) € N(S) such that a+bl = 
[(z1 + rel) (a + bI)?] (yr + yol) € N (B) N (B) C N (B). Thus (a - bI)? € 
N (B) implies that a+bI € N (B). Hence N (B) is neutrosophic semiprime. 

(iv) => (itt) => (ii) are obvious. 

(ii) — (i) : Since N(S) (a + 51) is neutrosophic quasi-ideal and N(S) (a + bI)? 
be neutrosophic two sided ideal containing a + b7 and (a+ bI)? respec- 
tively. And by (ii) N(S) (a 4- bI)? is neutrosophic semiprime so a + bl € 
N(S) (a 4- bI)?. Therefore using (ii), neutrosophic left invertive law, neu- 
trosophic AG**-groupoid law, neutrosophic medial and neutrosophic para- 
medial laws we have 


N(S) (a - bI) n N(S) 
( 


IN 








ən 


a 4- bI)? 


— 4m 


(N(S) (a + bD) HN (S) (a + D) HEN GS) (a + 1)] 
{N(S)N(S)}{N(S) (a + BD) HENCS)N (S) 
)N(S))IN(S) 


Iİ gu 


(a +61)’ N(S)}{N(S 
{(a + D? N(S))N(S)İN(S) 
= [{N(S)N(S)} (a+ bD)*)]N(S) 
= [N(S)(a-- bI)'|N(S). 





Hence N (S) is neutrosophic intra-regular. m 


Theorem 55 For N(S) the following conditions are equivalent. 
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(i) N(S) is neutrosophic intra-regular. 
(ii) For every neutrosophic left ideal N (A) and neutrosophic N (B) of 
N(5), N (A)n N (B) = İN (A) N (B)) A [IN (B) N (A)]. 


(iii) For every neutrosophic quasi ideal N (A) and every neutrosophic 
left ideal N (B) of N(S), N (A) n N (B) = IN (A) N(B)nİN (B) N (A)]. 

(iv) For every neutrosophic quasi ideals N (A) and N (B) of N(S), N (A)n 
N (B) = [N (A) N (B)] n [N (B) N(A). 


Proof. (i) ==> (iv) : Let N (A) and N (B) be any neutrosophic generalized 
bi-ideal of N(S), then N (A) and N (B) are neutrosophic ideals of N(S). 
Clearly N (A) N (B) € N (A)NN (B), now, N (A)NN (B) is a neutrosophic 

ideal and, N (A) n N(B) = İN(A) n N(B)?. Now N (A) n N(B) = 
IN (A) A.N (B) € AN (B). Thus N (A4) N (B) = N (A) N (B) and then 
N(A)n N(B) — N(B)nN(A) — N(B)N(A). 

Hence N (A) n N (B) = İN (A) N (B) n [N(B) N (A)]. 

(iv) => (itt) — (ii) are obvious. 

(it) => (i) : Since N(S) (a + bI) is a left ideal of N(S) containing a 4- bI. 
Therefore by (ii) and neutrosophic medial law we get 


N(S) (a 4-b1) R N(S) (a 4-51) = [N(S)(a-- bI)]|NCGS) (a+ bd) 
= N(S)(a- bI) 
= [N(S)(a 4 bI)^]N(S). 


Hence N (5S) is neutrosophic intra-regular. m 


Theorem 56 For N(S) with left identity e+ eI, the following conditions 
are equivalent. 

i) N(S) is neutrosophic intra-regular. 

ii) For any neutrosophic quasi-ideals N(Q) and neutrosophic two sided 
ideal N (T) of N(S), N(Q) NN (1) = [N(Q)N (D))N(Q) and N (I) is neu- 
trosophic semiprime. 

iii) For any neutrosophic quasi-ideals N(Q) and neutrosophic right ideal 
N (I) of N(S), N(Q) n N(I) = [N(Q)N (D]N(Q) and N (I) is neutro- 
sophic semiprime. 

iv) For any neutrosophic quasi ideals N(Q) and neutrosophic interior 
ideal N (I) of N(S), N(Q)n N (I) = [N(Q)N (D]|N(Q) and N (I) is neu- 
trosophic semiprime. 





Proof. (i) = (v) : Let N(Q) and N (I) be a neutrosophic quasi-ideal and a 
neutrosophic interior ideal of N(S) respectively. Now, N(Q) and N (1) are 
neutrosophic ideals of N(S). Then [N(Q)I]N(Q) € [N(Q)N(S)]N(Q) C 
N(Q) and [N(Q)N (D]N(Q) € [N(S)N (1)1N(5) € N (I). Thus [N(Q)I]N(Q) € 
N(Q) n N (I). Now let a+ bf € N(Q) n N (I) implies that a+ bI € 
N(Q) and a+ bI € N (I). Since N(S) is neutrosophic intra-regular so 
for a+ bI there exists (zı + z27), (gi + yoI) € N(S), such that a + 51 = 
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İzi + zə1) (a + bI)?] (yj + yə1). Then using (i) and neutrosophic left in- 
vertive law, neutrosophic medial and neutrosophic paramedial laws we have 


a bl 

(zi + 221) (a + b1)"] (yy + vəl) 

(zı + zəl) (a + bI) (a + b1)) (ji + yel) 

(a + bI) {(x1 + eI) (a + b1)) (ji + yel) 

= [(a+ bI) (zı + wel) {{(@1 + zəl) (a + b)? Qn + 9233] Qa + 921) 
( 
( 
( 











a+ bI) (((21 + wot) (a+ 61)? W(21 + 221) (i + yot) HF Qi + a1) 
yi + yaT) (ai + x21) (a+ bI)? H (21 + zəl) (yr + y2t)}}] (a + 01) 





yi + yal) {{(@1  z21) (a + bI) (a + bI)}} 
((zi + zəl) in + yot)}}] (a + BL) 
= [(y yaI) {{(a + BL) (zi + zə1) (a + OI) }}{ (a1 + x21) y}}] (a + 01) 
= [{(a+ bf) (zi  z21) (a+ BI) SH (yi + yet) 
(zs + tal) (yi + y21))3] (a + BL) 
= [Ga + ual) (zi + zəl) (y1 + y21)) Hi + 221) (a + b1)}} 
a+bl)| (a 4- 61) 
= [(a-4 bI) (a+ bI)][[(yx + yet) (a1 + wal) (ys + vəl))) 
{(a1 + rel) (a bi) 
€ [N(Q)N DIN(S){N(S)N(S)}{N(S)N(Q)}] 
N(Q)N (I))N(Q). 














IN 


Thus N(Q) n N (I) = [N(Q)N (T)IN(Q). Next to show that N (I) is 
neutrosophic semiprime let (a 4-57)” € N(I). Therefore for each a + 
bl € N(S) there exists (zı +221), (yi t+ yoT) € N(S) such that a + 
bI = [(a1 + za) (a + I?| (gi + yoI) € [N(S)N (D)]N(S) € N (I). Thus 
(a 4- bI)? € N (I) this implies that a + bI € N (I). Hence N (J) is neutro- 
sophic semiprime. 

(v) (iv) (iii) (ii) are obvious. 

(it) —9 (i) : Since N(S)(a-- bI) is a neutrosophic quasi-ideal and 
N(S) (a 4- bI)? be a two sided ideal containing a+bI and (a+ bI)? respec- 
tively. And by (ii) N(S)(a+ bI)? is neutrosophic semiprime so a + bI € 
N(S) (a 4- b1)”. Therefore using (ii), neutrosophic left invertive law, neu- 
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trosophic medial law and neutrosophic paramedial we have 


N(S) (a - bI) n N(S) (a+ bI)? 
= [{N(S) (a+ b) AN (S) (a + bI) YN (8) (a + b) 
= [{N(S)N(S)}{N(S) (a+ 01) }IN(S)N(S)] 
= [{(a+ bl)? N(S)MN(S)N(S)HN(S) 
{(a 4.01)” N(S)}.N(S)|N(S) 
= [{N(S)N(S)} (a 4-01) )IN(S) 
= [N(S) (a 4- bI)^|N($). 


(S 
(S 





Hence N (S) is neutrosophic intra-regular. Wi 


1.2 Neutrosophic Generalized Ideals 


In this section; we study (m, n)-ideals of an LA -semigroup in detail. We 
characterize (0, 2)-ideals of an LA -semigroup N(S) and prove that N(A) 
is a (0, 2)-ideal of N(S) if and only if N(A) is a left ideal of some left ideal 
of N(S). We also show that an LA -semigroup N(S) is 0 — (0, 2)-bisimple 
if and only if N(S) is right 0-simple. Furthermore we study 0-minimal 
(m, n)-ideals in an LA -semigroup N(S) and prove that if N(R)[N(L)] is 
a 0-minimal right (left) ideal of N(S), then either N(R)" N(L)" = {0} or 
RP" L" is a 0-minimal (m,n)-ideal of N(S) for m,n 3: Finally we discuss 
(m, n)-ideals in an (m, n)-regular LA -semigroup N (S) and show that N(S) 
is (0, 1)-regular if and only if N(L) = N(S)N(L) where N(L) is a (0, 1)- 
ideal of N(S). 

In this chapter, we investigate two classes of ideals called the (m, n)-ideals 
and 0-minimal ideals of an LA-semigroup and their characterizations. First 
we study (0, 2)-ideals of an LA -semigroup S and prove that A is a (0, 2)- 
ideal of S if and only if A is a left ideal of some left ideal of S. Further, 
we characterize (0, 2)-bi-ideals in unitary LA -semigroups and proceed to 
prove that A is a 0-minimal (0, 2)-bi-ideal of a unitary LA -semigroup 8 
with zero. Then either A? = {0} or A is right 0-simple. We also study some 
interesting results in (m, n)-ideals and investigate that if A is an (m,n)- 
ideal of S and B is an (m,n)-ideal of A such that B is idempotent. Then 
B is an (m,n)-ideal of S. The concept of (m,n)-regular LA -semigroups is 
indeed an important and interesting part of the paper. In this respect, we 
prove that if S is a unitary (m,n)-regular LA -semigroup such that m = n. 
Then for every R € Romo) and L € Lo), RAL= R LO RL": 

Preliminaries and examples 


If N(S) is an LA -semigroup with product . N(S) x N(S) — N(S), then 
ab - c and (ab)c both denote the product (a - b) - c. 
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If there is an element 0 of an LA -semigroup (N (S), -) such that «-0 = 
0-2 =0V 2 € N(S) we call 0 a zero element of N(S). 


Example 57 Let N(S) = {a1 + bi, a2 + bəl, aş + b31,a4 + bal, e + el) 
with a left identity d. Then the following multiplication table shows that 
(N(S),-) is a unitary LA -semigroup with a zero element a. 


a +6;l agtbel ag+b3l  a4--b4I e+el 





ay +r bil dı +r bil dı +r bil dı +r bil Q1 m bil dı + bil 
azə +bol | ay Ebil e+el e t el aş Kil e+el 
aş +63l a dbil e+el e el à9 +bol emel 
a4--b4l | aa tbl ag+bol aş bil agtbal emel 
e kel a Ebil e+el e bel e kel e el 


























Example 58 Let N(S) = (ai + bil, az + bel, aş + b3, a4 + bal). Then the 
following multiplication table shows that (N(S),-) is an LA -semigroup with 
a zero element a. 


: Q1 T bil ag T bol a3 T bs a4 T bal 

Q1 + bil Q1 +r bil dı +r bil Q1 +r bil Q1 +r bil 
az + bol Q1 + bil QA m bal a4 + bal a3 T bs 
a3 7 bs dı T bil Q3 T bs 3 T bs 3 T bs 
da m bal dı m bil Q3 -r bs Q3 r Də aş m b3 

The above LA -semigroup N(S) has commutative powers, that is [(a1 + 
bi DT) (ay + bi I)].(a4 + bıl) — (a + b1).l1(a “İn bI)(a + bT)) for all (a4 + bıl) 
€ N(S) which is called a locally associative LA -semigroup [7]. Note that 
N(S) has no associative powers for all a+ bf € N(S) because (bb- b)b 22 
b(bb - b) for b € N(S). 

Assume that N(S) is an LA -semigroup. Let us define (a+ bI)! =a+bI 
and a™ = (...(((aa)a)a)...a)a = a™~‘a for all a-- &1 € N(S) where m > 1. 
It is easy to see that a?" = a””la — aa"-! for all a € S and 

m > 3 if N(S) has a left identity. Also, we can show by induction, 
(ab)™ = a™b™ and anan = a™*” hold for all a+ bI,c 4- dl € N(S) and 
m,n > 3. 

A subset N(A) of an LA -semigroup N(S) is called an LA -subsemigroup 
of N(S) if [N(A)]? C N(A). 

The concept of (m, n)-ideals of a semigroup and an LA -semigroup was 
given in [5] and [1] respectively. 

An LA -subsemigroup N(A) of an LA -semigroup N(S) is said to be an 
(m, n)-ideal of N(S) if [N(A)|" N (S). 

[N(A)]” € N(A) where m, n are non-negative integers such that m =n 
# 0: Here [N(A)]|" or [N(A)]” are suppressed if m = 0 or n = 0, that 
is [N(A)]°N(S) = N(S) or N(S)[N(A)? = N(S). Note that if m =n — 
1,then an (m, n)-ideal N(A) of an LA -semigroup N (S) is called a bi-ideal 
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of N(S). If we take m = 0 or n = 0, then an (m,n)-ideal N(A) of an LA 
-semigroup N(S) becomes a left or a right ideal of N(S). 

An (m, n)-ideal N(A) of an LA -semigroup N(S)with zero is said to be 
0-minimal if N(A) Z {0} and {0} is the only (m, n)-ideal of N(S) properly 
contained in N(A). 

An LA -semigroup N(S) with zero is said to be 0 — (0, 2)-bisimple if 
[N(S)]? Z {0} and f{0} is the only proper (0, 2)-bi-ideal of N(S). 

An LA -semigroup N(S) with zero is said to be nilpotent if [N(S)]! — 
{0} for some positive integer l. 

Let m4 “mil, mə + nəl be non-negative integers and N(S) be an LA 
-semigroup. We say that N(S) is (m, n)-regular 

if for every element a+ bI € N(S) there exists some z + yl € N(S) 
such that a + bI = [(a + bI)" (x + yI)](a + bI)". Note that (a + bI)? is 
defined as an operator element such that (a + bI)9 (x + yl) — a+ yI and 
(z -- sI)(a -- yI)9 2 z 4 sI for any x+yl,z+sI € N(S). 


3.0-minimal (0, 2)-bi-ideals in unitary LA -semigroups 

If N(S) is a unitary LA -semigroup, then it is easy to see that [N(S)|? = 
N(S), N(S)[N(A)P = [N(A)PN(S) and N(A) € N(S)N(A), Y N(A) C 
N(S). Note that every right ideal of a unitary LA -semigroup N(S) is a left 
ideal of N(S) but the converse is not true in general. Example 1 shows that 
there exists a subset (a4 + biT, a2 + bəl, ei + e2I} of N(S) which is a left 
ideal of N (S) but not a right ideal of N(S). It is easy to see that N(S)N(A) 
and N(S)[N(A)]? are the left and right ideals of a unitary LA -semigroup 
N(S). Thus N(S)[N(A)]? is an ideal of a unitary LA -semigroup N (S). 


Lemma 59 Let N(S) be a unitary LA -semigroup. Then N(A) is a (0,2)- 
ideal of N(S) if and only if N(A) is an ideal of some left ideal of N(S). 


Proof. Let N(A) be a (0,2)-ideal of N(S), then N(S)N(A) - N(A) = 
N(A)N(A).N(S) = N(S)|N(A)? € N(A) and N(A)- N(S)N(A) = N(S). 
N(A)N(A) = N(S)N(S) - N(A)N(A) = NGS)IN(A € N(A). 
N(A) is an ideal of a left ideal N(S)N(A) of N(S). 

Conversely, assume that N(A) is a left ideal of a left ideal N(L) of N(S), 
then 


— 
an 
oO 
=) 
Q 
[0] 








N(S)N(P = N(A)N(A)-N(S) = N(S)N(A).N(A) € N(S)N(L)-N(A) € N(L)N(A) € N(A), 


and clearly N(A) is an LA -subsemigroup of N(S), therefore N(A) is a 
(0, 2)-ideal of N(S). m 


Corollary 60 Let N(S) be a unitary LA -semigroup. Then N(A) is a 
(0, 2)-ideal of N(S) if and only if N(A) is a left ideal of some left ideal of 
N(S). 
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Lemma 61 Let N(S) be a unitary LA -semigroup. Then N(A) is a (0, 2)- 
bi-ideal of N (S) if and only if N(A) is an ideal of some right ideal of N (S). 


Proof. Let N(A) be a(0, 2)-bi-ideal of N(S), then 


N(S)N(A)?-N(A) = N(AYN(S)- N(A) 


and 


i 
Hence N (A) is an ideal of some right ideal N(S)[N(A)? of N(S). 
Conversely, assume that N(A) is an ideal of a right ideal N(R) of N(S), 
then 


N(S)N(A)? = 


INIA 


and [N(A)N(S)IN(A) € İN(R)N(5)İN(4) € N(B)N(A) € N(A), 
which shows that N(A) is a (0,2) bi-ideal of N(S). m 


Theorem 62 Let N(S) be a unitary LA -semigroup. Then the following 
statements are equivalent. 

(i) N(A) is a (1,2)-ideal of N(S); 

(ii) N (A) is a left ideal of some bi-ideal of N(S); 

(iit) N(A) is a bi-ideal of some ideal of N(S); 

(iv) N(A) is a (0,2)-ideal of some right ideal of N(S); 

(v) N(A) is a left ideal of some (0,2)-ideal of N(S). 


Proof. (i) — (ii). It is easy to see that N(S)N(A)? . S is a bi-ideal of 
N(S). Let N(A) be a (1,2)-ideal of N(S), 
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which shows that N (A) is a (0, 2)-ideal of a right ideal N(S)[N(A)]? of 


N (S). 


(iv) —»(v). It is easy to see that N(S)[N(A)]? is a (0, 2)-ideal of N(S). 


Let N(A) be a (0, 2)-ideal of a right 
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ideal N(R) of N(S), then 
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Conversely, let N (R) be a right ideal and N(L) be a left ideal of N(S) 
such that N(R)N(L) € N(A) € N(R) N(L), then 

N(A)N(S-N(AP = N(A)N(S)-N(A)N(A) C N(R)N(S)-N(S)N(L) C 
N(R)N(L) € N(A). Assume that N(S) is a unitary LA -semigroup with 
zero. Then it is easy to see that every left (right) ideal of N(S) is a (0; 2)- 
ideal of N(S). Hence if N(O) is a 0-minimal (0, 2)-ideal of N(S) and N(A) 
is a left (right) ideal of N(S) contained in N(O), then either N(A) = {0} 
or N(A) = N(O). m 


Lemma 64 Let N(S) be a unitary LA -semigroup with zero. Assume that 
N(A) is a 0-minimal ideal of N(S) and N(O) is an LA -subsemigroup of 
N(A). Then N(O) is a (0,2)-ideal of N(S) contained in N(A) if and only 
if [N(O)P = 10) or N(O) = N(A). 


Proof. Let N(O) be a (0,2)-ideal of N(S) contained in a 0-minimal ideal 
N(A) of N(S). Then N(S)[N(O)? € N(O) € N(A). 

Since N (S)[N (O)]? is an ideal of N(S), therefore by minimality of N(A), N(S)[N(O)]}? = 
(O}or NSJNQO = NCA) 1E N(S)INCO) = NOD. then N(À) = 
N(S)[N(O)]? C N(O) and therefore N(O) = N(A). Let N(S)[N(O)? = 
10), then [N(O Oy? N(S) = N(S)[N(O)]? = 10) € [N(O)?, which shows 
that [N(O)]? is a right ideal of N(S), and hence an ideal of N(S) con- 
tained in N(A), therefore by minimality of N(A), we have [N(O)]? = {0} 
or [N(O)]? = N(A). Now if [N(O)]? = N(A), then N(O) = N(A). 

Conversely, let [N(O)]? = 10), then N(S)[N(O)]? = [N(O)? N(S) = 
10)N(9) = {0} 2 [N(O)]?. Now if N(O) = N(A), then 


N(S)IN(O)P — N(S)N(S)- N(O)N(O) 
= N(S)N(A): N(S)N(A) € N(A) = N(O), 
which shows that N(O) is a (0,2)-ideal of N(S) contained in N(A). m 


Corollary 65 2 Let N(S) be a unitary LA -semigroup with zero. As- 
sume that N(A) is a Ü-minimal left ideal of N(S) and N(O) is an LA 
-subsemigroup of N(A). Then N(O) is a (0,2)-ideal of N(S) contained in 
N(A) if and only if [N(O)? = (0) or N(O) = N(A). 


Lemma 66 Let N(S) be a unitary LA -semigroup with zero and N (O) 
be a 0-minimal (0,2)-ideal of N(S). Then N(O) = 10) or N(O) is a 0- 
minimal right (left) ideal of N(S). 


Proof. Let N(O) be a 0-minimal (0, 2)-ideal of N(S), then 


N(S)N(OY? = N(S)N(S)-[N(O)P[N(O)? 
= İN(O)FİN(O)İ - N(S) 
[ 


IN 
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which shows that [N(O)]? is a (0,2)-ideal of N(S) contained in N(O) 
therefore by minimality of N(O), 
[N(O)]? = {0} or [N(O)? = N(O). Suppose that [N(O)]? = N(O), then 


N(O)N(S) = N(O)N(O) - N(S)N(S) = N(S)IN(CO)? C N(O) 


which shows that N(O) is a right ideal of N(S). Let N(R) be a right 
ideal of N(S) contained in N(O), then [N(R)? N(S) = N(R)N(R)- N(S) 
C N(R).Thus N(R) is a (0, 2)-ideal of N(S) contained in N(O) and again 
by minimality of N(O), N(R) = {0} or N(R) = N(O). m 

The following Corollary follows from Lemma 4 and Corollary 2. 


Corollary 67 3 Let N(S) be a unitary LA -semigroup. Then N(O) is a 
minimal (0, 2)-ideal of N(S) if and only if N(O) is a minimal left ideal of 
N(S). 


Theorem 68 Let N(S) be a unitary LA -semigroup. Then N(A) is a min- 
imal (2, 1)-ideal of N(S) if and only if N(A) is a minimal bi-ideal of N(S). 


Proof. Let N(A) be a minimal (2, 1)-ideal of N(S). Then 


(N(A)”N(S) - NC) N (S)İİN(A)”N(S) - NCA)] 
(UN(4)7N(S) - N(A)}{N(A)?N(S) - N(A)N(S)İİN(A)”NS) - N(A)) 
(5) - N(A)}{N(A)N(S) - N(A)HN(S)İİN(A)N(5) - N(A)) 
fUV(A)N(S) - NCA)N (CS) HN CA) N CA) İN(S)İN(A)N(5) : N(A)) 
| 
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and similarly we can show that [N(A)?N(S) - N(A)]? € N(A)?N(S) . 
N(A). Thus N(A)?N(S)-N(A) is a (2, 1)-ideal of N(S) contained in N(A), 
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therefore by minimality of N(A), 
N(A)N(S). N(A) = 


IN I 
- 
= 
E- 
5 
z 


It follows that N(A) is a bi-ideal of N(S). Suppose that there exists a 
bi-ideal N(B) of N(S) contained in N(A), 

then [N(B)? N(S)- N(B) € N(B)N(S)- N(B), so N(B) is a (2, 1)-ideal 
of N(S) contained in N(A), therefore N(B) = N(A). 

Conversely, assume that N(A) is a minimal bi-ideal of N(S) then it is 
easy to see that N(A) is a (2, 1)-ideal of N(S). Let C be a (2, 1)-ideal of 
N(S) contained in N(A), then 





c N(CY*N(S)- N(C). 


This shows that N(C)?N(S) - N(C) is a bi-ideal of N(S) and by mini- 
mality of N(A), N(C)?N(S) - N(C) = N(A) Thus N(A) = N(C)?N(S) . 
N(C) € N(C), and therefore N(A) is a minimal (2, 1)-ideal of N(S). m 


Theorem 69 3.Let N(A) be a 0-minimal (0,2)-bi-ideal of a unitary LA 
-semigroup N(S) with zero. Then exactly one of the following cases occurs: 


(i) N(A) = (0,a + bI], (a 4- b1)? — 0; 
(ii) Va + bI € N(A)\{0}, N(S)(a 4- b1?? = N(A). 


Proof. Assume that N(A) is a 0-minimal (0, 2)-bi-ideal of N(S). Let a+ 
bl € N(A)\{0}, then N(S)(a--bI)? C N(A). Also N(S)(a+bI)? is a (0, 2)- 
bi-ideal of N(S), therefore N(S)(a+ bI)? = (0) or N(S)(a-- b1)? = N(A). 

Let N(S)(a + b1)? = {0}. Since (a + bI)? € N(A), we have either (a + 
b1)? — a-- bI or (a--bI)? = 0 or (a+b1)? € N(AMO, a-- bI). If (a+bl)? = 
a+ bI, 
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then (a + bI)? = (a+ bI)?(a + bI) = (a+ bI), which is impossible 
because (a + bI)? € ^ + bI)?N(S) = N(S)(a- bI)? = (0). Let (a + b1)? 
N(A)\{0, a+ bIY,w 





have 
N(S). 10, (a+ bI)? Hö, (a 4- bI)? } 
= 7: (a+ bI)? (a biy 
= N(S)(a- bI) - N(S)(a 4-b1) 
= (0) € {0,(a+61)?}, 
and 


0, (a + bI)? YN (S)]{0, (a + 57)?) 
= {0,(a+bI)*N(S)}{0, (a + bI)?} 
(a 4- bI)? - (a - b1)? 
N(S)(a + b1)? = (0) C (0, (a + b1)?). 


a 


Therefore (0, (a + bI)?) is a (0, 2)-bi-ideal of N(S) contained in N(A). 
We observe that (0,(a + b1)?) z {O}and (0, (a + bI)?} z N(A). This 
is a contradiction to the fact that N(A) is a 0-minimal (0, 2)-bi-ideal of 
N(S).Therefore (a + 57)? 2 0 and N(A) = (0,a-- b1). If N(S)(a+ bl)? z 
{0},then N(S)(a -- bI)? = N(A). m 


Corollary 70 4. Let N(A) be a 0-minimal (0, 2)-bi-ideal of a unitary LA 
-semigroup N (S) with zero such that N(A)? 40. Then N(A) = N(S)(a 4- 
bI)? for every a - bl € N(A)\{0}. 


Lemma 71 6. Let N(S) be a unitary LA -semigroup. Then every right 
ideal of N(S) is a (0,2)-bi-ideal of N(S). 


Proof. Assume that N(A) is a right ideal of N(S), then 
N(S)N(AP? = N 


In ın 


(A), N(A)N(S) - N(A) € N(A), 
(0, 


and clearly N(A)? C N(A) therefore N(A) is a (0, 2)-bi-ideal of N (S). 

The converse of Lemma 6 is not true in general. Example 1 shows that 
there exists a (0, 2)-bi-ideal N(A) = (a-4- bI, c--dI, ei --eə1) of N(S) which 
is not a right ideal of N(S). m 
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Theorem 72 4. Let N(S) be a unitary LA -semigroup with zero. Then 
N(S)(a+bl)? = N(S)V(a+bl) € N(S)N(0) if and only if N(S) is 0—(0, 2)- 
bisimple if and only if N(S) is right 0-simple. 


Proof. Assume that N(S)(a 4- b1)? = N(S) for every a + bI € N(S)N(0). 
Let N(A) be a (0, 2)-bi-ideal of N(S) such that N(A ) fa 10). Let a+ b1 € 
N(A)\{0}, then N(S) = N(S)(a-- bI? C .. )N(A)? € N(A). Therefore 
N(S) — N(A). Since N(S) = N(S)(a -- bI? C N(S)N (S ) =C N(S)?, we 
have N(S)? = N(S) 4 10).Thus N(S) is 0 — (0, 2)-bisimple. The converse 
statement follows from Corollary 4. 

Let N(R) be a right ideal of 0 — (0, 2)-bisimple N(S). Then by Lemma 
6, N(R) is a (0, 2)-bi-ideal of N(S) and so N(R) = 10) or N(R) = N(S). 

Conversely, assume that AN (S) is right 0-simple. Let a + bf € N(S)\{0}, 
then N(S)(a+ b1)? 2 N(S). Hence N(S) is 0 — (0,2)-bisimple. m 


Theorem 73 5. Let N(A) be a 0-minimal (0, 2)- bi-ideal of a unitary LA 
-semigroup N(S) with zero. Then either N(A)? = {0} or N(A) is right 
0-simple. 


Proof. . Assume that N(A) is 0-minimal (0, 2)-bi-ideal of N(S) such that 
N(A)? 4 {0} Then by using 

Corollary 4, N(S)(a 4- bI)? = N(A) for every a+ bI € N(A)M0). Since 
(a + bI)? € N(A)\{0} for every a+ b1 € N(A)\{0}, we have 

(a + bI)* = [(a + bI)?? € N(A)\{0} for every a+ bI € N(A)\{O}. Let 
a d- bI € N(AO\{0}, then 


[N (A)(a + b1)71N(S) - N(A)(a 4- bI)? 
( 


and 


N(A)(a - 61)? - N(A)(a + b1)7] 

+ I)? N(A) . (a 4- bI)? N(A)] 

TT) 1(a + b? N(A) - N(A)N 

bI)(a + b1)[N(S){(a + 61)? N(A) - N(A))] 
+ bI)?N(A) - N(A))N(S))(a + BL)? 

N(A)N(A) - N(S)N(S)|(a + bI)? 

N(S)N(A)? - (a+ 61)? C N(A)(a4 01)’, 





Il nn li 
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which shows that N(A)(a 4- bI)? is a (0, 2)-bi-ideal of N (S) contained in 
N(A). Hence N(A)(a + bI)? = 10) or N(A)(a + b1)? = N(A). 

Since (a + bI)^ € N(A)(a + 91)? and (a + bI)^ € N(A)\{0}, we get 
N(A)(a-- 61)? = N(A). Thus by using Theorem 4, N(A) is right 0-simple. 
" 


1.3 (m,n)-ideals in unitary LA -semigroups 


In this section, we characterize a unitary LA -semigroup in terms of (m, n)- 
ideals with the assumption that m,n > 5. If we take m,n > 2, then all the 
results of this section can be trivially followed for a locally associative uni- 
tary LA -semigroup. If N(S) is a unitary LA -semigroup, then it is easy to 
see that N(S)N(A)" = N(A)"N(S) and N(A)"N(A)" = N(A)"N(A)" 
for m,n 2 3 such that N(A) — e if occurs, where e is a left identity of 
N(S). 


Lemma 74 Let N(S) be a unitary LA -semigroup. If N(R) and N(L) 
are the right and left ideals of N(S) respectively, then N(R)N(L) is an 
(m, n)-ideal of N(S). 


Proof. Let N(R) and N(L) be the right and left ideals of N(S) respec- 
tively,then 





N(by"*^ . N(S)N(Ry"*" 
dy ES) ; NEP (6) 
S)N(R)""" N(S)N(L)""", 


\| 
22222222 SE 225 
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and 
N(S)N(R)""" -N(S)N(L)""" 
N(S) - N(R)"*"^ N(R)IN(S) - N(D)"*"— N(L)] 
= [N(S)N(R)"" N(R) - N(R)}IN(S){N(L)™*" 7 N(D) - N(D))] 
= [N(S)N(R)N(R)- N(R 7 *YIIN(S){N(L)N(L)-N(L)™*"-7}] 
C İN(S)N(S) : N(R)N(R)"”"”THN(S)N(S) -N(L)N(L)™*"~7] 
C [N(S)N(R): N(S)N(R)"”"”TİN(S)N(L) - N(S)N(L)™*"~7] 
C [N(R)"*"?N(S)- N(R)N(S)IN(D)  N(S)N D)" 77] 
C [N(R)"*"?N(S)- N(R)İİN(S) - N(L)N(LY””””?) 
= [N(R)N(S)- N(R)"*"-*]IN(S)N(D)"71] 
C N(R)N(R)"*".N(S)N(Dy"*n— 
e a a Nae, 
therefore 





C N(S)N(R)"*".N(S)N(L)""" 
C N(S)N(R)"*"".N(S)N(D)"*""! C..C N(S)N(R)- N(S)N(L) 
€ 1N(5)N(5) - N(R)N(L) 
= İN(B)N(5) : N(5)İN(L) 
C N(R)N(L) 
and also 
N(R)N(L)- N(R)N(L) 
N(L)N(R)- N(L)N(R) 
= [N(D)N(R): N(R))N(L) 
= [N(R)N(R)- N(L)|N(L) 
€ [N(R)N(S) -N(S)]N(L) 
€ N(R)N(L), 


This shows that N(R)N(L) is an (m,n)-ideal of N(S). m 


Theorem 75 Let N(S) be a unitary LA -semigroup with zero. If N(S) has 
the property that it contains no non-zero nilpotent (m,n)-ideals and R(L) 
is a 0— minimal right (left) ideal of N(S) then either N(R)N(L) = {0} or 
N(R)N(L) is a 0-minimal (m, n)-ideal of N(S). 
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Proof. Assume that R(L) is a 0-minimal right (left) ideal of N(S) such 
that N(R)N(L) z {0}, then by lemma 7, N(R)N(L) is an (m,n)-ideal of 
N(S). Now we show that N(R)N(L) is a 0-minimal (m, n)-ideal of N(S). 

Let (0) 4 M € N(R)N(L) be an (m, n)-ideal of N(S). Note that since 
N(R)N(L) € N(R) n N(L), we have N(M) € N(R) n N(L). Hence 
N(M) € N(R) and N(M) € N(L). By hypothesis, N(M)" Z {0} and 
N(M)" & {0}. Since {0} Z N(S)N(M)" = N(M)"N(S), 

therefore 

(0) A N(M)"N(S)C N(R)™N(S) 

R)"* N(R) - N(S) 
S)N(R)- N(R)"-! 
(S)N(R)- N(R)" N(R) 
R)N(R)"?.N(R)N(S) 
R)N(R)? - N(R) = N(R)”, 


225222 





IN Il 


and 


N(R)" 


ıl in 
ə 
- 
5 
3 

| 
- 
20 
= 
A 
= 
s 
= 
5 
i 


Sy 

3 
z 
Sg 
z 
ə 


Il ın MI 


I 


IQ li ın, M 


therefore (0) 4 N(M)"N(S) C N(R)" C N(R)™ 1 C ... C N(R). It 
is easy to see that N( M) N(S)is a right ideal of N(S). 
Thus N(M)" N(S) = N(R) since N(R) is 0-minimal. Also 


(0 2 N(S)N(M)'€ (0) # N(S)N(L)" 


= N(Ly-!.N(S)N(L) € N(L)^- .. 
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and 


N(L)" 
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Il 
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therefore {0} 4 N(S)N(M)" C N(L)" C N(Ly"1 C ..C N(L). It is 
easy to see that N(S)N(M)" is a left ideal of N(S) 
Thus N(S)N(M)” = N(L) since N(L) is 0-minimal. Therefore 
N(M) € N(B)N(L) = N(M)"N(S) - N(S)N(M)" 
B M)" N(S). N(S)N(M)" 


[N(S)N(M)" - 7: 
= [N(S)N(M)" - N(5)N(S)İİN(M)" 
= [N(S). N(M y N(S)|N(M)" 
= [N(M)"-N(S)N(S))N(M)" 


= N(M)"N(S)- N(M)" € N(M). 


Thus N(M) = N(R)N(L), which means that N(R)N(L) is a 0-minimal 
(m, n)-ideal of N(S). m 


Theorem 76 Let N(S) be a unitary LA -semigroup. If R(L) is a 0-minimal 
right (left) ideal of N (S), then either N(R)" N(L)" = 10) or N(R)" N(L)" 
is a 0-minimal (m, n)-ideal of N(S). 


Proof. Assume that R(L) is a 0-minimal right (left) ideal of N(S) such 
that N(R)"N(L)" # (0) then 

N(R)" z 10) and N(L)" Z {0} Hence {0} Z N(R)" C N(R) and 
10) z N(L)" € N(L), which shows that N(R)” = N(R)and N(L)" = 
N(L) since R(L) is a 0-minimal right (left) ideal of N(S). Thus by lemma 
7, N(R)"N(L)" = N(R)N(L) is an (m,n)-ideal of N(S). Now we show 
that N(R)™ N(L)" is a 0-minimal (m, n)-ideal of N(S). Let {0} Z N(M) C 
N(R)"N(L)" = N(R)N(L) € N(R)n N(L) be an (m,n)-ideal of N(S). 
Hence 
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and {0} Z N(S)N(M) C N(S)N(L) C N(L). Thus 


N(R) = N(S)N(M)? = N(M)N(M)- N(S)N(S) 


and N(S)N(M) = N(L) since R(L) is a 0-minimal right (left) ideal of 
N(S). Therefore 


Thus N(M) = N(R)"N(L)",which shows that N(R)"N(L)" is a 0- 
minimal (m, n)-ideal of N(S). m 


Theorem 77 Let N(S) be a unitary LA -semigroup with zero. Assume 
that N(A) is an (m,n)-ideal of N(S) and N(B) is an (m,n)-ideal of N(A) 
such that N(B) is idempotent. Then N(B) is an (m,n)-ideal of N(S). 


Proof. It is trivial that N(B) is an LA -subsemigroup N(S). Secondly, 
since N(A)"N(S) - N(A)" C N(A) and N(B)*N(A)- N(B)* C N(B), 
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then 


Il 





INIA II 


which shows that N(B) is an(m, n)-ideal of N(S). m 


Lemma 78 Let (a)(m,ə) = (a-- bI)" N(S)- (a-- bI)" , then (a)(mn) is an 
(m, n)-ideal of a unitary LA -semigroup N (S). 


Proof. Assume that N(S) is a unitary LA -semigroup and m,n are non- 
negative integers, then 


(a) (m,n) N (S) : (4) (m,n) 

{(a+bl)"S - (a+ bD))4N(CS)][(a + bI)" N(S) - (a 4- bT)"] 

(a 4- bI)" - (a -- bI)" N(S)[N(S)1(a + bI)" N(S) - (a + BI)" M" 
{N(S){(a + bI)" N(S) - (a + bT)"YM (a + 6T)" N(S)}] (a + bI) 
(a+ b1)™[{N(S){(a + bI)" N(S) - (a+ b)" 3 EN(S)]](a + BI)” 
(a+ bI)" N(S) - (a+ bI)" = (a)(m,n); 


z 


[ 
[ 
[ 





IN Il 
o 


and similarly we can show that ((a)(m,a))” C (4) (ma). M 
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Theorem 79 9. Let N(S) be a unitary LA -semigroup and (a + bI) (mn) 
be an (m,n)-ideal of N(S). Then the following statements hold: 

(i) (ka + 61) a,0)) ^ N(S) = (a + 01)" N(S); 

(i) N()(fa- 5D)" = N(S)(a + bI)"; 

(sii) (a + 01) 0,9) " N(S) - (a + 61) (o3))" = [(a + bI)" N(S)](a + bI)". 


Proof. (i).As (a + bI)(1,9) = (a -- bI)N(S), we have 

















((acbD(9)"N(S) = [(a+ bI)N(S)" N(S) 
= [(a+bI)N(S)}™"*[(a+ bI)N(S)]- N(S) 
= N(S)((a-bI)N(S)]- (a + bJ)N(S)|"-! 
= [(a+bI)N(S)][(a+ 5&I)N (S)]"! 
= [(a+b1)N(S)][{(a + b) N (S)Y""?((a + bD)N(S))] 
= ([(a-4- bI)N(S)]"-?[(a + b1)N(S) - (a + bI)N(S)] 
= ([(a4 &)N(S)]" “(a + bI? N(S)] 
= ... — [(a4 BI)N(S)|"-"n-D (a + bT)"-! N(S) [if m is odd] 
= = [(a+ bI)" ! N(S)]|[(a + bT)'N (S)] [if m is even] 
= (a--bI)"N(S). 


Analogously, we can prove (ii) and (iii) is simple. Mm 


Corollary 80 Let N(S) be a unitary LA -semigroup and let (a)(mn) be 
an (m,n)-ideal of N(S). Then the following statements hold: 

(i) ((a+ bl)qio))” N(S) = N(S)(a + bI)"; 

(ii) N (S)((a + bI)(1,)" = (a+ bI)" N(S); 

(sii) ((a+bI) (1,9) N(S)-((a+b1) 5,0)" = [N(S)(az-b1)"][(ad-b1)" N (S)]. 


Let L(o,,),R(m,o) and Amn) denote the sets of (0, m)-ideal, (m, 0)-ideals 
and (m, n)-ideals of an LA -semigroup N(S) respectively. 


Theorem 81 If N(S) is a unitary LA -semigroup; then the following state- 
ments hold: 


is (0, 1)-regular if and only if V N(L) € N(L)o1), N(L) = 


) is (2, 0)-regular if and only if V N(R) € N(R)(2o, N(R) = 
(S) such that every N(R) is semiprime; 

) is (0, 2)-regular if and only if V N(U) € N(U)(o5, N(U) = 
uch that every N(U) is semiprime. 


o rə 
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Proof. Let N(S) be (0,1)-regular, then for a € S there exists x € S 
such that a + bI = (a + yI)(a + bI).Since N(L) is (0, 1)-ideal, there- 
fore N(S)N(L) € N(L). Let a € L, then a+ bl = (x + yI)(a 4- bI) € 
N(S)N(L) € N(L).Hence N(L) 2 N(S)N(L). Converse is simple. 

(ii): Let N(S) be (2, 0)-regular and N(R) be (2, 0)-ideal of N(S), then it 
is easy to see that N(R) = N(R)?N(S). Now for a+bI € N(S) there exists 
x Eyl € N(S) such that a-- bI = (a-- bI)? (x - yI). Let (a+b)? € N(R), 
then a+ bI = (a+ b1)(z + y) € N(R)N(S) = N(RPN(S)- N(S) = 
N(S)N(S)- N(RP = N(R)?N(S) = N(R), which shows that every (2, 0)- 
ideal is semiprime. 

Conversely, let N(R) = N(R)?N(S) for every N(R) € N(R) (2,0). Since 
N(S)(a+bI)? is a (2, 0)-ideal of N(S) such that (a+b)? € N(S)(a+bl)?, 
therefore (a+ bI) € N(S Ma + bI)?. Thus 


a+bl € N(S)(a-bI) 





= [N(S)(a4- bI)? N(S) 
= [N(S)(a 4- bI? - N(S)(a 4- bI)?]N(S) 
= [(a-- bI N(S)- (a + MI N(S)|N(S) 








(a + bI) 

= [(a+bI)?{(a + bI N(S)- N(S))1N(S) 
= ([(a-bI)*- N(S)(a-- b1)7”1N(S) 

= [N(S). N(S)(a 4- b1)”1(a + bI)? 
N(S)(a + bI)? = (a+ b1)?N(S). 





IN 


This implies that N(S) is (2, 0)-regular. 
Analogously, we can prove (iii). M 


Lemma 82 If N(S) is a unitary LA -semigroup; then the following state- 
ments hold: 

(i) If N(S) is (0, n)-regular, then V N(L 
(it) If N (S)is (m, 0)-regular, then V N(R 
s 


7: )ö,a)), N(L) = N(S)N(L)"; 
(iii) If N (S) is (m, n)-regular, then YN(U 


N(L 
€ N(R UN (R) 2 N(R)" N(S); 

) € N(A) (mn), N(U) = [N(U)" N(S)|N(U)". 
Proof. It is simple. m 


Corollary 83 If N(S) is a unitary LA -semigroup; then the following 
statements hold: 

(i) If N (S) is (0, n)-regular, then VN(L) € N(L)(o,;, N(D) = N(D)" N(S); 

(it) If N (S) is (m, 0)-regular, then VN(R) € N(R) (mo), N(R) = N(S)N(R)"; 

(ii) If N (S) is (m, n)-regular, then YN(U) € N(A) (mn), N(U) = N(U)"*"N(S) = 
N(S)N(U yin, 


82 


1. Neutrosophic Sets in AG-groupoids 


Theorem 84 Let N(S) be a unitary (m,n)-regular LA -semigroup such 
that m — n. Then for every N(R) € N(R)(m,o) and N(L) € N(L) (on), N(R)N 
N(L) = N(R)™N(L) ON N(R)N(L)". 


Proof. It is simple. m 


Theorem 85 Let N(S) be a unitary (m, n)-regular LA -semigroup. If N(M)|N(J)] 
is a 0-minimal (m, 0)-ideal ((0, n)-ideal) of N(S) such that N(M)N(J) € 
N(M)NN(J), then either N(M)N(J) = {O}or N(M)N(J) is a 0-minimal 

(m, n)-ideal of N (S). 


Proof. Let N(M)[N(J)] be a 0-minimal (m, 0)-ideal ((0, n)-ideal) of N(S). 
Let N(O) = N(M)N(J), then clearly N(O)? C N(O). Moreover 


N(O)"N(S).N(O)' = 


which shows that N(O) is an (m,n)-ideal of N(S). Let 10) Z N(P) € 
N(O) be a non-zero (m, n)-ideal of N(S). 
Since N(S) is (m, n)-regular, therefore by using Lemma 9, we have 
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Hence N(P)” 2 {0} and N(S)N(P)" Z {0}. Further N(P) € N(O) = 
N(M)N(J) € N(M) n N(J) implies that N(P) € N(M) and N(P) C 
N(J). Therefore (0) Z N(P)"N(S) C N(M)"N(S) € N(M) which 
shows that N(P)"N(S) = N(M) since N(M) is 0-minimal. 
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Likewise, we can show that N(S)N(P)" = N(J). Thus we have 


N(P) 


ıl ın 


This means that V(P) = N(M)N(J) and hence N(M)N(J) is 0-minimal. 
7 


Theorem 86 Let N(S) be a unitary (m, n)-regular LA -semigroup. If N(M)|N(J)] 
is a Ü-minimal (m,0)- ideal ((0,n)-ideal) of N(S), then either N(M)n 
N(J) = {0} or N(M) n N(J) is a 0-minimal (m, n)-ideal of N(S). 


Proof. Once we prove that N(M) n N(J) is an (m,n)-ideal of N(S), the 
rest of the proof is same as in 

Theorem 11. Let N(O) = N(M) n N(J), then it is easy to see that 
N(O)? C N(O). Moreover 


N(O)"N(S)-. N(O" C N(M)"N(S)- N(N)" 
C N(M)N(/)" € N(S)N(J)" C N(J) 
But, we also have 
N(O)"N(S)-N(O € N(M)"N(S) N(J" 
= [N(M)" - N(S)N(SNGY" 
IN(S) - NM)" N(S)N (J)" 
= [N()- N(M)" N(S)N(S) 
= IN(M)" - NJ NSIING)N(S) 
= [N(QI" NG)ING)" N() - N(S) 
= N(M)"N(S). N(S)N(J)" 
= N(M)"N(S)-N(J)"N(S) 
= N(IN(M)"N(S)- N(S) = NY" - N(S)N(M)" 
N(J)"- N(M)"N(S) = N(M)"-N(J)" N(S) 
= N(M)".N(S)N(J? C N(M)"N(J) 
C N(M)"N(S) € N(M) 





Thus N(O)"N(S)- N(O)" 
is an (m, n)-ideal of N(S). m 


IN 


N(M)nN(J) = N(O) and therefore N(O) 
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1.4 Generalized Neutrosophic (1,2) Ideals 


In this section we introduce bi-ideals interior ideals (1,2) ideals, two sided 
ideals, minimal ideals in Abel-Grassmann groupoids. We characterize intra- 
regular Abel Grassmann groupoids using the properties of above mentioned 
ideals. 

Some of the basic theory about meutrosophic presented, are discussed 
in this research paper and then some solutions for the concepts of these 
theories are also in part of discussion. The general motivations about this 
research is the development of an approach for automatically construction 
of such systems which work as adequately as possible 

As we know that in modelling of real world problems, a designer comes 
across with various difficulties. Whenever it is needed for interpretation for 
the real world problems containing imprecise or uncertain data to mathe- 
matical formulation, then classical approach does not applicable. To handle 
such situations Zadeh in 1965 introduced the idea of fuzzy set and replaced 
the conventional characteristic function of classical crisp set by the fuzzy 
set [0,1] that is not crisp and represents membership to a degree. Fuzzy set 
theory is conceptually a very powerful modelling and solution technique to 
incorporate imprecise or uncertain information into system description. In 
1970, Bellman and Zadeh presented the first application of fuzzy theory 
that was decision making process and this theory has been applied to vari- 
ous fields of modern society such as artificial intelligence, image processing, 
pattern recognition, robotics, psychology etc. Fuzzy sets and fuzzy logic are 
used in order to handle and model imprecise modes of reasoning that play 
a vital role in the conspicuous human abilities to make wise decisions in 
an environment related to ambiguousness and imprecision and can be used 
in wide range of domains in which there are paucity of information, as in 
bioinformatics. 

But fuzzy set theory has certain limitations upon which it does not work 
properly that is, this theory only deals with degree of membership and does 
not deal with degree of non-membership or falsehood. To circumvent these 
limitations, we need a theory that is more generalized as compared to that 
of fuzzy set theory, Krassimir T. Atanassov introduced the degree of non- 
membership/falsehood (f) in 1986 and presented a generalized set named 
as intuitionistic fuzzy set. An intuitionistic fuzzy set is an extension of fuzzy 
set and can be viewed in the perspective as an approach to fuzzy set in case 
when we are not provided with sufficient information. Intuitionistic fuzzy 
set adds an additional degree of freedom (non-membership and hesitation 
margins) into set description and is extensively use as a tool of intensive 
research by scholars and scientists from over the so many years. 

Another most convenient and effectual theory which has been introduced 
to solve uncertainty problems and indeterminacy issues in most appropri- 
ate way is known as “Neutrosophy” presented by Florentin Smarandache, 


85 


1. Neutrosophic Sets in AG-groupoids 


reputed professor at University of New Mexico. Where neutrosophy is a 
new branch of philosophy, called neutrosophy, which studies the origin, na- 
ture, and scope of neutralities, as well as their interactions with different 
ideational spectra. 

It was Professor Florentin Smarandache who introduced neutrosophy in 
the right moment motivated in conditions of Logic started in Ancient with 
Classical Logic of Aristotle, developed and covered by Three Valued Logic 
of Lukasiewicz, next ring being Fuzzy Logic of Zadeh, and finally the com- 
prehensive Neutrosophic Logic of Smarandache. Neutrosophy is very helpful 
in handling all neutralities. In 1995, Florentin Smarandache introduced the 
idea of neutrosophy. Neutrosophic logic is an extension of fuzzy logic. In 
2003 W.B Vasantha Kandasamy and Florentin Smarandache introduced 
algebraic structures (such as neutrosophic semigroup, neutrosophic ring, 
etc.) 

An element (a; + a2I) of a Neutrosophic AG-groupoid N(S)) is called 
Neutrosophic intra-regular if there exist (zı + z217), (yı + yə?) € N(S) 
such that (a4 4- a3I) = ((@1 +. z2I)(a1 + a31)?)(y1 + y21) and N(S) is called 
intra-regular, if every element of N(S) is intra-regular. 


Theorem 87 Every Neutrosophic AG-groupoid N(S) with left identity is 
an intra-regular if N (S) is left (right) invertible. 


Proof. Let N(S) be a left invertible Neutrosophic AG-groupoid with left 
identity, then for (a; + a3I) € N(S) there exists (a, + a3I) € N(S) such 
that (a, 4- aaI) (a, +a2I) = e4- eI. Now by using left invertive law, medial 
law with left identity and medial law, we have 














(a4 + aol) 

(e + el) (a, + aol) 
= (e+el)((e+el)(a1 + a2I)) 
= ((a, + aaI) (a1 + a2I))((e + eI)(a1 + a21)) 
€ (N(S)(a1 + az1))(N(S)(as + a21)) 
= (N(S)(a1 + a2I)) (CN(S)N (S))(as + az1)) 
= (N(S)(a1 + aaI))(((a + a21)N(S))N(S)) 
= ((a1 + a2I)N(S))((N(S)(a1 + a21)) N(S)) 
= ((aı + a2D)(N (S)(ax + a2l)))(N(S)N(S)) 
= ((aı + a2I)(N(S) (a1 + a31))) N(S) 
= (N(S)((a1 + asI)(ai + a31)))N(S) 
= (N(S)(aı + a2I)”)N(S) 


Which shows that N(S) is intra-regular. Similarly in the case of right 
invertible. m 
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Theorem 88 An Neutrosophic AG-groupoid N(S) is intra-regular if N (S)(aj4- 
aoI) = N(S) or (a, + a2I)N(S) = N(S) holds for all (a1 + aə1) € N(S). 


Proof. Let N(S) be an Neutrosophic AG-groupoid such that N(S)(a1 + 
aI) = N(S) holds for all (a1 + a3I) € N(S), then N(S) = N(S)?. Let 
(a1 + agI) € N(S), therefore by using medial law, we have 


(ai + dol) € N(S) 


Mai + a21)) CN (S)(ax + a21))) NCS) 
S)N(S))((a1 + az1)(aı + az1)))N(S) 
N(S)(a; + az1)?)N(S). 


c 


Which shows that N(S) is intra-regular. 
Let (a1 + aə1) € N(S) and assume that (a; + a2I)N(S) = N(S) holds 
for all (a4 + a3I) € N(S), then by using left invertive law, we have 





(ai + aol) € 


N(S))(a4 + al) 
dı + azl). 


| 
- 
— 


Thus N(S)(a: + a2I) = N(S) holds for all (a1 + a2T) € N(S), therefore it 
follows from above that N(S) is intra-regular. m 
The converse is not true in general from Example above. 


Corollary 89 If N(S) is an Neutrosophic AG-groupoid such that (ay + 
agl)N(S) = N(S) holds for all (a1 + aI) € N(S), then N(S)(a1 + as1) = 
N(S) holds for all (ay + a2I) € N(S). 


Theorem 90 If N(S) is intra-regular Neutrosophic AG-groupoid with left 
identity, then (B(S)N(S))B(S) = B(S)NN(S), where B(S) is a bi-( generalized 
bi-) ideal of N(S). 


Proof. Let N(S) be an intra-regular Neutrosophic AG-groupoid with left 
identity, then clearly (B(S)N(S))B(S) C B(S)NN(S). Now let (bi +2) € 
B(S)n N(S), which implies that (b; 4-657) € B(S) and (5) + bel) € N(S). 
Since N(S) is intra-regular so there exist (z1--z21), (yityel) € N(S) such 
that (bi + bə1) — ((23 + zo1)(bı + b51)?)(yi + yal). Now by using medial 
law with left identity, left invertive law, paramedial law and medial law, 
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we have 


by + bel) 
= ((zı cəl 
— (by + bol zi zəl 


Ww 

— 

— 

co 
- 
| 


- b21)(bi + b31)))(y1 + vəl) 
Möi + 051))) 1 + yot) 
) 

















= yi + yal)((z1 + eel) (by + b31)))(b3 + bel) 

= ((yr + yol)((w1 + 2I) (((21 + 21)(b1 + 621)?) (yi + yo1))))(b1 + bo!) 

— (Ün + gə1)((gi + 221) (ba + b2T)?)((1 + 2I) (yi + ya1))))(b1 + bal) 

= (((@1 + @21)(b1 + 051)?) ((yx + yol)((a1 + 21)(yr + yo1))))(b1 + 21) 

= ((((zi + #21)(yr + yol)) (yr + yot))((b1 + 621)? (a1 + 1)))(b1 + 021) 

= by + bel) (bi + b21))((zi + Lal) (yr + yot)) (ys + yot)) (a1 + x21))) 
by + bel) 

= (((bi + bal) (bi + b21))(((xs + tal) (yi + və1))((zi + G21) (yi + və1)))) 
205. 

— (((bi + bol) (b1 + bol))((a1 + zT)? (yx + yə1)”))(bi + bol) 

















m y + vəl) (rı + z31)?)((bi + be) (bi + b51)))(bi T bo1) 
— ((bı + bə1)(((n + yo)? (a1 + 21)? ) (bi + bə1)))(bi + be) 
€ by + 1o1)N(S))(bi + bal). 














This shows that (B(S)N(S))B(S) = B(S)n N(S). m 

The converse is not true in general. For this, let us consider an Neutro- 
sophic AG-groupoid N(S) with left identity e+ eI in Example above. It is 
easy to see that {(a1 + a31), (bı + bel), (fı + fə1)) is a bi-(generalized bi-) 
ideal of N(S) such that (B(S)N(S))B(S) = B(S) n N(S) but N(S) is not 
an intra-regular because (dı + də?) € N(S) is not an intra-regular. 


Corollary 91 If N(S) is intra-regular Neutrosophic AG-groupoid with left 
identity, then (B(S)N(S))B(S) = B(S), where B(S) is a bi-(generalized 
bi-) ideal of N(S). 


Theorem 92 Jf N(S) is intra-regular Neutrosophic AG-groupoid with left 
identity, then (N(S) B(S))N(S) = N(S)n B(S), where B(S) is an interior 
ideal of N (S). 


Proof. Let N(S) be an intra-regular Neutrosophic AG-groupoid with left 
identity, then clearly (N(S)B(S))N(S) C N(S)NB(S). Now let (b; 4-641) € 
N(S)n B(S), which implies that (bı + bo) € N(S) and (bı - b3I) € B(S). 
Since N (S) is an intra-regular so there exist (zı + 221), (yi + yoI) € N(S) 
such that (bi + b3I) = ((a1 + zaI)(bi + 031)?)(y1 + yol). Now by using 
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paramedial law and left invertive law, we have 








(by + b3T) 
= ((e £ eT)(zı + zə1))(bi + bə1)(bi + bal))) (yi + vəl) 
= (((b1 + bə1)(bı + bə1))((aıi + zəT)(e + eD))(yi + gəl) 
= ((((zı + zoI)(e + eI))(bi + bə1))(bi + bel)) (yi + vəl) 
€ (N(S)(bi + bə1))N(S). 


Which shows that (N(S)(b1 + b31)) N(S) 2 N(S)n (bi + 521). m 

The converse is not true in general. It is easy to see that form Exam- 
ple above that [(a4 + az1), (bi + 631), (fi + f2I)) is an interior ideal of 
an Neutrosophic AG-groupoid N(S) with left identity (e + eI) such that 
(N(S)B(S))N(S) = B(S)n N(S) but N(S) is not an intra-regular because 
(di + dəT) € N(S) is not an intra-regular. 


Corollary 93 If N(S) is intra-regular Neutrosophic AG-groupoid with left 
identity, then (N(S)B(S))N(S) — B(S), where B(S) is an interior ideal 
of N(S). 


Let N(S) be an Neutrosophic AG-groupoid, then 0 Z A(S) C N(S) is 
called semiprime if (a1 + a1)? € A(S) implies (a4 + a31) € A(S). 


Theorem 94 An Neutrosophic AG-groupoid N (S) with left identity is intra- 
regular if L(S) U R(S) = L(S)R(S), where L(S) and R(S) are the left and 
right ideals of N(S) respectively such that R(S) is semiprime. 


Proof. Let N(S) be an Neutrosophic AG-groupoid with left identity, then 
clearly N($)(a, + a2I) and (a; + az1)?N(S) are the left and right ideals 
of N(S) such that (a, + a3I) € N(S)(a; + a3I) and (a; + agl)? € (a, + 
a31)? N(S), because by using paramedial law, we have 


(a, + aə1)”N(S) 
= ((a1 + azl)(aı + a21)) N(S)N(S)) 
(N(S)N(S))((a1 + az1)(aı + a21)) 
N(S)(ai + azl)”. 


Il 


Therefore by given assumption, (a1 + aə1) € (a1 + a2l)?N(S). Now by 
using left invertive law, medial law, paramedial law and medial law with 
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left identity, we have 


(ay--agI]) € N(S)(a; + a2I)U (a1 + a3)? N(S) 

S)(a; + az1))((aı + a1)? N(S)) 
)(a1 + a21))(((ax + a2I)(a1 + a21)) N (S)) 
)(a1 + asI))((N (S)(ai + aə1))((e + e) 





(S)(ai + az1))((N(8)(aş + aaID))(NCS) 
+ asI))) 
(S)(aı + a21)) CN (S)N (S)) ((a1 + a2) 
+ aa1))) 
(S)(a1 + a21)) CN CS)N (9) UN (S) 








à1 + agl))(((a1 + ag) N(S)) 
N(S))) 

dı + aal1)) 

(a1 + a31)N(S)) 

(a1 + a2I)(N(S) 

( ) 

) 








BEE 











ıT aə1)(N(S dı + az1)))N 
N(S)((a1 + agl Q1 T as1)))N 
= (N(S)(aı + az1) )N(8). 





( 
( 
(a1 + az1)))(N(5)N(5)) 
( 
( 


Which shows that N(S) is intra-regular. wm 

'The converse is not true in general. In Example above, the only left and 
right ideal of N(S) is ((a1-4-a21), (bi +b2L)}, where {(a1 + azT), (bi — bə1)) 
is semiprime such that ((a4 + az7), (bı + 631) U {(a1 + aot), (bi + bə1)) = 
{(a1 + dol), (by + bel) H (a1 + aol), (b + beL)} but N(S) is not an intra- 
regular because (d4 + dI) € N(S) is not an intra-regular. 


Lemma 95 If N(S) is intra-regular regular Neutrosophic AG-groupoid, 
then N(S) 2 N(S)?. 


Theorem 96 For a left invertible Neutrosophic AG-groupoid N(S) with 
left identity, the following conditions are equivalent. 


(i) N(S) is intra-regular. 

(it) R(S) à L(S) = R(S)L(S), where R(S) and L(S) are any left and 
right ideals of N(S) respectively. 
Proof. (i) — (ii) : Assume that N(S) is intra-regular Neutrosophic AG- 
groupoid with left identity and let (a1 + a2I) € N(S), then there exist 
(zı + 21), (yi + yoI) € N(S) such that (ai + aol) = ((zı + zəl)(ar + 
a51)?)(y1 + yet). Let R(S) and L(S) be any left and right ideals of N(S) 
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respectively, then obviously R(S)L(S) C R(S)'L(S). Now let (a1 +a2I) € 
R(S) n L(S) implies that (a1 + aə7) € R(S) and (a; + a3I) € L(S). Now 
by using medial law with left identity, medial law and left invertive law, we 
have 


(a1 + aol) 
(zi + z2I) (a3 + aI)?) (yi + a1) 
N(S)(aı + a21)?)N(S) 











This shows that R(S) L(S) = R(S)L(S). 

(it) = > (i): Let N(S) be a left invertible Neutrosophic AG-groupoid 
with left identity, then for (a1 +a2I) € N(S) there exists (a1--a5I) € N(S) 
such that (a, +a2I) (a, -- a2I) = (e4- eI). Since (a; 4- a3I)?N (S) is a right 
ideal and also a left ideal of N(S) such that (a; + a21)? € (a1-- a21)? N(S), 
therefore by using given assumption, medial law with left identity and left 
invertive law, we have 


(aı +421)? € (a1 + a9I)? N(S) n (a1 + al)? N(S) 
= (fa + a3)? N(S))((a, + a3)? N(S)) 
= (ai + az1)”(((aı + asI)? N(S))N(S)) 
= (a + a21)?((N(S)N(S))(a1 + a21)”) 
= ((aı + aə1)(aı + aş1))(N(S)(aı + a21)?) 
= ((N(S)(aı + az1)”)(aı + az1))(aı + a1). 








Thus we get, (a1 + @2I)? = (((z1 + x2I)(a4 -- a31)?)(a1 + a2I))(a1 +21) 
for some (zı + z27) € N(S). 
Now by using left invertive law, we have 
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((aı + agI)(a1 + as1))(a1 + aəl1) 

= ((((zi + zəl)(ai + agl)?) (ay + az1))(ai + aaI))(a3 + al) 
((a3 + ag) (ai + az1))(aı + aa) 

= ((aı + az1) (ay + aə1))(((zi + 9I) (a1 + a2T)?) (a1 + a1) 
(a1 + aol) 

= ((rı 4 zaI)(a1 + az1)”)(aı +21). 





This shows that N(S) is intra-regular. M 


Lemma 97 Every two-sided ideal of an intra-regular Neutrosophic AG- 
groupoid N(S) with left identity is idempotent. 


Theorem 98 In a Neutrosophic AG-groupoid N(S) with left identity, the 
following conditions are equivalent. 


(i) N(S) is intra-regular. 

(ii) A(S) 2 (N(S)A(S))?, where A(S) is any left ideal of S. 
Proof. (2) => (ti) : Let A(S) be a left ideal of an intra-regular Neutro- 
sophic AG-groupoid N(S) with left identity, then N(S)A(S) C A(S) and 
(NCS)A(S))? = N(S)A(S) C A(S). Now A(S) = A(S)A(S) € N(S)A(S) = 
(N(S)A(S))?, which implies that A(S) = (N(S)A(S))?. 

(ii) => (i) : Let A(S) be a left ideal of N(S), then A(S) = (N(S)A(S)? C 
(A(S))?, which implies that A(S) is idempotent and N(S) is intra-regular. 
u 


Theorem 99 In an intra-regular Neutrosophic AG-groupoid N(S) with 
left identity, the following conditions are equivalent. 


(i) A(S) is a bi-(generalized bi-) ideal of N(S). 

(4) (A(S)N(S)) AS) = A(S) and (A(S)? = A(S). 
Proof. (i) => (ii) : Let A(S) be a bi-ideal of an intra-regular Neutrosophic 
AG-groupoid N(S) with left identity, then (A(S)N(S))A(S) € A(S). Let 
(a1 +a2I) € A(S), then since N(S) is intra-regular so there exist (v1 -- x31), 
(yi - yaI) € N(S) such that (a1-- a2I) = ((z1 “b zə1)(ai + a31)?)(y1 + ya). 
Now by using medial law with left identity, left invertive law, medial law 
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and paramedial law, we have 














dı + aəl) 
= ((zı + zəl)(aı £.az1)”)(gi + o1) 
= ((zı + Lal) ((a1 + a2I)(a1 + a21)))(y1 + vəl) 
= ((a1 + az2I)((z1 + £21) (a1 + a21)))(y1 + vəl) 
= yi + yet) ((a1 + el) (a1 + aal))) (a1 + aol) 
= yi + yəl )((zi + xaI)(((z1 + 221) (ay + a21)?) 
yi + yəl))))ai + aol) 
— (gn + yol)(((e1 + z2I)(a1 + a21)?)((z1 + za) 
yi + y2T))))(a@1 + az1) 


= (((zi + #21) (a1 + a2l)*)((yr + yo) ((a1 + va) 
yi + yol))))(a1 + art) 
= (((@1 + zə1)((ai + a2I)(a1 + a21)))((y1  y2I)((21 + x21) 
yi + yo1))))(ai + aal) 

I 

) 











(zı + Lol) (a1 + a21)))((y1 + y21)((21 + ral) 


) 
= (a1 + asD)(yi + yol))(((a1 + val) (a1 + aə21))((gi + zəl) 
) 








= (((zı + z2I)(ai + a21))(((a3 + a2I)(y1 + y21))((z1 + zəl) 














= (zı + zəl)(aı + az1))(((ai + a2l) (x1 + xaI))(y1 + ya1)?)) 





m (y + yal)? ((ay + as I)(a4 + z31)))((ai + asI) 
zı + z51)))(a1 + aaT) 
(yi + yo)? ((a1 + a2l)(a1 + va1))) 
dı + dol) 


N(S))(a1 + aol). 


) 
= dı + ag!) 
zı + xol)) 

) 


€ dı + aəl 


.——. 














Thus (A(S)N(S))A(S) = A(S) holds. Now by using medial law with left 
identity, left invertive law, paramedial law and medial law, we have 
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dı + aol 




















) 
(zi + zəl)(ai + aə1)”)0n + o1) 
( 

















zı + zəl)(ar + ag!) (a1 + a21))) (yi  y21) 
(a1 + a2I)((z1 + zə1)(ai + a21))) (ji  y21) 

(yi + yaI)((23 + z2I)(a1 + a21)))(a1 + a21) 

(yi + yaI)((1 + zəT)((gi + zə1)(ai + a21)?) 
yi + yal))))(ai + dal) 

(yi + yal) (((@1 + @21) (a1 + a2l)”) 

(zi + zI)(yi + yot)))) (a1 + a21) 

((z1 + zə1)(a + aa1)?)((y + a1) 

(zi + z2I)(y1 + yot)))) (a1 + a21) 

((z1 + ta) ((a1 + a2I)(a1 + a21))) 

(i + yə1)((zi + z2I)(yi + y21))))(a1 + a21) 
((a1 + aə1)((zi + zə1)(ai + @21)))((M + yet) 
(zı + z21)0n + yot)))) (a1 + a21) 

(gn + yol) (1 + tal) (yi + yot)))((a1 + zəl) 
a1 + agI)))(a, + agl))(a1 + ag) 

(ai + a2I)(z1 + z21))(((1 + z2I)(yi + və1)) 
yi + yal)))(ax + a21))(a1  a21) 
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+ agl)(a1 + x1)) (Qi + ya)? (ai + s21))) 
21)) (ay + asI) 
+ aI)(yi + yol)”)((a1 + 21) (a1 + x21))) 
21)) (a, + aol) 


— 
— 
& 


ES 

- 
| 
1 

bə) 





— 
— 
a 








E 

- 
| 
1 

Ee] 



































= ((((ai + a2I)(yi + yoI)?)(z1 + 221)?)(a1 + a2I))(a1 + aa) 

— ((((zı + z2I)? (yi + yo1)?)(ai + agl)) (a, + a21))(a1 + a2!) 

= ((((zi + 2T)? (yi + gə1)”)((gi + 2T) ((a1 + a21)(a1 + a21))) 
yi + y2t))) (a1 + a21))(a1 + aol) 

= ((((zi + z21)”(gi + yoT)?)(((a1 + a2I) ((1 + 21)(a1 + a21))) 
yi + yol))) (a1 + az1))(aı + aol) 

= ((((zi + #21)*((a1 + a2l)((w1 + 21) (a1 + a21)))) 
(yi + gö1) (y + yot))) (a1 + a2l)) (a1 + aa) 

= ((((ai F.aə1)((zi + #21)? (ai + x1) (a1 + a21)))) 


















































pM NE MM PPM a MM t 


yi + yel)” )(aı + aaI))(a1 + aa) 
(ai + az21)(zi + zəl)(zi + z21))((21 + zəl)(ai + a21)))) 
yi + yol)*) (a1 + a21))(ay + aa) 
= ((((aı + @2l)(((a1 + ag!) (21 + xoI))((1 + z2I)(zi + vəl)))) 
yi + gəl) )ai + a2l)) (a1 + a21) 
= (((((a1 + a2T)(z1 + 21))((a1 + a2I)(z1 + x21)?)) 
yi + yol)*) (a1 + a21))(ay + aa) 
= (((((ai + a2I)(ai + a21))((1 + 21)(a1 + x21)?)) 
yi + yol)*) (a1 + aaI))(as + aa) 
= ((((yr + yet)? (a1 + z21)?)((a1 + a2I)(a1 + a21))) 
a1 + a»I))(ai + aaT) 
= (((aı + a2l)(((y1 + yoI)? (a + zəl)” (ai + a21))) 
a1 + aə1))(aı + aaT) 
€ (((aı + az21)N(S))(aı + a21))(a1 + a21) 
C (a, + aə1)(aı + al) 
= (a,+ az1)”. 





Hence A(S) = (A(S))? holds. 
(it) => (i)is obvious. m 


Theorem 100 In an intra-regular Neutrosophic AG-groupoid N(S) with 
left identity, the following conditions are equivalent. 
(i) A(S) is a quasi ideal of N(S). 
? 


(4) N(S)Q(S) n Q(S)N(S) = Q(5). 
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Proof. (2) => (ii) : Let (q) be a quasi ideal of an intra-regular Neutro- 
sophic AG-groupoid N (S) with left identity, then N(S)Q(S)NQ(S)N(S) C 
Q(S). Let q € Q(S), then since N(S) is intra-regular so there exist (zi + 
Lol), (y1- yoI) € N(S) such that (qı 4- qoI) = ((@1 Et xaI)(qi - q91)?)(y1 + 
yal). Let (pı t+ pal), (q1-- q91) € N(S)Q(S), then by using medial law with 
left identity, medial law and paramedial law, we have 





pı t+ pal)(qi + qə1) 

= (pit pel) (((a1 + 21) (d + a21)*) (yi + yo!) 
= ((zı + aoI)(qi + qoI)?)((px + pol) (yi + a1) 
= ((@1+%21)((q1 + qə1)(qi + a21))) (91 + pal) 
Vi + yal) 


Ww NL 
— — 























= (f(qı “ qə1)(pı + p21))(((xi + zoI)(ai  q21)) 
Vi + yal) 

= ((zı + zəl)(qi + qə1))(((qi + G1) (px + pel) 
(yi + yal)) 

= (yi “ gə1)((qı + gal) (pi + pə1)))((qi + gel) 
(zı + x31)) 

= (qı “ qə1)(((yi + yəl )((qi + a2I)(pi + pə1))) 
(a1 —zəl)) 

€ (q+ q:1)N(S) 


Now let (qı + goI)(yi + y31) € Q(S)N(S), then by using left invertive 
law, medial law with left identity and paramedial law, we have 


























qı  qol)(p + pot) 
= (((zı + zəl)(qi + q21)?)(yi + yol))(p1 + pal) 
= ((pit+pel)(yi + yaI))((21 + 221) (qi + q21)?) 
= (f(pı + pə1)(yi + yol)) (a1 + z2I)((q1 + qə1)(qi + a21))) 
= (21+ 221)(((p1 + pal) (m  vo1))((ax + a2) (a1 + qə1))) 
= (zı + %21)((( + qə1)(qi + gal))((y1 + vəT)(pi  p21))) 
= ((qı + qə1)(qı + q21))((2a + tal) ((y1 + yet) (pi  p21))) 
= (((zi + xal) + yaT)(pi  p21)))(a1 + qə1))(qi + qə1) 


€ N(S)(q + ql). 


Hence Q(S)N(S) = N(S)Q(S). As by using medial law with left identity 
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and left invertive law, we have 


(qı + 21) 
= ((zı + zəl)(qı + qə1)”)(n + yal) 
= ((zı £ zə1)((qi + qə1)(qi + a21))) (yi + vəl) 
= ((aq- qə1)((zı + 21) (q1 + G2l)))(Y1 + gəl) 
= (ui + gəl)((zi + z21)(qi  a21)))(a1 + 421) 














€ N(S)(q + qol). 


Thus (gi-:g3I) € N(S)Q(S)NQ(S)N(S) implies that N(S)Q(S)NQ(S)N(S) 
Q(S). 


(it) ==> (i) is obvious. m 


Theorem 101 /n an intra-regular Neutrosophic AG-groupoid N(S) with 
left identity, the following conditions are equivalent. 


(2) A(S) is an interior ideal of N(S). 

(4) (N(S)A(S))N(S) = A(S). 
Proof. (i) ==> (ii) Let A(S) be an interior ideal of an intra-regular Neu- 
trosophic AG-groupoid N(S) with left identity, then (N(S)A(S))N(S) C 
A(S). Let (a1 +421) € A(S), then since N(S) is intra-regular so there exist 
(zi + vel), (yi + yet) € N(S) such that (ai + a3I) = ((a1 + zəl)(ar + 
a51)?)(y1 + yə1). Now by using medial law with left identity, left invertive 
law and paramedial law, we have 


























a1 + aaI))(yi + val) 
(S)(aı + a21))N(S). 


(aı + aol) 

= ((zı + zəl)(aı + agl)*) (yr + o1) 

= ((zı + Lal) ((a1 + a2I)(a1 + a21)))(y1 + vəl) 

= ((aı + aə1)((zı + £21) (a1 + a21)))(y1 + vəl) 

= ((yi + yet) ((a1 + z21)(ai + a21)))(a1 + a21) 

= (Qi yəl)((zi + z2I)(a1 + a21))) (((z1 + X21) 
(a1 + aaIT)?)(ya + ya1)) 

= ((((xi- x21) (ay + a21)?)(ya + yəl))((gi + za1) 
(a1 + a31))) Q1 + vəl) 

= (((a1 + aoI)(x1 + z21))((y1 + uo) ((21 + 21) 
(a1 + a91)?))) (yi + gəl) 

= (yi + yet) ((a1 + sə1)(ai + a21)?)) (1 + x21) 
( 
(N 


€ 


Thus (N(S)A(S))N(S) — A(S). 
(it) => (i)is obvious. m 
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Theorem 102 In an intra-regular Neutrosophic AG-groupoid N(S) with 
left identity, the following conditions are equivalent. 


(i) A(S) is a (1, 2)-ideal of N(S). 

(4) (A(S)N(S))(A(S))? = A(S) and (A(S))? = A(S) . 
Proof. (i) => (ii) : Let A(S) be a (1, 2)-ideal of an intra-regular Neutro- 
sophic AG-groupoid N(S) with left identity, then (A(S)N(S))(A(S))? C 
A(S) and (A(S))? C A(S). Let (a1 + az/1) € A(S), then since N(S) 
is intra-regular so there exist (zı + rol), (yi + yet) € N(S) such that 
(a1 + dal) = ((z1 + v2I)(a1 + aaI)?)(yi + yel) 

. Now by using medial law with left identity, left invertive law and para- 
medial law, we have 






































(a1 + aol) 

= ((zı + zəl)(aı + a2I)?)(yi + gəl) 

= ((zı + zoI)((ax + aoI)(a1 + a21)))(y1 + vəl) 

= ((aı + azI)((z1 + £21) (a1 + a21)))(y1 + ya1) 

= ((g + gəl)((zi + z2I)(a1 + a21)))(a1 + aol) 

— ((yr + yol)((a1 + z2I)(((21 + 21) (a1 + a21)?) 
(gn + yol))))(a1 + aol) 

— ((yr + yol)(((w1 + sə1)(ai + a21)?)((21 + səl) 
(i + y2t))))(a1 + a21) 

= (((@1 + #21) (a1 + a2l)*)((yr + yot)((a1 + zəl) 
(an + y2t)))) (a1 + a21) 

= ((((zi + #21) (yx + yol))(yr + yot))((a1 + al)? 
(a1 + z91)))(a1 + acl) 

= (((n + ya)? (#1 + zə1))((ar + aə1)” (zi + £21))) 
(a1 + aol) 

= ((sı + az1) (gn + yo)? (a1 + x1)) (21 + v21))) 
(a1 + aaI) 

= ((aı + aT)? (a1 + x21)? (yy + yo1)?))(a1 + aa) 

—  ((ax + az1)((zı + zo)? (yi + yo1)?))(a1 + a1)? 

— ((aı + az1)((zı + wel)? (yi + yo1)?))((a1 + a2) 
(a1 + aaI)) 

€ ((aı + aə1)N(S))(aı + az1)”. 








Thus (A(S)N(S))(A(S))? = A(S). Now by using medial law with left 
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identity, left invertive law, paramedial law and medial law, we have 


2a 
E 
+ 
=) 
IS) 
— 
ə” 
is 
— 
” 
e 
rH 
+ 
e 
vi 
— 


(a1 + agl)(a1 + aə1) 


( ) 
( ( yr + gəl) 
(aj + a3 I)((zi + 2T)(a, + aa1)) 
( ( ) 
( ) 


X 
Mü + gə1) 
X 
X 












































( 
( 
( 
( ( 

= ((yr + yol)((a1 + zoI)(ai + a21)))(a1 + aa1) 

= ((g + gə1)((zi + 221) (a1 + a21)))(((z1 + zəl) 
(a1 + a31)?)(yx + ya1)) 

= ((zı + zəl)(aı + a21)?)((Qi + yo) ((a1 + zəl) 
(a1 + aal)))(y1 + yet) 

= ((zı + zə1)((ar + a2I)(a1 + a21))) (((y1 + gə1) 
((z1 + zə1)(ai + a21))) 1  y21)) 

— ((aı + aə1)((zı + zə1)(ai + a21))) (((y1 21) 
((z1 + zə1)(ai + a21))) (1  y21)) 

= ((((y + gəT)((zi z2I)(ai + a21)))(y1  ya1)) 
((a1 + zəlT)(aı + aə1)))(ai + aə1) 

= (((aı + aol) (x1 + z21))((y1 + y2I)((ya + y21) 
((z4 + zoD)(a1 + a21)))))(a1 + a21) 

= (((((zi + z21)(ai + a21)?) (yi + y2I)) (1 + sə1)) 
(gn + yai + yol)((a1 + zəl)(ai + a21))))) (a1 + a2T) 

— ((((a1 + s27)( + gə1))((zi + 21) (a1 + a21)?)) 
((yi + yaI)((ys + gə1)((zi + z21)ai + a21)))))(a1 + a21) 
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= ((((zi + z21)(gi + yol))(yr + yot))(((a1 + @21) (a1 + a21)?) 
(in + gəl )((zi + zə1)(ai + a21)))))(a1 + a21) 

— (i + yaT)? (a1 + x1) (((a1 + 21) ((a1 + a2!) (a1 + a21))) 
(yr + yə1)((zi + £21) (a1 + a21)))))(a1 + a21) 

= (((yr + yet)? (a1 + z21))((gi + 2I) (yi + yo1))(((a1 + a21)(a1 + a21)) 
(zi + z21)(ai + a91)))))(a1 + a21) 

= (((yr + gəT) (zi + z21))((ar + a2I)(a1 + a2l))(((@1 + 21)(y1 + yal) 
(zi + z21)(ai + a21)))))(a1 + a21) 

= (((aı + a2I)(ai + aş1))(((gi + Yo)? (zi + w21))(((@1 + #21) (yx + yal) 
(zi + z21)(ai + a21))))) (a1 + a21) 

= (((aı + G2l)(a1 + aş1))(((gi + Yo)? (zi + z21))(((21 + #21) (a1 + v21)) 
(an + yet) (a1 + a21))))) (a1 + a21) 

= (((((zı + #21)(a1 + v21))((y1 + yot) (ai + a21))) (Qn + yo)? (i + w21))) 
(a1 + az1)(aı + aə1)))(aı + aaT) 

= (((((aı + a2T)(yi + yoT)) (21 + wel) (a + 221))) (Qi + yo)? (ai + w21))) 
(a1 + agl)(a1 + aə1)))(aı + a2l) 

= (((((zi + m2)? (yi + yot)) (a1 + az1))((ya + yoI)? (a1 + zə1))) 
(a1 + agI)(a1 + aə1)))(aı + aaT) 

= ((((zi + x2) (yi + yəT)”)((ai + a2) ((a1 + 21)? (yi + y21)))) 
(a1 + agI)(a1 + aə1)))(aı + aaT) 

= (((aı + az1)(((zı + eal) (yr + y21)?) ((xa + 221)? (yi + y21)))) 
(a1 + agl)(a1 + aə1)))(aı + aaT) 
((aı + ao I) ((x1 + 21)? (yy + v21)”))(ai + a1) 
dı + a31)))(ai + acl) 

€ (((aı + a2) N(S))(a1 + a31)?)(a; + aa) 

C (a1 + aə1)(aı + ag!) 

= (ai + aI)’. 


Hence (A(S))? = A(S). 

(it) => (i)is obvious. m 
Lemma 103 Every non empty subset A(S) of an intra-regular Neutro- 
sophic AG-groupoid N(S) with left identity is a left ideal of N(S) if and 
only if it is a right ideal of N(S). 
Theorem 104 /n an intra-regular Neutrosophic AG-groupoid N(S) with 
left identity, the following conditions are equivalent. 

(i) A(S) is a (1, 2)-ideal of N(S). 

(ii) A(S) is a two-sided ideal of N(S). 
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Proof. (i) => (ii) : Assume that N(S) is intra-regular Neutrosophic AG- 
groupoid with left identity and let A(S) be a (1,2)-ideal of N(S) then, 
(A(S)N(S))(a1 + ag1)? C A(S). Let (a1 + a3I) € A(S), then since N(S) 
is intra-regular so there exist (zı + tol), (yi + yet) € N(S) such that 
(a1 + aol) = ((zi + zə1)(ai + aoI)?) Qi  va1). 

Now by using medial law with left identity, left invertive law and para- 
medial law, we have 


N(S)(az + aol) 
(((zı + 2I) (a1 + a21)?) Qi + yet) 
zı + a2I)(a1 + ao1)?) N GS) (yi + yo) 
za + zə1)((ai + agI)(a1 + a31))) QN (S) 
ay + a3I)((z4 + zə1)(aı + a31))) (N(S) 
N(S)(y1 + y2l))((@1 + tol) (a1 + a21 
N(S)(y1 + yə1))(zi + tol) (a1 + a21 
(zı + #21)(a1 + a21)?)(yi + y2l)) 
zı + a@I)(a1 + ao1)?) (UN (S) (yi + 21) 

(a1 + a21))) Q1 + yet) 
yi + yol)(QN(S)Qn + yal))((21 + zə1)(ai + a21)))) 
a1 + aaI)?(z4 + za1)) 
ay + az1) (gn + ya T) ON (S) (ya + yol)) (a1 + val) 
dı + a»1)))) (a1 + zəl 
dı + a»I)(ai + aaI)) 
a, + az!) 
(yr + ya (UN (S) (i + yol)) (G1 + zəl) 
))((a1 + aə1)(aı + aa1)) 


1 2 — 





yı + yol)) 
Yi  yal)) 
(a1 + aol) 

















X1 + zəl) 














( 
) 
(gi + yo) ((N(S) (yi + gə1)) 
Mari + zə1)) 

(NV 


) 
( 
) 
( 





( 
( 
( 
( 
( 
( 
( 
( 
( 
( 
( 
( 
( 
( 
( 
( 


a + a2l)) 
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(zi + oI) ((y1 + yaI)(((ax + a2) (x1 + zəl) 
(gi + ya1)N(S)))))((a1 + az1)(aı + aa1)) 
= ((zı + Lal) (((a1 + Gal) (41 + xa1))((yi + ya1) 
( ( 
( 





yi + yol)N(S)))))((ax + a21)(a1 + a21)) 
(a1 + az1)(zı + zaI))((1 + Bal) ((y1 + yel) 
yi + Y2I)N(S))))) (a1 + az1)(aı + aə1)) 

= (((((zı + #21)(a1 + a21)?) (yi + yaT)) (21 + v2) 























(zi + 21) ((y1 + y2t)((y1 + Y2t)N(S))))) (ai + a21)(a1 + a21)) 
— ((((zi + #21)(y1 + yol))((w1 + 21)(ai + a21)?)) 

(zi + zoI)((yi + YT) ((Y1 + y21)N(S)))))((a1 + Gel) (a1 + a21)) 
= ((aı + az1)” 





(21 + zaI))((yi + yəl)(zi + z21)))((21 + zəl) 
yi + yal)(Gn + yə1)N(8)))))(ai + az1)(aı + a21)) 
(yr + ya) (a1 + vel) (ra + 21) (a1 + a21)?)((21 + 2T) ((yx + yal) 
yi + yot)N(S)))))((a1 + a2l) (ai + a21)) 

( 





























= ((((yr + ol) ((yr + y2t)N(S)))(@1 + z21))((a1 + a21)? 
(yi + yaD)(z + z21))(z3 + x31))))((a + a2) (a1 + aa1)) 
= ((((gi + gə1)((gi + y21)N(CS)))(z1 + 221))((a1 + aş1)” 
zı + xaT) (gi + ya1))))((a1 + 21) (a1 + a21)) 
= ((a1 + a2)? ((((yr + yol) (yi + yoT)N (S))) (2 + vel) ((a1 + vel)? 
yi + yəl))))(ai + a21) (a1 + a21)) 
= (((a1 + az1)(aı + aaI))((ya + Yat) (yr + y21)NCS))) (21 + za1)) 





( 
(zı + zo I)? (yi + y21))) 
(a1 + val)? (yr + yal) 
( X 

) 





(( 
)((a1 + aə1)(aı + aaI)) 
Yi + yaI) (ys + yoT)N (5))) (1 + zə1))) 
ay t asI)(a4 + az1)))((ai + aə1)(aı + aa1)) 
= ((a1 + asI)(((za + x21) (y1 + yaI)) (i + u2I) (Cui + yet) N(S))) 
zı + zəl))aı + a21))))((a1 + a2I)(a1 + aa1)) 
€ ((ai-- az1)N(S))(aı + aol)? 
C (dı aaI). 














Hence A(S) is a left ideal of N(S) and A(S) is a two-sided ideal of N (S). 
(ij) => (i): Let A(S) be a two-sided ideal of N(S). Let (yi + gə?) € 
(4(S)N(S))(A(S))5, then (yı + gəT) = ((a1 + a21)N(S))(bx + bel) for 
some (a4 + a31), (by + bəT) € A(S) and (si + sə1) € N(S). Now by using 
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medial law with left identity, we have 














(an + yal) 
((a4 + azl)(si + sə1))(bi + b21)” 
= ((a1 + az1)(sı + s21))((bx + bot) (b1 + bo1)) 
(by + beI)(((a1 + a2I)(s1 + sə1))(bi + bə1)) 
€ A(S)N(S) 
C A(S) 


Hence (A(S)N(S))(A(S))? C A(S), therefore A(S) is a (1,2)-ideal of 
N(S). m 


Lemma 105 Let N(S) be an Neutrosophic AG-groupoid, then N(S) is 
intra-regular if and only if every left ideal of N(S) is idempotent. 


Lemma 106 Every non empty subset A(S) of an intra-regular Neutro- 
sophic AG-groupoid N(S) with left identity is a two-sided ideal of N(S) if 
and only if it is a quasi ideal of N(S). 


Theorem 107 A two-sided ideal of an intra-regular Neutrosophic AG- 
groupoid N(S) with left identity is minimal if and only if it is the intersec- 
tion of two minimal two-sided ideals of N(S). 


Proof. Let N(S) be intra-regular Neutrosophic AG-groupoid and Q(S) be 
a minimal two-sided ideal of N (S), let (aıaz7) € Q(S). As N(S)(N(S)(a14- 
a51)) € N(S)(a14-a91) and N(S)((a1+a2I)N(S)) € (arFaə1)(N(S)N(S)) = 
(a1 + a21)N(S), which shows that N(S)(a1 4- a21) and (a; + a2I)N(S) are 
left ideals of N(S), so N(S)(a1 + a3I) and (a, + a2I)N(S) are two-sided 
ideals of N(S). 

Now 


N(S)(N(S)(ai + aol) D (a + aə1)N(S)) n (N(S)(a1 + aT) 





= N(S)(N(S)(a1 + a»1)) à N(S)((as + a2I)N(S)) 
A(N(S)(a1 + aə1))N(S) n ((aı + aT) N(CS))N(S) 
C (N(S)(a; + aə1) n (a4 + a21)N(S)) 
A(N(S)(a1 + asT)) N(S) n N(S)(ai + aol) 
G N(S)(ai UE aoI) (a1 Tr aə1)N(S). 





This implies that N(S)(a1 + aə1) 1 (ai + agI)N(S) is a quasi ideal of 
N(S), so, N(S)(a; + azT) 1 (a1 + a3T)N(S) is a two-sided ideal of N(S). 
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Also since (a4 + a31) € Q(S), we have 

S)(a1 + ae) à (ai + as T)N(S) 
S)Q(S)n Q(S)N(S) 

8) n Q(S) 

8). 


N( 
N( 
Q 
Q 


IN IA IA 


( 
( 
Now since Q(S) is minimal, so N(S)(aı + a2I) 1 (a1 + az1)N(S) = Q(S), 
where N(S)(aı + a2I) and (a1 + a2I)N(S) are minimal two-sided ideals 
of N(S), because let |, + IgI be an two-sided ideal of N(S) such that 
(hı DI) C N(S)(ai -F asl), then (hh +151) n (a1 +a2I)N(S) C N(S)(ai + 
aol) (ai + asI)N(S) C Q(S), which implies that (4 + Tə7) 1 (ai + 
az1)N(S) = Q(S). Thus Q(S) € ( + TT). Therefore, we have 

N(S)(a1 + aol) 

N(S)Q(S) 

N(S)( + el) 

(Tı + Tl), gives N(S)(a1 + azl) = h 4- DI. 





IN IA IA 


Thus N (S)(ai +a2f) is a minimal two-sided ideal of N (S). Similarly (a1 + 
a2I)N(S) is a minimal two-sided ideal of N(S). 

Conversely, let Q(S) = (I1 + II) n (Ji + Jol) be a two-sided ideal of 
N(S), where I and J are minimal two-sided ideals of N(S), then, Q(S) is 
a quasi ideal of N(S), that is N(5)Q(S) n Q(S)N(S) € Q(S). Let Q(S) 
be a two-sided ideal of N(S) such that Q(S) C Q(S), then 
(S)Q(S) n Q(S) N(S) 
(5)0(5) n Q(S)N(S) 

(5), 
N(S)(H + I51) € (+ el) 


N 
N 


In ın ın 
o 


also N(S)Q(S)) 





INIA 
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which implies that N(S)Q(S) is a left ideal and hence a two-sided ideal. 
Similarly Q(S) N(S) is a two-sided ideal of N(S). Since (I; + II) and 
(J, + JoI) are minimal two-sided ideals of N(S), therefore N(S)Q(S) = 
(I5 -I4I) and Q(S) N(S) = (Ji + JaI). But Q(S) = (I4 -- II) (J1 4- JaI), 
which implies that, Q(S) = N(S)Q(S) n Q(S) N(S) C Q(S). This give 
us Q(S) = Q(S) and hence Q(S) is minimal. m 
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Neutrosophic Minimal Ideals of 
AG-groupoids 


In this chapter we discuss neutrosophic minimal ideals of neutrosophic 
Abel-Grassmann’s groupoid and we will prove some results related to neu- 
trosophic simple (left and right) Abel-Grassmann’s groupoid. 


The world is the combination of complex phenomenons because it has 
various fields and each field has certain type of problems which cannot 
be determined by using classical methods. Main hindrance to handle these 
problems is its imprecision, imperfect and uncertain nature. Different mod- 
els in different eras are hatched to handle this uncertainty into system 
description. The popular names among those who worked in the field of 
uncertainty is Lofti A.Zadeh who in 1965 presented a fuzzy set that was 
infact serving as the substitute of conventional crisp set. Theory provided 
by him was very strong and convincing because this theory have ability to 
deal with additional characteristic or imperfect data connected to impre- 
cision. This model provide us modeling tool to deal with complex systems 
this system is controlled but its explanation is very difficult. By using this 
model we can minimize failure of modelling. Before fuzzy theory vagueness 
was measured exclusively in terms of probability theory and understood 
as haphazardness. Zadeh exposed the associations of probability and fuzzy 
set. T'his work provides us suitable methodology to pact with uncertainties. 
Fuzzy set theory is important because it provide us a way to verbalize vague 
material into model it also helps us in problem explaining. These methods 
are suitable when it is required to model human acquaintance. Fuzzy the- 
ory is very interesting branch of mathematics which allow a computer to 
model the actual world in the same technique as that of people do. 

To simplify basic theories of algebra different authors used fuzzy set the- 
ory. Another theory was proposed by Mordeson et al he revealed the im- 
pressive investigation of fuzzy semigroups. Fuzzy semigroups was applied 
in fuzzy coding, fuzzy finite state and fuzzy languages, and problem of inte- 
grated design of high speed planar mechanism. Shortcoming of Fuzzy test 
was that it does not explain properly about gradation of non-membership 
or fiction. So we need something new to overcome this short coming. This 
problem was attempted to solve by Krassimir T. Atanassov in 1986 defined 
the intuitionistic fuzzy set. This theory is based on fuzzy test actually it 
is extended form of fuzzy test it solve the problems if sufficient informa- 
tion is not available. By using this theory degrees of freedom in case of 
non-membership and hesitation margins increases. It is broadly practice 
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as an implement of rigorous research by scientists from many years. Many 
other theories like theory of probability and rough set theory are steadily 
actuality used as commanding productive tackles to pact with multiform 
uncertainties and imprecision. These theories do not explain unsettled ev- 
idence effectively. 

This problem was try to solve by neutrosophy which is modern approach. 
Neutrosophy is derived from Latin world "neuter” means neutral and Greek 
language word "sophia” meaning skill. Neutrosophy is a subdivision of phi- 
losophy it was presented by Florentin Smarandache. Florentin studies the 
source, nature, and possibility of neutralities and their interactions. Neu- 
trosophy is also based on fuzzy set it used three concepts that is truth- 
fulness, falsehood and neutrality. Neutrosophy studies a proposal, concept, 
occasion, idea, or object, "A" in relation to its opposite, "Anti-A" and 
that which is not A "Non-A" and that which is neither "A" nor "Anti-A" 
denoted by "Neut-A". 

F. Smrandache presented a novel idea of a neutrosophic set known as 
NS in short in 1995. This simplify fuzzy sets and intutionistic fuzzy set. 
This was based on inspiration from the realisms of actual life wonders 
like sport games have three options winning/ tie/ defeating and conclusion 
production like making a decision/ hesitating/ not making. NS is defined 
by affiliation degree, unspecified degree. This knowledge of NS produces 
theory of neutrosophic sets. This theory very efficiently and beautifully ex- 
plain virtually all model of all material world hitches. If we are dealing with 
uncertainty we can practice fuzzy theory. Whereas dealing with indetermi- 
nacy we can use neutrosophic theory. Neutrosopic theory have many other 
uses like control theory, databases, medical diagnosis problem and decision 
making problems. 

Vasantha Kandasmy and Florentin in 2003 introduced the concept of 
neutrosophic algebraic structures. These algebraic structures include neu- 
trosophic fields, neutrosophic vector spaces, neutrosophic groups, neutro- 
sophic bigroups, neutrosophic N-groups, neutrosophic bisemigroups, neu- 
trosophic N-semigroup, neutrosophic loops, neutrosophic biloops, neutro- 
sophic N-loop, neutrosophic groupoids, neutrosophic bigroupoids and neu- 
trosophic AG-groupoids. 

LA-semigroup generalizes the concept of commutative semigroups and 
have an important application within the theory of flocks. In addition to 
applications, a variety of properties have been studied for AG-groupoids 
and related structures. An LA-semigroup is a non-associative algebraic 
structure that is generally considered as a midway between a groupoid 
and a commutative semigroup but is very close to commutative semigroup 
because most of their properties are similar to commutative semigroup. 
Every commutative semigroup is an AG-groupoid but not vice versa. Thus 
AG-groupoids can also be non-associative, however, they do not necessarily 
have the Latin square property. An LA-semigroup S can have left identity 
e (unique) i.e ea — a for all a € S but it can not have a right identity be- 
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cause if it has, then S becomes a commutative semigroup. An element s of 
LA-semigroup S is called idempotent if s? = s and if holds for all elements 
of S then S is called idempotent LA-semigroup. An element 0 € S is called 
zero of S if 0a — a0 — 0 for all a € S. 

In a neutrosophic commutative semigroup N(S), (a + b7)?(c 4- dI)? = 
(a + bI)?(c + dI)? holds for all (a + bI), (c + dI) € N (S). Also, if N(S) 
is a neutrosophic AG-groupoid with left identity e + eZ, then the equation 
(a+bl)?(c+dI)? = (a--bI)? (c--dI)? holds for all (a4-b1), (c+dI) € N (S). If 
((a-- bI), (c+dI)} is any neutrosophic subset of a neutrosophic AG-groupoid 
N (S), with left identity e+el, then (a+bI)(c+dI) = [(c4-dI)(a4-b1)]|(e4-e1) 
holds for all (a + bI), (c + dT) € N (S). It is most interesting to see the 
applications of this neutrosophic non-associative structure in different fields 
as compare to a neutrosophic commutative semigroup and this motivate us 
to study a neutrosophic AG-groupoid. 

An element 0+ 07 € N(S) is called neutrosophic zero of N(S) if (0+ 
07)(a + bI) = (a -- bI)(0 + 07) = 04- OF for all a 4- 6&1 € N(S). 


Example 108 Let S = {1,2,3} with binary operation "." is an LA-semigroup 


with left identity 3 and has the following Cayley's table: 





then N(S) = 11-17, 12-27, 1437, 22-17, 24-21, 2-31, 33-11, 34-21, 32-31) 
is an example of neutrosophic LA-semigroup under the operation "x" with 
left identity 3+ 37 and has the following Cayley’s table: 
















































































* İLİ? 14-2] 1437 2-1] 2427 2437 3-1] 3427 3431 
1+127)34+32 3417 3427 1437 140 14272 2431 2412 2421 
1427) 3422 3437 3410 1427 1437 1412 2427 2-31 2411 
1432) 3412 3427 3-31 1417 1427 1-31] 2417 2422 2431 
2417 )24+37F 2417 2427 3437 34172 3427 1437 1417 1421 
24-21] 24-21] 2431 2417 3427 3431 3410 1427 14131 1401 
24-31] 244-1] 242f 2437 341 34821 3437 1-1] 1427 1-431 
38417) 14+3F 140 1427 2437 2411 2421 34372 3417 3421 
34-21 | 14-2] 14372 1417 2427 2431 2411 3422 3431 31411 
3431 | 1-17] 1422 1437 2417 2421 2431 3412 3421 3431 
A subset N(I) of a neutrosophic AG-groupoid N(S) is said to be a 

neutrosophic left (right) ideal of N(S) if N(S)N(I) € N(I) (N(I)N(S) € 


N(I)), and a neutrosophic left (right) ideal. 

A neutrosophic subset N(M) of a neutrosophic AG-groupoid N(S) is 
said to be a neutrosophic minimal left (right) ideal if it does not contain 
any other neutrosophic left (right) ideal other than itself. 
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The neutrosophic kernel N (K) may be described as the intersection of 
all neutrosophic two sided ideals of a neutrosophic AG-groupoid N(S). If 
N(M) is the neutrosophic minimal ideal of a neutrosophic AG-groupoid 
N(S) then N(M) is the neutrosophic kernel of N(S) and if N(S) has a 


neutrosophic kernel N (KK). 


Example 109 Let S = {1,2,3} with binary operation "." is an LA-semigroup 


and has the following Cayley’s table: 





then N(S) = 11-17, 12-27, 1437, 22-17, 24-21, 2-31, 33-11, 34-21, 32-31) 
is an example of neutrosophic LA-semigroup under the operation "x" with 
left identity 3+ 37 and has the following Cayley's table: 
























































* 1+12 1427 141431 2417 2427 2431 3412 3421 
14+17) 2422 2422 2421 2427 2-21 2-21 2421 2421 
1427 24-421] 2-21 2421 2427 2422 2-21 2421 2421 
14+3f)24+1F 2-271] 2711 2-1] 2-271] 24821 2411 2421 
2-1/| 2-21] 2421 2421 2422 2421 2421 2-21 2421 
24+22)2+22 2421 2421 2422 2421 2421 2-21 2421 
2432) 2+1f 2421 2421 241f 2427 2421 241% 2421 
3-1 1-27] 1427 1427 2421 2421 2-21 2-21 29721 
34-21| 1-21] 1427 14272 2422 2421 2421 2-21 28421 
3432) 1+1f 1427 1427 2412 2427 2421 2411 2421 











In this example {1,2} is an ideal of S and {2} is a minimal ideal and 
is a kernel of S. While {1 + 17,1 + 27,2 + 17,2 + 27] and {2+ 27] are 
neutrosophic ideals of N(S) and {2+ 27) is a neutrosophic minimal ideal 


and is a neutrosophic kernel of N(S). 





2.1 Neutrosophic Minimal Ideals and Neutrosophic 
Kernel 


Lemma 110 /f a neutrosophic AG-groupoid N (S) contains a neutrosophic 
minimal ideal N(M), then N(M) is the neutrosophic kernel of N(S). 


Proof. Suppose N(A) and N(M) be a neutrosophic ideal and neutrosophic 
minimal ideal of N(S) respectively. Then N(A)N(M) € N(A)N(S) € 
N(A) and N(AJN(M) € N(S)N(M) € N(M) implies N(AJN(M) C 
N(A)nN(M). Therefore N(A)9 N (M) is non empty. But N(M) is neutro- 
sophic minimal ideal so N(M) does not contain N(A)N(M) properly. So 
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N(M) = N(A)N(M) € N(A) which implies that N(M) C N(A) thus 
N(M) is contained in every neutrosophic ideal of N(S) that is N(M) is 
the kernel of N(S). m 

A neutrosophic ideal N(M) in a neutrosophic AG-groupoid N(S) with 
zero is called neutrosophic zero-minimal if it is minimal in the set of all 
non-zero neutrosophic ideals. It is important to note that a neutrosophic 
AG-groupoid N(S) with left identity e + ef has atmost one neutrosophic 
minimal ideal. 

Union of all the neutrosophic minimal left ideals of N(S) is called the 
class sum of all the neutrosophic minimal left ideals of N(S) and we denote 
it by N(X). 


Example 111 Let S = {0,1,2,3} with binary operation "." is an LA- 


semigroup with zero 0 and has the following Cayley's table: 





[Or ə 
01000 0 
T0; Sth 627-78 
2" np. ecu vg 
3/0 2 3 1 





then N(S) = (04-07,0--17,04-27,0--37, 12-07, 123-17, 13-21, 14-31,24- 
07,2-- 175,2 4-21,24-31,3-- 07,3 -07, 3 - 17,3 - 217,3 -- 31) is an example 
of neutrosophic LA-semigroup under the operation "x" with neutrosophic 
zero 0 + OF and has the following Cayley’s table: 


* |0+0/ 


0-17 





0-27 


0-3/ 


1-07 1+17 1427 143/ 2407 


24+ 


2421 


2431 


3401 


3417 


3421 


3431 





0 07|0- 07 
0+U)/0+0/ 
027 0407 
0370407 
1:07 0407 
1:17 0407 
1:27 0407 
1:37 0407 
2407 0-07 
2- H[040I 
2+22/0+0/ 
2+32/0+0/ 
3401/0407 
3011/0401 
3421/0401 
3431/0401 





0-07 
0-07 
0-07 
0-07 
0-07 
0-07 
0-07 
0-07 
0-07 
0-07 
0-07 
0-07 
0-07 
0-07 
0 07 
0 0I 


0-07 
0-07 
0-07 
0-07 
0-07 
0-07 
0-07 
0-07 
0-07 
0+0/ 
0+0/ 
0+0/ 
0+0/ 
0+0/ 
0 07 
0 07 


0-07 
0-07 
0-07 
0-07 
0-07 
0-07 
0:07 
0:07 
0:07 
0-07 
0:07 
0 0I 
04 0I 
0-07 
0 07 
0 07 


0-07 
0-07 
0-07 
0-07 
1407 
1:07 
1:07 
1:07 
3407 
3407 
3407 
3407 
2407 
26 OF 
2407 
2407 


0-07 
0-07 
0+0/ 
0+0/ 
1+0/ 
1+U 
1431 
1+2/ 
3407 
ceed 
343 
3427 
2407 
Dac 
2-31 
2-21 


Example 112 Let S = {0,1,2,3} 
semigroup and has the following Cayley’s table: 


0+0/ 
0+0/ 
0+0/ 
0+0/ 
1+0/ 
1+2/ 
1-17 
1:31 
3407 
3421 
34-1 
323 
240I 
2:21 
281 
2831 


0-07 
0+0/ 
0+0/ 
0+0/ 
1+0/ 
1+3/ 
far 
1+U 
340I 
343 
3421 
34+ 
2+ 01 
2831 
2:21 
24H 


0+0/ 
0+0/ 
0-07 
0-07 
2407 
2407 
2407 
2-07 
1:07 
1:07 
1:07 
1:07 
3407 
3407 
3407 
3407 


007 
007 
0 07 
0 07 
2407 
24M 
2831 
2-2 
1:07 
1+U 
hee or 
1:27 
3407 
3407 
3407 
3407 


0-07 
0-07 
0-07 
0 07 
2:07 
2:21 
24H 
243 
1:07 
1-27 
Ld 
1-37 
3407 
3407 
3407 
3407 


0 07 
0 07 
0-07 
007 
2407 
2831 
2:21 
24H 
1407 
Tot 
L4 
IH 
3401 
3401 
3401 
34 0I 


0-07 
0-07 
0-07 
0-07 
3407 
3407 
3407 
3407 
2407 
2407 
2407 
2407 
1407 
1:07 
1:07 
1:07 


0-07 
0-07 
0-07 
0-07 
3407 
341 
3431 
3421 
240I 
2410 
Ze 
2427 
1+0/ 
1-17 
be37 
1:27 


with binary operation "." is an LA- 
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0-07 
0-07 
0-07 
0-07 
3407 
3421 
341 
3431 
2407 
do 
2417 
2431 
1+0/ 
I2 
1+U 
1+3/ 


0-07 
0-07 
0-07 
0-07 
3407 
3438 
3421 
341 
2407 
2831 
2427 
24M 
1-07 
1:37 
1:27 
1-17 


2. Neutrosophic Minimal Ideals of AG-groupoids 





hob. 2g 
0|0 0 0 0 
L3 2.2 2 
2.10: 2:0 
sg t 322 





then N(S) = (04-07,0--1/,04-27,0--31, 12-07, 12-17, 13-21, 12-31,24 
07,2--1/,24-21,24-31,3-- 07,3 -07, 3 - 17,3 - 217,3 - 31) is an example 
of neutrosophic LA-semigroup under the operation "x" with neutrosophic 
zero 0 + OJ and has the following Cayley’s table: 





* 0-07 0407 0407 0407 1+or]1+17 1:27 1431 2407 24+ 1 2421 2431 340/ 39V 3421 3431 





0+0/)0+0/ 0407 0-07 0407 0-07 0-07 007 0-07 0407 0+0/ 0-07 007 0-07 0507 0407 0407 
Orl/ 0407 0-07 0-07 0407 0-07 0-07 0-07 0-07 0407 0+0/ 0-07 0407 0-07 007 0407 0407 
0270107 0407 0407 0-07 0-07 0-07 0-07 0407 0407 0-07 0407 0407 0407 0+0/ 0407 0407 
0+3//0+0/ 0407 0407 0407 0-07 0-07 0-07 0407 0407 040/ 0407 0-07 0-07 0 07 0407 0407 
1:0770407 0-07 0407 0407 2407 2407 2407 2407 2407 240/ 2407 2*0I 2407 2407 2407 2407 
1+W)0+0/ 0+07 0-07 0407 2407 2427 2-21 2421 2407 2421 2421 2421 2401/ 2421 2421 2421 
1-2/|0-07 0407 0-07 0407 2407 2427 2-21 2421 2407 2421 2421 2421 2401 2421 2421 2421 
1+3/)/0+0/ 0407 0407 0407 2407 2417 2427 2421 2407 2411 2421 2421 24+07 2E11/ 2421 2421 
2407701407 0-07 0407 0-07 2407 2407 2407 240/ 2407 240/ 2407 2407 2407 2407 2407 2407 
2817710407 0-07 0407 0407 2407 2427 24217 2421 2407 2421 2421 2421 2401 2421 2421 2421 
24+27/0+01 0407 0-07 0407 2407 2427 24217 2421 240/ 2421 2421 2421 24+07 2421 2421 2421 
2+37/0+07 0-07 0-07 0407 2:07 2417 2427 2*21 2407 211 2421 2421 24+07 2E11/ 2421 2421 
340/007 007 0-07 0-07 1-07 1407 1-07 1407 2407 2407 2407 2407 2407 2407 2407 2407 
3-1//0-07 007 0-07 0+07 1-07] 14:27 142/ 142] 2407 2421 2421 2421 2401 2421 2421 2421 
321/007 0-07 0-07 0-07 1-07] 1427 142] 1-2] 2407 2421 2421 2421 24017 2421 2421 2421 
3431100407 0-07 0-07 0407 1-07 1417 142/ 1427 2407 2417 2421 2421 2401 24+ 2421 2421 





m this example (1, 2) is an ideal of S and (2) is a minimal ideal and 
is a kernel of S. While {1+ 17,1 4- 27,2 4- 17,2 F.27) and (2 4- 27) are 
neutrosophic ideals of N(S) and {2 + 27) is a neutrosophic zero minimal 
ideal of N(S). 





Lemma 113 Let N(S) be a neutrosophic AG-groupoid with left identity 
e-- el then every neutrosophic two sided ideal of N(S) contains every neu- 
trosophic minimal left ideal of N(S). 


Proof. Let N(L) be a neutrosophic minimal left ideal of N(S). Sup- 
pose N(A) be any neutrosophic two sided ideal of N(S) thus we have 
N(L)N(A) € N(A), N(A)N(L) € N(A) and N(A)N(L) € N(L). Clearly 
N(A)N(L) is the neutrosophic left ideal of N(S) contained in N(A) and 
N(L). But since N(L) is the neutrosophic minimal left ideal of N(S) there- 
fore, we conclude that N(A)N(L) = N(L) which implies that N(L) C 
N(A). m 


Lemma 114 Every neutrosophic left ideal of neutrosophic kernel N (K) 
of N (S) is also a neutrosophic left ideal of N (S). 
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Proof. Suppose N (K) be the neutrosophic kernel of N (S) and N (A) be 
the neutrosophic left ideal of N (K) that is N (K) N (A) C N(A). Since 
each element a + bI of N (A) belongs to some neutrosophic minimal left 
ideal N (L) of N (S). Thus N (K)(a-- bI) is the neutrosophic minimal 
left ideal of N (S) contained in N (L) for every a+ b1 € N (A) but since 
N (L) is the neutrosophic minimal left ideal of N (S) therefore we have 
N (K) (a+ bI) = N (L) which implies that a 4- bI € N (K) (a+ bI) which 
further implies that N (A) € N (K) N (A) thus we conclude that N (A) = 
N(K)N(A). m 


Remark 115 Every neutrosophic minimal left ideal of N(S) is also a neu- 
trosophic minimal left ideal of N (K) and vice versa. 


Lemma 116 Every neutrosophic left ideal of N(S) contains atleast one 
neutrosophic minimal left ideal of N(S). 


Proof. Let N(K) be the class sum of all the neutrosophic minimal left 
ideals of N(S). Let N(A) be any neutrosophic left ideal of N(S) then we 
know that N(K)N(A) is also a neutrosophic left ideal of N(S) contained in 
N(K). But N(K)N(A) = N(A) therefore, we conclude that N(A) € N(K) 
which implies that N(A) contains atleast one neutrosophic left ideal of 
N(S). m 

A neutrosophic AG-groupoid N(S) is called neutrosophic left (right) sim- 
ple if it does not contains any proper neutrosophic left (right) ideal. If N (S) 
is a neutrosophic AG-groupoid with left identity e-- eI then N (S) (a + bI) 
is a neutrosophic principal left ideal of N(S) generated by a + bI for all 
a+bI € N(S) and N(S) (a+ bI) is a neutrosophic ideal of N(S) for all 
(a -- bI) € Ng(S), where Ng(S) is the set of all the idempotent elements 
of N(S). 


Lemma 117 // a neutrosophic AG-groupoid N(S) with left identity e+ eI 
has a kernel N(K). Then N(K) is a neutrosophic simple AG-groupoid. 


Proof. Suppose N(K) be the neutrosophic kernel of N(S). Let N(A) bea 
neutrosophic ideal of N(K) then [{N(K)N(A)}N(K)]? is a neutrosophic 
ideal of N(S) contained in N(K). Now since N(K) is the intersection of all 
the neutrosophic ideals of N(S), therefore, N(K) C [LN(K)N(A)EN(K)P?, 
thus [LN(K)N (4) N (OP? = N(K). Since (N(K)N(A))N(K))İ” € N(A) C 
N(K). Thus N(A) = N(K). Hence N(K) is a neutrosophic simple AG- 
groupoid. m 


Proposition 118 A neutrosophic AG-groupoid N(S) with left identity e+ 
el is neutrosophic left simple if and only if N(S)(a+ bI) = N(S), for any 
(a 4- bI) in N(S). 


Proof. Let N(S) be a neutrosophic left simple AG-groupoid. Then N(S)(N(S)(a4- 
bI)) € N(S)(a -- bI). Hence N(S) = N(S)(a + bI). 
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Conversely, if N(S)(a + bI) = N(S) and let N(A) is a neutrosophic left 
ideal of N(S), then N(S)N(A) C N(A), hence N(S) = N(S)N(A) € N(A) 
imply that N(S) C N(A). Hence N(S) has no proper neutrosophic left ideal 
in other words N (S) is neutrosophic left simple AG-groupoid. m 


2.2 Neutrosophic Simple AG-groupoids 


Proposition 119 A neutrosophic AG-groupoid N (S) with left identity e+ 
el is neutrosophic right simple if and only if (a + b1)7N(S) = N(S), for 
any (a 4- bI) in N(S). 

Proof. Let N(S) be a right simple AG-groupoid. Then by neutrosophic 
left invertive law and (4), we get 

(a + b N(S))|N(S) 

a 4- M1? 

+ bI)(a+ b1)] 


— £— 


Hence N(S) = (a + b1)7N(S). 

Conversely, if (a+bI)?N(S) = N(S) and let N(A) is a neutrosophic right 
ideal of N(S), then N(A)N(S) C N(A), hence N(S) = (a+ b1)?N(S) C 
[N(A)N(A)]N(S) C N(A) imply that N(S) C N(A). Hence N(S) has no 
proper neutrosophic right ideal in other words N (S) is neutrosophic right 
simple. M 


Theorem 120 /f N(S) is a neutrosophic AG-groupoid with left identity 
e t el and 0 -0I € N(S), then N(S) is neutrosophic zero-simple if and 
only if [N(S)(a -- b1)?|N(S) = N(S), for every non-zero element a 4- b1 in 
N(S). 


Proof. If N(S) is a neutrosophic zero-simple AG-groupoid, then (N(S))? 
is a neutrosophic ideal of N(S) and so (N(S))? 2 (0 + 07), imply that 
(N(S)? = N(S), hence (N(S))? = N(S). Now for every a--bI in N (S) (04- 
07) the neutrosophic subset [N (S) (a - b1)?] N(S) of N(S) becomes a neu- 
trosophic ideal of N (S). Therefore, either [N(S)(a + b1)?] N(S) = N(S) or 
[N (S)(a + bI)?]N (S) = (0-- O1). If [N(S)(a 4- b1)?| N(S) = {0+ 0I), then 
the neutrosophic set N(I) = ((x + yI) € N(S) : [N(S)(x 4 yI)|N(S) = 
(0-- 071), contains an element (a+b/)? other than zero and becomes a neu- 
trosophic ideal of N(S). As N(S) is neutrosophic zero-simple so V(7)N(S), 
that is, [N(S)(z)]N(S) = {0+ OF}, for every (x + yI) in N(S), implying 
that (N(S))? = {0+ OI). But this is a contradiction to the fact that 
N(S) = (N(S))*. Hence [N(S)(a + b1)?] N(S) = N(S). 

Conversely assume that, [N (S)(a + b1)?] N(S) = N(S), for every a+ b1 
in N(S)\{0 + OL}, then certainly, a+ bl zz (0 + OF}. Also if N(A) is a 


114 


2. Neutrosophic Minimal Ideals of AG-groupoids 


neutrosophic ideal of N(S) containing a+ 57, then [N(S) (N(A))]N(S 


Corollary 121 N(S) is neutrosophic simple AG-groupoid if and only if 
[N (S)(a + b1)71N(S) = N(S). 


Proof. If N(S) is à neutrosophic simple AG-groupoid with left identity 
e t el, then [N(S)(a + b1)?] N (S) is a neutrosophic ideal of N(S) and so 
[N(S)(a + b] N(S) = N(S). 

Conversely, if [N(S)(a + b1)?]N(S) = N(S), for every a+ öT in N(S), 
then we need to show that N(S) is a neutrosophic simple AG-groupoid. 
Let N(A) be a neutrosophic ideal of N(S) and a+ ö7 € N(A). Then 
[N(S)(NCA)?]N(S) € N(A) implies that [N(S)(a + &MI)?]N(S) € N(A). 
But [N(S)(a + 61)?|N(S) = N(S) implies that N(A) = N(S). Now if 
10 + 07) € N(S), then [N(S){0 + 0T)1N(S) = {0+ 07) # N(S). As 
[N(S)(a + b1?]N(S) = N(S), holds for every a + b1 in N(S), it means 
that 0 -- 07 d N(S). Hence N(S) without zero has no neutrosophic ideal 
except (S) itself which implies that N(S) is a neutrosophic simple AG- 
groupoid. m 


Theorem 122 A neutrosophic minimal left ideal N(L) of N(S) is a neu- 
trosophic left simple AG-subgroupoid. 


Proof. Suppose N(L) be a neutrosophic minimal left ideal of N(S). Now 
let (a + 6I) € N(L) then N(L)(a + bI) is also a neutrosophic minimal left 
ideal of N(S) contained in N(L). But since N(L) is neutrosophic minimal 
so N(L)(a + b1) = N(L) which implies that N(L) is a neutrosophic left 
simple AG-subgroupoid. m 

In the rest by N (L) we shall mean the neutrosophic minimal left ideal 
of N(S), by N(R) we mean the neutrosophic minimal right ideal of N (5), 
where N (S) is a neutrosophic AG**-groupoid, and N(R)N (L) is the neu- 
trosophic minimal left ideal of N (S) contained in N (L) thus N(R)N (D) = 
N (L). 


Lemma 123 // a; + as] € N(R) and by + bəl € N(R)N (L), then the 
equation (a, + a3)? (x + yI) = bi +bel has solution z 4-yI in N(R)N (L). 


Proof. Let a 4- a3I € N(R) then (a1 + agI)? € (N(R))” € N(R). Now by 
using neutrosophic left invertive law, neutrosophic medial law, neutrosophic 
medial law and neutrosophic paramedial law we have 


İ(aı +21)” N(R)N(S) — [N(S)N(R)] (as + a1)? 
= (ai -- a3I)? [N(R)N(S)] € (a, + aə1)” N(R). 
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This implies (a, + a2)? N(R) is a neutrosophic right ideal of N (S) con- 
tained in N(R) but since N(R) is neutrosophic minimal right ideal so 
(a1 + a21)” N(R) = N(R). Therefore 


N(R) = (a, +42)? N(R) implies 
[(a1 + as)? N(R)|N(L) 
= [N(L)N(R)] (a1 + a2!) 
= [N(L)N(R)][(a1 + a21) (ai + az1)) 
(a1 + az1)” [N(R)N CL]. 
Thus the equation (a; + a2I)” (x + yl) = bı + bəl has solution z + yI in 
N(R)N (L) for all bı + bol € N(R)N (L). m 


Lemma 124 Jf qı + azl € N(L) and by + bəl € N(R)N(L), then the 
equation (x + yI) (a4 + asI) = 64-FbsI has a solution s Eyl in N(R)N(L) 
for all bi + boI € N(R)N(L). 





Proof. Let N(L) be the neutrosophic minimal ideal of N (S). Let a1-4-a51 € 
N (L) then by using neutrosophic left invertive law, neutrosophic medial 
law, neutrosophic medial law and neutrosophic paramedial law we have 


N(S)N(L)(ai as1])) — [(a1 a21) N(L)IN(S) 


= [N(S)N(L)] (a1 + a2T) 
N(L) (a, + aol). 


IN 


This implies N(L) (a4 + a2) is a neutrosophic left ideal of N(S), but as 
N(L) is the neutrosophic minimal ideal of N(S) so N(L) = N(L) (a4 + aol). 
Now 
N(L) = N(L)(aı + az1) implies 
N(R)N(L) — N(R)N(L)(ai + az1)) 
[N(.R)N(R)][N(L) (a1 + a2I)] since (N(R))? = N(R). 
= [(a, + aol) N(L)|N(R) 
[N(R)N(L)] (a1 + az) . 
Therefore for a; +a2I € N(L) and bı --b»I € N(R)N(L), then the equation 


(z + yI) (a1 + azl) = bi + bel has a solution z + yl in N(R)N(L) for all 
bi ae bol € N(R)N(L). m 





Corollary 125 If a, + azl € N (L) and bi + bəl € N(R)N (L), then the 
equation (x + yI) (a, + a1)” = b, + bol has solution x Eyl in N(R)N (L) 
for all bi + 651 € N(R)N (L). 


Proof. Let N(R) and N (L) be the neutrosophic minimal right and neutro- 
sophic minimal left ideal of N (S) respectively. Let dı -+a2I € N (L) implies 
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(a, + aə1)” € N (L). Now by using neutrosophic left invertive law, neutro- 
sophic medial law, neutrosophic medial law and neutrosophic paramedial 
law we have 


N(S)[N(L) (a asI] — 1N(S)N(S)İN(E) (an + az1)”) 


I 





1 “-.aə1)” N(L)(N(S) 
N(S)N(L)] (an + aə1)” 
C N(L) (ar +41)’. 


İ 
İ 


This implies N(L) (a1 + az1)” is a neutrosophic left ideal of N (S) con- 
tained in N(L) but since N(L) is neutrosophic minimal right ideal so 
(a1 4- aə1)” N(L) = N(L). As (N(R))” C N(R) is neutrosophic is a neu- 
trosophic right ideal of N(S) contained in N(R), but N (R) be the neutro- 
sophic minimal right of N(S) implies (N(R))? = N(R). Now 


N(L) = N(L)(ar +421)” implies 
N(R)N(L) = N(R)[N(E) (ai + a21)?| 
N(R)PIN(L) (as + aa1)] 
ai dəl)” N(L)][N(R)N (R)] 
a; + asT)? N(L)|N(R) 

(R)N(L)] (ax + a2)”. 


Therefore, for a4 + a3] € N(L) and bi + bəl € N(R)N (L), there exists 
z “yl in N(R)N (L) such that (z + yI) (a, + aI)” — bı + bəl. m 


[N 


Definition 126 Let N (S) be a neutrosophic AG-groupoid containing zero 0+ 

OL’. A neutrosophic left or neutrosophic right ideal N (A) of N (S) will be 

called nilpotent if (N (A))" — 0-- 0I for some positive integer n. A neu- 

trosophic ideal N (A) (neutrosophic left or neutrosophic right) of N (S) is 

called neutrosophic nil-ideal if for each abi € N (A) there exist some n € 

N such that (a + bI)" = [...((((a + bI) (a + b1)) (a + b1)) (a + b1))...] (a+ BL) = 
—————— 


n—times 


0+ OI. 


Theorem 127 Let N (S) be without neutrosophic nilpotent ideal, then every 
neutrosophic minimal ideal of N (S) is neutrosophic simple. 


Proof. Let N (M) be a neutrosophic minimal ideal of N (S). Suppose a 
neutrosophic ideal N(A) properly contained in N (M). And (N (M) N(A))N (M) € 
N (M) is the neutrosophic left ideal of N (M). Then [N (M) N(A)N (M)P? 
is a neutrosophic ideal of N (S) contained in N (M), but N (M) is neu- 
trosophic minimal ideal therefore either [N (M) N(A)N (M)? = (0 + 07) 
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or İN (M) N(A)N (M)? = N(M). Since N (S) is without neutrosophic 
nilpotent ideal so the case which is not possible is 


(UV (M) N(A))N (M)? = (0 + OF}. 
Therefore 
[UN (M) N(A))N (M)P = N (M), but [LN (M) N(A))N (M)? € N(A). 


This implies that N (M) € N(A). Thus N (M) = N(A) and hence N (M) 
is a neutrosophic simple AG-groupoid. m 


Theorem 128 // every neutrosophic ideal N (A) (neutrosophic left or neu- 
trosophic right) of N (S) contains an idempotent element then N (S) has 
no neutrosophic nil-ideal. 


Proof. Suppose N (L) be the neutrosophic left ideal of N (S) containing an 

idempotent element a+b. Now we assume that N (L) be the neutrosophic 

nil-ideal of N (S), that is for each element of N (L) there exist some positive 

integer n such that (a + bI)" = [...{{{(a + bI) (a 4- b1)) (a 4- b1)) (a 4- b1))...] (a -- bl) = 

pa a AE CE ee ee 
n—times 

0+ 07 but we know from hypothesis that (a+ bI)" = a+ bI for some 

a-+bI € N(A), a contradiction. Therefore, N (S) can not have any neu- 

trosophic nil-ideal. m 





Theorem 129 Let N(M) be the neutrosophic minimal ideal of N (S). 
Then every neutrosophic left ideal of N (M) is a neutrosophic minimal 
left ideal of N (S). 


Proof. Let N (M) be a neutrosophic minimal ideal of N (S), then we know 
that N (M) contains atleast one neutrosophic minimal left ideal N (L) of 
N (S). Now let N(B) 4 {0+ 07) € N(L) be a neutrosophic left ideal of 
N (M) that is N(M)N(B) C N(B) and N (M) N (B) is the neutrosophic 
left ideal of N (S). So N(M) N(B) € N (D), but N (ZL) is the neutrosophic 
minimal left ideal of N (S) therefore N (D) = N(M)N(B) C N(B) which 
implies that N(L) C N(B). Thus N(L) N (B). m 


Lemma 130 If N (S) be a neutrosophic AG**-groupoid such that N (S) = 
(N (S))?. Then İN (S) (a -- bI]N (S) = N (S) (a4- bI)? for all a 4- I € 
N (S). 


Proof. By the use of neutrosophic left invertive law, neutrosophic medial, 
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neutrosophic paramedial and neutrosophic AG**-groupoid law we get 


İN (S) (a-- MD)? = [N(S)(a+bD][N (S) (a 4- b1)] 
= [N(S)N (S) (a —- bI)? 








=  [(a-- bI) (a - bI)]IN (S) N (S)] 

= N(S)[((a-- bI) (a 4-b1))N (S)] 

= [N(S)N (S)][((a + bI) (a + &I)EN (S)) 

= [N (S) (a - &1)*]IN (S) N (S)) = IN (S) (a+ bD)"]N (S) 


Theorem 131 Let N(L) be a neutrosophic 0-minimal left ideal of a neu- 
trosophic AG-groupoid containing zero element 0 + OI and (N(L))? 4 
{0+ 07) then N(L) = N(S) (a+ bI) for all a 4- bI € N(L)\{0 + 07). 


Proof. Suppose N(L) be a neutrosophic 0-minimal left ideal of N(S) and 
(N(L)? £ (0 + 0I). Now let a + bI be any non-zero element of N(L). 
Then N(S)(a--bI) € N(S)N(L) € N(L) is the neutrosophic left ideal 
of N(S). But N(L) is a neutrosophic 0-minimal left ideal of N(S) so ei- 
ther N(S) (a+ bI) = {0+ 07) or N(L) = N(S) (a H bI) for all a -- bI € 
N(L)\{0 4-07). If N(S) (a + bI) = {0 + 0I] then a + bI = 0+ OL which is 
impossible. Thus N(L) = N(S)(a+ bI) for alla+ bl € N(L)\{0+ 07). m 


Corollary 132 If N(L) is the neutrosophic 0-minimal left ideal of N(S) 
containing an idempotent element then N(L) is a neutrosophic ideal of 
N(S) and N(L) = N(S)(a+ bI) for alla+bI € Nz(L). 


Proof. Suppose a + bI 4 0 belonging to N(L) be an idempotent. Then 
N(S)(a--b1)?? = N(S)(a4-bI) is a neutrosophic ideal of N(S) and N(S)(a-- 
bI) € N(S)N(L) € N(L) but since N(L) is neutrosophic 0-minimal left 
ideal of N(S) therefore, either N(L) = N(S)(a -- bI) or N(S)(a 4- 61) = 
(0 + OI] for all a+b € N(L)\{0 + OF}. If N(S)(a + bI) = {0 + 07) 
then a + bI = 0+ OJ, a contradiction to the hypothesis. Thus N(L) = 
N(S)(a+ bT) for alla+bI € Ng(L). m 


Corollary 133 Every neutrosophic left ideal of N(S) containing an idem- 
potent element contains a neutrosophic ideal of N(S). 


Proof. Suppose N(L) be a neutrosophic left ideal of N(S). Let a+ bI be- 
longing to N(L) be an idempotent. Then clearly N(S)(a4-b1) = N(S)(a+ 
b1)? is a neutrosophic ideal of N(S) and N(S)(a+ bl) € N(S)N(L) C 
N(L). m 


Lemma 134 If N(M) is a neutrosophic 0-minimal ideal of N(S) and 
(N (M) 2 {0 + OL}. Let N(L) 4 {0+ 01) contained in N (M) be a 
neutrosophic left ideal of N(S) then either (N(L))) = N (M) or (N(L))? = 
{0+ OF}. 
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Proof. Suppose N (M) be a neutrosophic 0-minimal ideal of N(S) and 
(N (M))? 4 {0 + OL}. Let N(L) 4 {0 + OF} be a neutrosophic left ideal of 
N(S) contained in N (M) so, (N(L))? C N (M) is a neutrosophic ideal of 
N(S). But since N (M) is neutrosophic minimal therefore either (N(L))” = 
N (M) or (N(L))? — (0-07). m 


Theorem 135 Let N (M) be a neutrosophic 0-minimal ideal of N(S) con- 
taining atleast one neutrosophic 0-minimal left ideal of N(S). Then N (M) 
is the union of all the neutrosophic 0-minimal left ideals of N(S) contained 
in N (M). 


Proof. Let N (M) be a neutrosophic 0-minimal ideal of N(S) and N (M) 
contains neutrosophic 0-minimal left ideal N (L) of N(S). Now suppose 
N(A) € N(M) be the union of all neutrosophic 0-minimal left ideals of 
N(S) contained in N (M). Clearly N (A) is neutrosophic left ideal of N (S). 
Now let a+ bI € N (A) \{0} and c+dI € N(S), by definition of N (A) we 
know that a+ bI belong to some neutrosophic 0-minimal left ideal N (L) of 
N(S), that is (a + bI) € N (L), and (a+ bI) (e+ dI) € N (L) c. Since N (L) 
is neutrosophic 0-minimal left ideal of N (S) therefore N (L) (c + dT) is also 
0-minimal left ideal of N(S). Thus N (L) (c+ dI) € N (M) which implies 
that (a + bI) (c+ dI) € N (M) and (a+ bI) (c+ dT) € N (A) as well which 
further implies that N (A) (c -- dI) € N (A) for all c+dI € N(S). Hence 
N(A)N(S) C N(A), that is, N (A) is the neutrosophic right ideal of N(S) 
and hence the neutrosophic ideal of N(S). As N(A) € N (M) but N (M) 
is neutrosophic 0-minimal therefore N(M) = N (A). m 

If N(A) is any non vacuous subset of a neutrosophic groupoid N(S). 
The intersection N(K) of all the neutrosophic left ideals N(L) of N(S) 
containing N(A) is a neutrosophic left ideal. Hence N(A) C N(K) as well. 


Proposition 136 Let N(S) be a neutrosophic AG-groupoid and N(A) be 
any neutrosophic subset of N(S). Then N(A)UN(S)N(A) is neutrosophic 
left ideal of N(S) containing N(A). 


Proof. Let N(A) be any neutrosophic subset of N(S), we see that 





N(S)[N(A) U N(S)N(A)) 
= N(S)N(A)U N(S)İN(5)N(A)) 
= [N(S)N(A)] Uu 1N(5)N(S)İLN(S)N(A)) 
= İN(5)N(A)) U İN(A)N(5)1N(5)N(5)) 
= İN(5)N(A)) U [IN(A)N(S)]N(S) 
= İN(5)N(A)) U 1N(5)N(S)İN(A) 
= N(S)N(A)U N(S)N(A) 
= N(S)N(A) € N(A)U N(S)N(A) 


Hence N(A)UN(S)N(A) is the neutrosophic left ideal of N(S) containing 
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N(A), and we call N(A) U N(S)N(A) a neutrosophic left ideal of N(S) 
generated by N(A). m 


Remark 137 N (A)U[N(S)N (A)]U[N (A) N(S)]U[N(S)N (A) N(S)] is 
a neutrosophic ideal of N(S) generated by N (A). If N (A) contains only 
one element that is N (A) = {a+ bI) then we have N (A)U N(S)N(A) = 
N(S) (a 4- bI). 


Theorem 138 For N(S) with left identity e+eI, the following conditions 
are equivalent. 

(2) N(S) is neutrosophic intra-regular. 

(it) N(R)N N(L) = N(R)N(L), for every neutrosophic semiprime right 
ideal N(R) and every neutrosophic left ideal N(L). 

(itt) N (A) = [N (A) N(S)|N (A), for every neutrosophic quasi-ideal 
N (A). 
Proof. (i) — (iii) : Let N (A) be a neutrosophic quasi ideal of N(S) then 
N (A) is a neutrosophic ideal of N(S), thus IN (A) N(S)IN (A) C N(A). 

Now let a 4- bl € N(A), and since N(S) is neutrosophic intra-regular 
so there exist elements (xı + zəl), (yi + yəl) in N(S) such that a 4- bl = 
İzi + x2I)(a + bI)?](yi + yaI). Now by using neutrosophic left invertive 
law, neutrosophic medial law, neutrosophic medial law and neutrosophic 
paramedial law we have 


a-bI = İ(si voI)(a - 61)?](yi + gəl) 

= [(xicx2I)(a-cbI)(a-1)]Qn + yet) 

= [(a+bl){(a1 + zoI)(a  61))](yi + yel) 
(zi + zə1)(a + b1))1(a + b1) 
(zı + 21){{(a1 + v2I)(a + 01)? (yi + yol)}} 
Mən + va] 
X nh 














(zi + zə1)(a + b1)"} Qi + yaD) Gri + val 
zı + z3I)((a - bI)(a+ b1)] E (Qn + vol) i + tel (y + yal) f(a - 
(a+ bI){ (1 + z2I)(a + 01) Hi + vo) (Gri + 2I) (y 

( 


Yr + yl 











- bI) 
- bI) 














rı + zI)(a köl) Ha + 6D)y goi + səl) + yal) } (a + 07) 
( 








at b) M ((a + bI) (x1 + x2) (yr + yt)? }] (a + 61) 


— 


(21 T vol 


{ 
{ 
{ 
= [a bI): + vol) H{ (ei + 2l)(a + b) Hr + səl) + y21)3 (a4 
{ 
{ 
{ 














( 
- yi + yaL)? ((a + bI)(zi + eel) }}{ (a + b1) (x1 + vel) (a + bI) 
= [(a+ bI)(f(yi + vəl)” (a + 1) (a1 + e2l)}} (a1 + 21))](a + 1) 
€ [N(A)N(S)|N(A). 


Hence N (A) = İN (A) N(S)İN (A). 
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(itt) — (4i) : Clearly N(R)N(L) € N(R)O N(L) holds. Now 


IQ IA MI 


IQ 1) M 





Hence N(R) à N(L) 2 N(R)N(L). 

(it) > (4) : Assume that N(R) N(L) = N(R)N(L) for every neutro- 
sophic right ideal N(R) and every neutrosophic left ideal N(L) of N(S). 
Since (a--b1)? € (a4-b1)? N(S), which is a neutrosophic right ideal of N(S) 
and as by given assumption (a-4-b1)? N(S) is neutrosophic semiprime which 
implies that a+ bI € (a+ bI)?N(S). Now clearly (a + bI) U N(S)(a + bI) 
is a, neutrosophic principal left ideal, therefore 


a cl 


II In m 
= 
ə 
s 
Ç- 
I 
UG 
E 
D 





Hence N(S) is neutrosophic intra-regular. m 


Theorem 139 For N(S) with left identity e+eI, the following conditions 
are equivalent. 

(2) N(S) is neutrosophic intra-regular. 

(ii) For a neutrosophic ideal N(I) and neutrosophic quasi-ideal N(Q), 
N(I)n N(Q) = N(1)N(Q) and N(I) is semiprime. 

(iii) For neutrosophic quasi-ideals N (Q1) and N(Qə) , N(Q1)AN(Q5) = 
( 


ii 
N(Q1)N(Q2) and N(Q1) and N(Qə) are semiprime. 


Proof. (i) — (iii) : Let N(Q1) and N(Q2) be a neutrosophic quasi-ideal 
of N(S). Now N(Q4) and N(Qə) become neutrosophic ideals of N(S). 
Therefore, N(Qi)N(Q2) € N(Qi) à N(Q2). Now let (a 4-67) € N(Qi) 
N(Qə) which implies that (a + bI) € N(Q1) and (a+ bI) € N(Qs). For 
(a+ bI) € N(S) there exists (zı + zəT), (gi + yoI) in N(S) such that 
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a bl = İ(zi + zəl) (a + bI)?](y1 + yo). Now using (1) and neutrosophic 
left invertive law, we get 


abi 

(21 + rel) (a 51710 + yəl) 

= İ(zı + zəl) {(a+ bI)(a t+ 51)] (yi + yel) 
(a+ b1){(a1 + zəl) (a+ bl) vu + yel) 

= i gəl )1(xi + zəl) (a+ b1)}] (a + OI) 

€ İN(5)1N(S)N(Q:)HN(Qə) 

€ [N(S)N(Q1)]N(Qz2) 

C N(Q1)N(Q2). 








Il 





This implies that N(Q1)1N(Q3) € N(Q1)N(Q3). Hence N(Q1)AN(Q3) = 
N(Q1)N(Q2). Next we will show that N(Qı) and N(Qə) are neutrosophic 
semiprime. For this let (a+bI)? € N (Qi). Therefore, a+bI = [(z1 + rol) (a+ 
b1)71(yi + yə1) € [N(S)N(Q1)|N(S) € N(Q1). Similarly N(Q2) is neutro- 
sophic semiprime. 

(iii) => (1i) is obvious. 

(it) => (i) : Obviously N(S)(a + bI) is a neutrosophic quasi-ideal con- 
tains a + bI and N(S)(a + b/)? is a neutrosophic ideal contains (a + b/)?. 
By (ii) N(S)(a-4- b1)? is neutrosophic semiprime so a+bI € N(S)(a-4-b1)?. 
Therefore by (ii) we get 


a+bl € N(S)(a--bI) n([(a-- bI) U (N(S)(a 4- bI) n (a -- bI)N(S)] 
= [N(S)(a- bI)?][a + bI U {N(S)(a+ bI) n (a + bI)N(S))] 
[N(S)(a + bI)*]N(S). 


c 





Hence N (5S) is neutrosophic intra-regular AG-groupoid. m 


Theorem 140 For neutrosophic AG-groupoid N(S) with left e+ eI, the 
following conditions are equivalent. 

(2) N(S) is neutrosophic intra-regular. 

(it) For neutrosophic quasi-ideals N(Qı) and N(Qə), N(Q1) N(Q2) = 
[N(Q1)N (Q3) N (Q1). 


Proof. (;) => (ii) : Let N(Q1) and N(Q2) be neutrosophic quasi-ideals of 
N(S). Now N(Q4) and N(Q2) become neutrosophic ideals of N(S). There- 
fore, [N(Q1)N (Q2). N (Q1) € [N(Q1)N (S) N (Q1) € N (Q1) and [N(Q1)N (Q2)]Q: € 
[N(S)N(Q3))N(S) € N(Qə). This implies that [N(Q1)N(Q2)|N(Qi) € 


N(Q:)n N(Qə). We can easily see that N(Q1)M N(Qs) becomes a neutro- 
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sophic ideal. Then 


N(Q1) N(Qə) 

N (Qı) n N(Q3)? 

N (Qı) n N(Qə)”IN (Q1) 1 N(Q2)] 

{N(Q1) à N(Q3)HUN (Q1) n N(Q2) LN (Q1)  N(Q2)} 
N(Q1)N(Q3))N(Q1). 


i X 20008 [N(Q1)N(Q2)|N(Q1). Hence N(Q1)N N(Qə) = 
N(Q 

(ii) => (1): Let N(Q) be a neutrosophic quasi-ideal of N(S), then by 
(ii), we get N(Q) = N(Q)A N(Q) = [N(Q)N (Q)]N(Q) € [IN(Q) N(Q) € 

N(Q)N(Q) = [N(Q). This implies 

that N(Q) C [N(Q)]? therefore [N(Q)|? = N(Q). Now since (a+ bI) U 
[N (S)(a + bI) n (a+ BI) N(S)| 

is a neutrosophic quasi-ideal, 


IQ MI 











(a+ bI) 
€ [((a--bI)) U (N(S)(a -- bI) n (a - bTD)N(S))] 
= ([(a-- bI) U (N(S)(a 4- bI) n (a+ bI)N(S))]? 
C İ(a 51) U N(S)(a 4 bI)? 
= [((a+61))UN(S)((a + b1))][((a + b2)) U N(S)((a + b1))] 
= (a 4.51) U ((a 4 51))1N(S)(a 4 &J)| U [N (S)(a + bI)](a + bI) 
UIN GS)(a + bD)]LN (S) (a + bI)] 


Il 


((a + b1))? U ((a + bD))?N(S) U N(S)((a + 81)’. 


Hence N(S) is neutrosophic intra-regular AG-groupoid. m 
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Some Classes of Neutrosophic 
AG-groupoids 


In this chapter we have introduced the notion of neutrosophic (2, 2)-regular, 
neutrosophic strongly regular neutrosophic AG-groupoids and investigated 
these structures. We have shown that neutrosophic regular, neutrosophic 
intra-regular and neutrosophic strongly regular AG-groupoid are the only 
generalized classes of neutrosophic AG-groupoid. Further we have shown 
that non-associative regular, weakly regular, intra-regular, right regular, 
left regular, left quasi regular, completely regular, (2, 2)-regular and strongly 
regular neutrosophic AG*-groupoids do not exist. 

We know that in every branch of science there is lots of complications and 
problems appear which affluence the uncertainties and impaction. Most of 
these problems and complications are concerning with human life. These 
problems also play pivotal role for being subjective and classical. For In- 
stance, methods which are commonly are not sufficient to apply on these 
problems. Because problems can not handle various ambiguities involved 
in it. To solve these complications, concept of fuzzy sets was published 
by Lotfi A.Zadeh in 1965, which has a wide range of applications in var- 
ious fields such as engineering, artificial intelligence, control engineering, 
operation research, management science, robotics and many more. Many 
papers on fuzzy sets have been appeared which shows the importance and 
its applications to the set theory, algebra, real analysis,measure theory and 
topology etc., fuzzy set theory is applied in many real applications to handle 
uncertainty. 

Zadeh introduced fuzzy sets to address uncertainties. By use of fuzzy 
sets the manipulate data and information of uncertainties can be processed. 
'The idea of fuzzy sets was particularly designed to characterize uncertainty 
and vagueness and to present dignified tools in order to deal with the 
ambiguity intrinsic to the various problems. Fuzzy logic gives a conjecture 
morphology that enables approximate human reasoning capabilities to be 
applied to knowledge-based systems. The concept of fuzzy logic gives a 
mathematical potency to deal with the uncertainties associated with the 
human intellectual processes, such as reasoning and judgment. 

In literature, a lot of theories have been developed to contend with uncer- 
tainty, imprecision and vagueness. In which, theory of probability, rough 
set theory fuzzy set theory, intiutionistic fuzzy sets etc, have played im- 
perative role to cope with diverse types of uncertainties and imprecision 
entrenched in a system. But all these above theories were not sufficient 
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tool to deal with indeterminate and inconsistent information in believe sys- 
tem. F.Samrandache noticed that the law of excluded middle are presently 
inactive in the modern logics and getting inspired with sport games (win- 
ning/tie/defeating), voting system (yes/ NA/no), decision making (making 
a decision/hesitating/not making) etc, he developed a new concept called 
neutrosophic set (NS) which is basically generalization of fuzzy sets and 
intiutionistic fuzzy sets. NS can be described by membership degree, and 
indeterminate degree and non-membership degree. This theory with its hy- 
brid structures have proven efficient tool in different fields such as control 
theory, databases, medical diagnosis problem, decision making problem, 
physics and topology etc. 

The fundamental theory of neutrosophic set, proposed by Smarandache. 
Salama et al. provide a natural basis for trating mathematically the neu- 
trosophic phenomena which presents pervasively in our real world and for 
developing new branches of neutrosophic mathematics. The neutrosophic 
logic is an extended idea of neutrosophy. By giving representation to inde- 
terminates, the introduction of neutrosophic theory has put forth a signif- 
icant concept. Uncertainty or indeterminacy proved to be one of the most 
important factor in approximately all real-world problems. Fuzzy theory is 
used when uncertainty is modeled and when there is indeterminancy in- 
volved we use neutrosophic theory. Most of fuzzy models dealing with the 
analysis and study of unsupervised data, make use of the directed graphs 
or bipartite graphs. Thus the use of graphs in fuzzy models becomes in- 
evitable. The neutrosophic models are basically fuzzy models that authorize 
the factor of indeterminancy. 

The neutrosophic algebraic structures have defined very recently. Basi- 
cally, Vasantha K andasmy and Florentin Smarandache present the concept 
of neutrosophic algebraic structures by using neutrosophic theory. A num- 
ber of the neutrosophic algebraic structures introduced and considered in- 
clude neutrosophic fields, neutrosophic vector spaces, neutrosophic groups, 
neutrosophic bigroups, neutrosophic N-groups, neutrosophic bisemigroups, 
neutrosophic N-semigroup, neutrosophic loops, neutrosophic biloops, neu- 
trosophic N-loop, neutrosophic groupoids, neutrosophic bigroupoids and 
neutrosophic AG-groupoids. 

Now, (a+ bI)? = a 4- b1 implies a 4- bI is idempotent and if holds for all 
a+bI € N(S) then N(S) is called idempotent neutrosophic LA-semigroup. 

'This structure is closely related with a neutrosophic commutative semi- 
group, because if a Neutrosophic .AG-groupoid contains a right identity, 
then it becomes a commutative semigroup. Define the binary operation 
"e" on a commutative inverse semigroup N(S) as 


(ai + aol) e. (b + bel) = (b + bel) (a1 + a2I)~* 


for all a4 + azl, bi + bol € N(S) 


126 


3. Some Classes of Neutrosophic AG-groupoids 


then (N(S), e) becomes an AG-groupoid. 

A neutrosophic .AG-groupoid (S,-) with neutrosophic left identity be- 
comes a neutrosophic semigroup S under new binary operation "o" defined 
as 

(zi + zə1) o (yi + gəl) = İ(zi + zəl)(ai + a21)](yi + gəl) 


for all zi + zoI,yi + yol € N(S). 

















It is easy to show that “o” is associative 
(zi + X21) o (gi + yəl)lo (zi + z2T) 
= [[[(a1 z2I)(a1 + aa) | (yi + yot)|(a1 + a21)] (zi + 221) 
m İl(zi + 222) (a1 + a21)][[1 + x21)(a1 + a21)](ys + y21)]] 
= İ(zi k zəl)(ai + a21I)[[C23 + 222) (a1 + a21)] (qi + yə1)) 
= İ(zi k zəl)(ai + Gel) [(y1 + yo) (ai + Gal) (a1 + z21)] 





= (zı + zəl) o Mn + yal) o (zi  z21)]. 
Hence (S, o) is a neutrosophic semigroup. The Connections discussed 
above make this non-associative structure interesting and useful. 


3.1 Regularities in Neutrosophic AG-groupoids 


An element a+bI of a Neutrosophic AG-groupoid N (S) is called a regular 
element of N(S) if there exists zı + wal € N(S) such that a+ b] = 
(fa + bI) x (xi + zəT)l(a + bI) and S is called regular if all elements of S 
are regular. 

An element a+ bI of an AG-groupoid S is called a weakly regular 
element of S if there exist zı + z»1,y1 + yol € N(S) such that a+ b1 = 
(fa + 5T)(xi + zəT)li(a 4- bI)(y1 + yo1)] and N(S) is called weakly regular 
if all elements of S are weakly regular. 

An element a+ bI of a Neutrosophic AG-groupoid N(S) is called an 
intra-regular element of N(S) if there exist zı + xoI,yi + yoI € N(S) 
such that a + bI = İ(zi + zəl)(a + b1)?|(yi + yəl) and N(S) is called 
intra-regular if all elements of N(S) are intra-regular. 

An element a+ bI of a Neutrosophic AG-groupoid N(S) is called a right 
regular element of N(S) if there exists zı +a%2I € N(S) such that a+bI = 
(a 4- bI)? (zi +221) = ((a 4- bI)(a 4- b1)|(z1 + 221) and N(S) is called right 
regular if all elements of N(S) are right regular. 

An element a+ bI of a Neutrosophic AG-groupoid N(S) is called a left 
regular element of S if there exists zı + x1 € N(S) such that a+ b1 = 
(zi + z5I)(a + 51)? = (zi) + zaI)|(a + b1)(a + b1)| and N(S) is called left 
regular if all elements of N(S) are left regular. 

An element a+ bI of a Neutrosophic AG-groupoid N(S) is called a left 
quasi regular element of N(S) if there exist zı + zoI,yi + yol € N(S) 
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such that a+ bI = İ(zi + zaI)(a + oI)]l(yi + yot)(a + b1)| and N(S) is 
called left quasi regular if all elements of S are left quasi regular. 

An element a 4- bI of a Neutrosophic AG-groupoid N(S) is called a com- 
pletely regular element of N(S) if a-- bI is regular, left regular and right 
regular. N(S) is called completely regular if it is regular, left and right 
regular. 

An element a 4- bI of a Neutrosopic AG-groupoid N(S) is called a (2,2)- 
regular element of N(S) if there exists zı --xoI € N(S) such that a+bI = 
[((a-- bI)? (z1 4- x21)](a4- b1)? and N (S) is called (2, 2)-regular AG-groupoid 
if all elements of N(S) are (2, 2)-regular. 

An element a+ bI of a Neutrosophic AG-groupoid N(S) is called a 
strongly regular element of N (S) if there exists z1--x»1 € N(S) such that 
a+bl = [(a--bI)(z1-4-x21)|(a4-b1) and (a--bI)(x14-x31) = (41 +2%2I)(a+bI). 
N(S) is called strongly regular Neutrosophic AG-groupoid if all elements 
of N(S) are strongly regular. 

A Neutrosophic AG-groupoid N(S) is called Neutrosophic AG*-groupoid 
if the following holds 


[(a1 + aol) (b + b5I)](ei + col) = (bi + bel) [(a1 + aol) (cı + coI)] (5) 





for all ay + aol, by + bəl, cı Fk cəl € N(S). 
In Neutrosophic AG*-groupoid S, the following law holds 


(21272) (1324) = (@p(1)p(2))(Xp(a)® pay); (6) 
where {p(1), p(2), p(3), p(4)} means any permutation on the set {1, 2,3, 4}. 
It is an easy consequence that if S = S?, then S becomes a commutative 
semigroup. 

A Neutrosophic AG-groupoid may or may not contains a left identity. 
The left identity of a Neutrosophic AG-groupoid allow us to introduce the 
inverses of elements in a Neutrosophic .AG-groupoid. If a Neutrosophic .AG- 
groupoid contains a left identity, then it is unique [14]. 


Example 141 Let us consider a Neutrosophic AG-groupoid 


N(S\= 1-E3T, 15:27, Ve 37, 24-1, 29-425, 24-37, 3016 8427, 84-31] 





in the following multiplication table. 















































* 1+12 1427 141431 2-11 2427 2431 3412 3421 3431 
l-1[ 141 1427 1437 2417 2422 2437 3412 3421 343] 
1427/1432 1412 14272 2427 2412 2427 3431 3411 3421 
1-31 1-21] 1-31 1417 2431 2431 2417 3421 3431 3411 
24+12)3+12 3421 3431 1417 1427 14131 2412 2421 2431 
2422 )3+32 3417 3421 1437 1417 1422 2437 2412 2421 
2432 )3+22 3431 3411 1427 1437 1412 2427 2431 2411 
3412) 2+12 2421 2431 3412 3421 3431 1417 1427 1431 
3422 )2+3f 2411 2421 3-31 3417 3421 1437 1417 1821 
3432 )2+22 2431 2411 34272 3431 3411 1427 1437 1411 
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Clearly S is non-commutative and non-associative, because bc Z cb and 
(cc)a # c(ca). Note that S has no left identity. 


Lemma 142 If N(S) is a regular, weakly regular, intra-regular, right reg- 
ular, left regular, left quasi regular, completely regular, (2,2)-regular or 
strongly regular neutrosophic AG -groupoid, then N(S)= N(S)”. 

Proof. Let N(S) be a neutrosophic regular AG-groupoid, then N(Sy C 
N(S) is obvious. Let a+ bI € N(S), then since N(S) is regular so there 
exists x + yl € N(S) such that a+ bI = (a 4- bI)(x + yI)](a + 61). Now 








a 4- bI — [(a 4- bI)(x 4- yI))(a - I) € N(S)N(S) = N(S)’. 


Similarly if N (S) is weakly regular, intra-regular, right regular, left regular, 
left quasi regular, completely regular, (2, 2)-regular or strongly regular, then 
we can show that N(S) = N(S)”. m 


The converse is not true in general, because in Example above, N(S) = 
N(S)? holds but N(S) is not regular, weakly regular, intra-regular, right 
regular, left regular, left quasi regular, completely regular, (2, 2)-regular 
and strongly regular, because d; + do] € N(S) is not regular, weakly reg- 
ular, intra-regular, right regular, left regular, left quasi regular, completely 
regular, (2, 2)-regular and strongly regular. 


3.2 Some Characterizations 


Theorem 143 If N(S) is a Neutrosophic AG-groupoid with left identity 
(AG**-groupoid), then N(S) is intra-regular if and only if for alla+ bl € 
N(S) a 4 bl = [(zi + zoI)(a + b1)][(a + bT)(zi + zoI)| holds for some 
t+ zəl, zı zəl € N(S). 

Proof. Let N(S) be an intra-regular Neutrosophic AG-groupoid with left 
identity (AG**-groupoid), then for any a+ bl € N(S) there exist zi + 
zəl,yı + yal € N(S) such that a+ bl = İ(zi + zaI)(a + &I)?](yi + yal). 
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Now yi + yəl = (ui + uel) (v1 + vel) for some uy + ual, + vel € N(S). 


a+bI 

za d %21)(a+ B1)? (gi + vəl) 

r+ z31)|(a + bI)(a + b1)]](yi + yal) 
( 


( 
( 
= ([(a- bI)|(z1 + zə1)(a + &1)]](yi + 21) 
( 
( 

















= [(y  yəT)l(zi + zəT)(a + bT)İİ(a + bI) 

= (yi + yel)[(a1 + v2l)(a + bT)İİ(si + x21) (a + 61)?) (yi + gəl) 

— [[(ur + u2l)(v1 + v2)][(@ + yD) (a + ODI [(@1 + 221) (a+ 61)"\(yr + v21); 
(v1 + 221) (a + b1)7](y1 + yal) 














İİ 
= a+bl)(21 + zəl)l(ti + toD)|[(a1 + v2I)(a + b1)?](y, + yol) 
m zı bəl |[(a + BL) (x, + zəl)) 
i ty + tel) ]li(a + 61) (z1 + zə1)) 
Jll(a + b) 
( 





) 
. a+ bI)(zi + zaI)]|(vi + ve)(ur + uel) 
\( 


(a+ bI) ](yi + yot)| (ti + te 





) 
( (a1 + zəl)(a + 01) 


I) 

yi + yol s 
yi + yal)(ti + tal) 
) 








— oL 

















(y 
[ ( 
= |[(a+bI)?(x1 + x21)][( (zı + zə1)) 
= [[(a+ bI)?(zi + xa1)][(s1 + 522)][(a + b1) (a1 + z21)], 
= [[(s1 + saI)(z1 + vaI))(a + 01)?][(a + 61) (a1 + v21)] 
— 81 + SI)(z4 + zəlT)lla + bT)(a + bI)]](a + BL) (a1 + xa1)] 














İl(a 
m a+bl)(a+ bI)]|(zi + zəT)(si + s21)]][(a + BD) (a1 + zəT)) 
- a ^- bI)(a 4- bI)](w3 + waI)[(a + bI)(24 + x21)]; 
m w; + wol)(a + bT)(a + bI)][(a + BI) (a1 + zəT)) 
= İ(zı -z2I)(a- b1)J[(a + bl)(zi + zəl), 
= [(t1 + zə1)(a + b1)J[(a + 61) (a + 221)] 

















where (wy +wel)(a+bl) = (21+ 221) € N(S) where (zi +2%2I)(s1 +821) = 
(wy + wel) € N(S) where (yi + yaI)(t4 + tel) = (si + saI) € N(S) where 
(v4 +¥2)(uy tug!) = (t1+tel) € N(S) where |(uj--usI)(vi4-v3) = (yi +yel) 
€ N(S) m 

Proof. Conversely, let for all a + bI € N(S), a-- bI = [(z1 + zaI)(a + 
bT)l(a + bI)(z1 + zəT)l holds for some zi + zəl, zi + zəl € N(S). Now by 
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using (4), (1), (2) and (3), we have 
































a+ bl 
= [(zxi-- zə1)(a 4 ba + bT)(zi + zə1)) 
= [(a- bI)[(vi + z21)(a + bI)])(zi + z21)] 
= [(zi-- zəl1)(a 4 b1)|l(a + b1)(z1 + zaD)] (2i + z9I)(a + bI)](z1 + za1)] 
= İ(a c bT)l(zi + zaI)(a t+ bD)](z1 + zoD)][(xi + xaI)(a + b1)](z1 + z21)] 
= [[(xi-4 zə1)(a + dD) (a1 + z21I)][(21 + z21I)(a + bI)](z1 + zo1)]](a + 61) 
- zı + z5lI)(a 4 bI) (zi + zaI)|? (a 4- bd) 











( ( 

(a + bI)? (z; + z2I)?|(a + 61) 
2(a + bI)?|[(21 + zəT)(zi + zəT)ll(a + bI) 

= zı + 231)? (1 + zaI)][(a + bI)? (21 + z21)]](a + bI) 

= [(a--bI)?[[(xi-- z2I)?(z1 + z2I)](z1 + 221)](a + bI) 

= a 4- bI)(a 4- bI)][(z + vel)? (21 + zə1)l(zi + z2I)](a + 01) 
m a. 4- bI)(a 4- bI)][[(zi + zəT)(zi + zə1)1(zi + z21)”l(a + BF) 
.- a 4- bI)(a 4- bI)][(z1 + z21)?(zi + z31)?]](a + OF) 

= zı + x31)? (21 + za1)?][(a + bI)(a + b1)]](a + b1) 
= [(t 4 təT)l(a 4- bI)(a 4- bT)l(a 4- bl), 

= [(t, + t2I)(a + bI)?](ui + ul) 









































where ((z14-x31)? (zi -z21)?] = (ti +t2I) € N(S) and (a+bl) = (ui+u2l) € 
N(S) where (a+ 61) = (uj + ugI) € N(S) m 


Proof. Thus N(S) is intra-regular. m 


Theorem 144 If N(S) is a Neutrosophic AG-groupoid with left identity 
(AG**-groupoid), then the following are equivalent. 


(i) N(S) is weakly regular. 

(it) N(S) is intra-regular. 
Proof. (i) = (0?) Let N(S) be a weakly regular Neutrosophic AG- 
groupoid with left identity (NeutrosophicAG**-groupoid), then for any 
a bI € N(S) there exist zı + zəT, yı + gəl € N(S) such that a bI = 
[(a--bI)(z3 4-z21)][(a4- bI) (y1--ys1)] and , z1-- x21 = (u1--us1I)(vi 4-vaI) for 
some Uy +Ugl, vy + vol € N(S). Let (v1 +vo1)(uy -Fusl) =ttthle N(S). 
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Now by using (3), (1), (4) and (2), we have 


a+bl = [(a-cbI)(zi + zoI)|[(a + bI)(ys + y21)] 
a+ bl)(a+ b1)|[(x1 + z2I)(yi + yo1)] 

= (zı +22!)[(a + bI)? (yi + ya1)] 

— [(uy + uaI)(vi + vaI)][(a + bI)? (yi + ya1)] 


Il 




















) 
= (yi yaI)(a 4- 51)”l(o) + vel) (ur + ua1)] 
= [(y + yeT)(at b1)?\(t + tel) 


Thus N(S) is intra-regular. 
(it) — (i) Let N(S) be a intra regular Neutrosophic AG-groupoid with 
left identity (Neutrosophic AG**-groupoid), then for any a+ bI € N(S) 


atbl = [(yt+yel)(a + bI)?)(ti + tel) 
= (yi yol)(at bI)?][(vi + vel) (ur + ua1)] 
— (Qu + uel) (v1 + voI)]((a + 61)? (yi + y1)] 
= (a, + zəl)l(a + 61)? (yi + a1)] 
= [(a- bI)(a t bI))[(x1 + zəl) + yə1)) 
= İ(a F bT)(zi + 221)|[(a + dD) (yi + ya1)] 
= >Thus N(S) is weakly regular. M 


Theorem 145 If N(S) is a Neutrosophic AG-groupoid (NeutrosophicAG** - 
groupoid), then the following are equivalent. 























(i) N(S) is weakly regular. 
(it) N(S) is right regular. 
Proof. (i) — (ii) Let N(S) be a weakly regular Neutrosophic AG-groupoid 
(AG**-groupoid), then for any a+bI € N(S) there exist zı +221, yi +yol € 
N(S) such that a + bI = (a 4- bI)(xi + zəl)(a + bI)(yy + vəl) and let 
(zi + zoD)(y1 + yol) = ti + tol for some t + t1 € N(S). Now by using (2), 
we have 


a+bl = [(a+bI)(x1 + x21)\[(a+ bI)(y + yot)| 
[(a + BI) (a + b1)][(xs + tal) (y1 + va1)] 
(a+ bI)? (t4 + tel) 


Thus N(S) is right regular. 
(it) — (1) It follows from (2). 








Il 














a+bl = (a-bl)(tı + t21) 
= [(a+bl)(a+ bI)|(t, + tol) 
= |(a+ bI)(a * bI)][(x1 + val) (yi + va1)] 
= |(a+b1)(a1 + z21)][(a + bI)(yi + yə1)) 
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where (t1 + tol) = (zi + zoI)(yi + yəl) € N(S). Thus N(S) is weakly 
regular. Wi 


Theorem 146 If N(S) is a Neutrosophic AG-groupoid with left identity 
(NeutrosophicAG**-groupoid), then the following are equivalent. 

(i) N(S) is weakly regular. 

(it) N(S) is left regular. 


Proof. (i) => (ii) Let N(S) be a weakly regular Neutrosophic AG-groupoid 
with left identity (NeutrosophicAG**-groupoid), then for any a+ bI € 
N(S) there exist zı + zəT,gı + yol € N(S) such that a+ bI = [(a+ 
bI)(z4 + za31)][(a + o)(yi + yo1)]. Now by using (2) and (3), we have 











adl = [(a+b1)(a1 + v21)]((a PD) Ga + vsD)] 
= ([(a-bI)(a- bI)][(zi + tal) (ys + ya1)] 
= [(y + gəl)(zi + v21)|[(a + bI)(a + &1)] 
= İ(n “ yaI)(z1 + zaI)](a + b1)? 
( 


ty t+ toI)(a + b1)?, 





where [(y1 + yaI)(z1 + zəl)) = (t1 + tel) for some (t1 + tel) € N(S). 
Thus N(S) is left regular. 
(it) — (1) It follows from (3) and (2). 


a+bl = (t4 taI)(a-- bI? 
= (yi + voI)(z1 + 21) (a + 01)? 
Q1 + yol)(x1 + zəl)li(a + bI)(a + b1)] 
= |[(a+bl)(at+ bI)|[(x1 + ral) (m1 + yəl)l 
(a+ b1)(x1 + tal)\[(a + bI)(yi + y2t)], 











where( vı + yol) (a1 mm zəl) — ty + tol for some ty + tol € N(S). Thus 
N(S) is weakly regular. m 


Theorem 147 If N(S) is a Neutrosophic AG-groupoid with left identity 
(NeutrosophicAG**-groupoid), then the following are equivalent. 

(i) N(S) is weakly regular. 

(it) N(S) is left quasi regular 


Proof. (i) => (ii)Let N(S) bea weakly regular NeutrosophicAG-groupoid 
with left identity, then for a+bI € N(S) there exists (z1--za1), (y1--yo1) € 
N(S) such that a+ bI = [(a 4- b)(z4 + zaI)][(a + 6)(y1 + ya1)] 


I 


a+ bI İ(a -- bI)(z1 + z21)][(a + )(yi + yaT)] 


= (yi yoI)(a ck b1)\[(a1 + xoI)(a + b1)]. 
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Thus N(S) is left quasi regular. 
(it) => (4) Let N(S) be a left quasi regular Neutrosophic AG-groupoid 
with left identity then for a+bI € N(S)there exists (zı +221), (yi tye) € 
N(S) such that a + bI = [(yi + ysI)(a + b)lltzi + zə1)(a 4- b)] 


) 
(yi + yaT)(a + b)][(x1 + 1)(a + )| 
= [(a+)(ai + vaT)|[(a + b) (ui + gə1)l. 


a cl 


| 


Thus N(S) is weakly regular. m 


Theorem 148 If N(S) is a Neutrosophic AG-groupoid with left identity, 
then the following are equivalent. 

(i) N(S) is (2, 2)-regular. 

(it) N(S) is completely regular. 
Proof. (i) — (ii) Let N(S) be a (2, 2)-regular NeutrosophicAG-groupoid 
with left identity, then for a+6I € N(S) there exists zı 4- x31 € N(S) such 
that a+ bI = [(a 4- bI)? (x + yI)](a + b1)?. Now 


a+bl = [(a-bI)?(xi + zəl)l(a + b1)? 
= İ(m +yel)(a +1"), 


where (a+ bI)?(z1 + ral) = yi + y2I € N(S), and by using (3), we have 








abi = [(a+bI)?(a1 + xaI)|[(a + bI)(a + bI)] 
= [(a-- bI)(a -- bI)][(zi + z2I)[(a + b1)?] 
= (a+ bI)? (z1 + zaI), 


where (zı + 22I)(a+ bI)? = zi “zəl € N(S). And by using (3), (1) and 
(4), we have 
al 
a 4 bl) (zi + zəT)l(a + b1)(a 4- b1)]] 
a 4- bI) (a -- bI)][(z3 + sə1)(a + b1)?] 
bI)]|(l(ey + ea)(24 + z31)][a + bI)(a 4- b1)]] 

a+ bI)][[(a + b1)(a + bI)][(x4 + zəT)(€i + ea1)]] 

ni 

t 











( 
( 
li 
( 


g 9$ 
Oo c 
DM ed 
— — 

— 4A AA 
2 








bI)(a + bI)|[(a + bI)? (t1 + ta1)] 
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where tı + tol = (zi zoI)(ei + eoI) € N(S) & where ui + wal = 
(a + bI)?(t4 + tel). € N(S). Thus N(S) is neutrosophic left regular, right 
regular and regular, so N(S) is completely regular. 

(ii) => (i) Assume that N(S) is a completely regular neutrosophic AG- 
groupoid with left identity, then for any a + bI € N(S) there exist x + 
cl,y-- yl,z-- zl € N(S) such that a+ b1 = [(a+ bI)(x 4+ xI)](a 4- bI), 
a -- bI — (a 4- bI)?(y £ yI) and a+ bl = (z+ zlI)(a 4- bI)?. Now by using 
(1), (4) and (3), we have 





abi 
= (a4 bT)(x cd zT)(a 4- bI) 
+ bI)?(y + yI)](z + aT)ll(zi + zə1)(a + b1)?| 


















































= zı + zəl)(yi + yol)|(a + b1)7][(21 + 221) (a + &1)?] 
= İl(zi + 221)(y1 + voI)](a + 61) (a + b1)]][zx + 221)(a 4- b1)7] 
= ([[(a- bI)(a - bI)][(i + y2t)(a1 + səT)lİİ(zi + 221)(a + b1)?] 
= ([(a- bI? (yi + yol)(a1 + v2T)]][Ga + zeI)(a + 01)7] 
= zı t zal)(a bI)?]n + yol)(zi + za1)]](a + bI) 
— İl(zi + zə7)(gi + yol)|[(a + 51)? (zi + z21)])(a + BI)? 
= [(a+b1)*[[(21 + 221)(y + yal) (a1 + o21)]](a + 61)? 














= ([(a- bI (vi + val)|(a + bI", 


where [(z1 + zal) (yi + yot)|[(a1 + x21)] = (v1 + vel) € N(S). This shows 
that N(S) is (2,2)-regular. m 


Lemma 149 Every weakly regular neutrosophic AG -groupoid with left iden- 
tity (NeutrosopicAG"* -groupoid) is regular. 


Proof. Assume that N(S) is a weakly regular Neutrosophic AG-groupoid 
with left identity (NeutrosophicAG**-groupoid), then for any a+ bI € 
N (S) there exist zı +21, yı +y2I € N(S) such that a4- 6I = [(a4-bI)(z14- 
z3I)][(a + b1)(y1 + vəl). Let (21 + zal) (yt + vəl) — fı Efəl € N(S) and 
[(t1 + tel) [(yi + yol) (a1 + zəT)ll(a + bI) = ni + ual € N(S). Now by using 
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(1), (2), (3) and (4), we have 


a köl 
= [(a-4 bI)(zi € zəT)ll(a + b2)(y1 + yəlT)) 
= [[(a-4- bI)(yi + yaI)|(zi + z21)](a + bI) 
= [[(zi- z2I)(yi  y2I)](a + b1))(a + bI) 
= İ(tı 4 taI)(a -- b1)|(a 4- bl) 





























= [(t1  təl))lİ(a + b1) (a1 + za21)][(a + bI)(yi + ya1)]]](a + b1) 
= [(ti + təT)lİ(a + bI)(a + b1)|[(x1 + z2I)(yi + yoT)]|](@ + 51) 
= (İ(tı taI)[[(ya + yol)(a1 + za1)][(a + bI)(a + b1)]]](a + bI) 
= [(t + fə1)l(a + oI)([(yi + yoI)(z1 + z21)](a + bT)1Ma + 01) 
= [(a+b1)[(ti + tel) [[(y1 + yəl)(zi + zə1)1(a + b1)]]](a + o1) 
= J[(a-4 bI)(ui € uel)|(a+ b1), 





where İ(tı + tol) [[(yi + yo) (21 4-x31)|(a4- bI)]] = ui +uel € N(S). Thus 
N(S) is regular. m 


Theorem 150 If N(S) is a Neutrosophic AG-groupoid with left identity 
(NeutrosophicAG**-groupoid), then the following are equivalent. 

(i) N(S) is weakly regular. 

(it) N(S) is completely regular. 


Proof. (i) — (ii) 

Let N(S) be a weakly regular Neutrosophic AG-groupoid (AG**-groupoid), 
then for any a+ bI € N(S) there exist zı + x31, yı gəl € N(S) such that 
a bl = (a--bI)(zi E zaI)(a-4- b1)(y1 + yol) and let (zi + xoI)(y1 + yo1) = 
tı + fəl for some t + tI € N(S). Now by using (2), we have 





a+bl = |[(a+bIl)(a1 + zoI)]|[(a + bI)(y1 + vəl) 
[(a + bI)(a + b1)][(x1 + x2I)(yi + yot)| 
(a+ bI)? (t, + təl), 


I 











Il 


where (zı 4-zoI)(yi--yaI) = ti +tel € N(S). Thus N(S) is right regular. 

Let N(S) be a weakly regular Neutrosophic AG-groupoid with left iden- 
tity (NeutrosophicAG**-groupoid), then for any a+ bI € N(S) there exist 
zı + zol,yi + yal € N(S) such that a + bI = İ(a 4- bI)(x4 + zaI)]|(a + 
bI)(yi + yoI)]. Now by using (2) and (3), we have 


abi = + bI)(a1 + zəT))ll(a + 61) (yi + vəl) 
+ bI)(a + b1)J[(1 + 21) (ya + yot)| 
yı + gəl )(zi + zəT)ll(a + bT)(a + b1)] 
+ yol)(oi + v21)|(a 4- 01)? 


= (t4 + toI)(a + blr. 











(a 
(a 
( 
(gi 








Il 
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where( yi + yol)(a1 + zəl) = ti + tel for some t1 + tol € N(S). Thus 
N(S) is left regular. 

Assume that N(S) is a weakly regular Neutrosophic AG-groupoid with 
left identity (NeutrosophicAG**-groupoid), then for any a + bI € N(S) 
there exist zı + vol, yi + gəl € N(S) such that a+ bI = [(a + bI)(a1 + 
z31I)]|[(a + bI)(yi + y21)]. Let (zi + zxoI)(y1 + yaI) = ti + tel € N(S) and 
[(t1 + tel) [(yi + yol) (a1 + zəT)ll(a + bI) = ur + ual € N(S). Now by using 
(1), (2), (3) and (4), we have 


a+bl = [(a+bIl)(x1 + zəlT)lİ(a 4- bI)(y1 + yəl)) 
= [[(a-- bI)(yi + yəl)l(zi + zəl1)l(a + b1) 
= [[(ri- z2I) (yi + yaI))(a + 91)](a + 01) 





























= [5 35D (n BD 87) 

= İ(tı F təT)lİ(a + bJ)(2i + z21)][(a + bI) + y21)]]])(a + 51) 
= [(ti + təT)lİ(a + b1)(a + b1)][(s + z2I)(yi + yoT)]]](@ + 51) 
= İ(tı + tel) [[(y1 + yol) (a1 + zə1)lİ(a + 61) (a + b1)]]](a + OL) 
= [(t + tel)[(a + b1)[[(y1 + yəT)(zi + z21))(a + ó1)]]](a + 1) 
= [(a+b1)|(ti + t2I)[[yi + yet) (a1 + z21)](a + b1)]]](a + bI) 








= [(a+bl)(u, + uz1)1(a £ b1), 


where [(t4 + tel) [[(y1 + yoI)(z1 + zəT)l(a + b1)]] = (ui + uel) € N(S). 
Thus N(S) is regular. Thus N(S) is completely regular. 

Assume that N (S) is completely regular Neutrosophic AG-groupoid with 
left identity (NeutrosophicAG**-groupoid), then for any a + bI € N(S) 
there exist £ı +t2I € N(S)such that a+ bI = (a-- bI)? (z1 4 zəl), abi = 
(y1 gə1)(a 4- bI)? , a 4- bI = [(a+ bI)(z1 + zaI)](a + b1) 


a-bI = (a-bl)(rı vəl) 
(a+ bI)(a + bI)][(vi + vel) (ur + u2l)] 
= [(a+61)(a1 + z21)]|[(a + bI)(yi + y2t)), 


where (zi + zaI) = (vi + vel) (ui + uoI) € N(S). Thus N(S) is neutro- 
sophic weakly regular 





a-cbI = (zx--xolI)(a-- bI)? 

uy + usI)(vi + v21)l(a + b)? 

uy + Uel) (v1 + vel)[(a + bT)(a 4- bI)] 
+ bI)(a t+ bI)][(ui + uel) (v1 + və1)) 


+ b1) (ui + u21)][(a + bI)(vi + va1I)], 











where(z, + x31) = (ui + uaI)(vi + vel) for some (zi + 21) € N(S). 
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Thus N(S) is weakly regular. 


a cl 

[(a + bI)(z1 + zə1)l(a + b1) 

[la + b)? (es + 2 D] + z2D]IGn + yo) (a + 1) 

= [llr t zo D (er + oT] + 9D (a+ bID]l[n + ve D + 61) (a 4-51)) 
[( 
[( 








at bI)[[( + zeZ) + 221)\(at 6D] (a -- 0T) Gr + ve D (a -- 6r] 
a+ bI)(t + tel)][(a + 6I) (w3 + waI)], 


where £1 + tel = [[(z1 + zəT)(gi + v2I)|(a-4-01)] € N(S) & (wi + wel) = 
[yi + yaI)(a + bI)] € N(S). Thus N(S) is weakly regular. m 


Lemma 151 Every strongly regular Neutrosophic AG-groupoid with left 
identity (N eutrosophic AG" -groupoid) is completely regular. 


Proof. Assume that N (S) is a strongly regular Neutrosophic AG-groupoid 
with left identity (NeutrosophicAG**-groupoid), then for any a+ bI € 
N(S) there exists zı + z41 € N(S) such that a+ bI = [(a + bI)(zi + 
z31)]|(a + bI) and (a+ bI)(zi + x21) = (zi + zə1)(a + bI). Now by using 
(1), we have 


a T bI (fa + bI)(z4 + z31)](a 4- bI) 
İzi + x27)(a + bT)l(a + bI) 
[((a+ bT)(a + bI)](ai + zəl) 
( 


at b1)?(x1 + zəl). 


Il 





Il 





This shows that N(S) is right regular and it is clear to see that N(S) is 
completely regular. mi 

Note that a completely regular NeutrosophicAG-groupoid need not to 
be a strongly regular Neutrosophic AG-groupoid, as can be seen from the 
following example. 


Theorem 152 In a Neutrosophic AG-groupoid S with left identity (NeutrosophicAG** - 


groupoid), the following are equivalent. 

i) N(S) is weakly regular. 

ii) N(S) is intra-regular. 

iii) N(S) is right regular. 

iv) N(S) is left regular. 

v) N(S) is left quasi regular. 

(vi) N(S) is completely regular. 

vii) For all a 4- bI € N(S), there exist x + xI;y 4 yI € N(S) such that 
a+ bI = [(zi1 + zə1)(a + b1)][(a + bI)(yi + ya1)]. 





Proof. (i) => (ii) Let N(S) be weakly regular Neutrosophic AG-groupoid 
with left identity (NeutrosophicAG**-groupoid), then for any a+ bI € 
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N(S) there exist zı + xoI,yi + gəl € N(S) such that a+ bI = [(a+ 
bl) (a1 + zəT)ll(a + bD)(yi + yo1)] and zı + zəl = (uy + uoI)(vi + vel) for 
some ou 4-u31, v --voI € N(S). Let (vi -voI)(ui +uel) = ti "təl € N(S). 


Now by using (3), 


al 


(1), 


məl 








4) and (2), we have 


a+ bl (zi + va21)][(a + bl) + yal) 
a+bl)(a+ bI)]l(zi + val) (yt + gəl) 














zı + zəT)l(a + 61)? (yi + a1)] 

uy + usI)(v + vel)|[(a + bI)? (g + ya1)] 
yi + yal) (a + b1)?][(vy + v2) (uy + uaI)] 
yi + yol)(a 4- b1)?|(t1 + tel) 





where (v; + voI)(ui + uel) = (ti + tel) € N(S). Thus N(S) is intra- 


regular 


(ii) ==> (iti) Let N(S) be a weakly regular Neutrosophic AG-groupoid 
with left identity (NeutrosophicAG**-groupoid), then for any a+ bI € 
N(S) there exist zı + z»l,y1 + yol € N(S) such that a+ bI = [(a, + 
z51I)(a + bl) gu + yəl) 





a+bl = 











X1 + zaI)(a + b1)?] 
(ui + uo D)(vi + vol 
a+ bI)? (o) + v21) 


yi + gəl) 
at bI)(a - bI)][((vi + vel) (ui + u21)) (yi + yet) 


(yi + gəl) 

le + b1)(a + &1)]](ys + gəl) 
uq + usl))](yi + yel) 

uy + ugl))|(a + bI)? 

uy + ual))|[(a + bI)(a + bI)] 








(a + b1)*(s1 + 521), 


where zi + zəl = (ui + uel) (v1 + vel) € N(S) & si + səl = [(yi + 
yot)|[v1 + vaI)(ui + u31)]] € N(S). Thus N(S) is right regular 

(itt) => (iv) Let N(S) be a right regular Neutrosophic AG-groupoid 
with left identity (NeutrosophicAG**-groupoid), then for any a+ bI € 
N(S) there exist zı + x31 € N(S) such that a+ bI = (a 4- b)?(z1 + zəl) 


a cl 


a 4- b)? (a, + zəl) 

(a+ bI)(a t+ bT)l(ri + zəl) 

(a + bI) (a + bI)][(ui + ual) (v1 + vo1)] 
(v1 + vel) (ur + uaI)]|[a + bT)(a + b1)] 
yi “gəl (a bl)” 





where yy +yol = [(v1 +veT) (ui +uel)| € N(S). Thus N(S) is left regular 
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(iv) => (v) Let N(S) be a left regular Neutrosophic AG-groupoid with 
left identity (NeutrosophicAG**-groupoid), then for any a + bI € N(S) 
there exist zı + zo] € N(S) such that a+ bI = (zı + zə1)(a + b1)? 


(zi + zəl)la + br)? 
= [(ur + uel) (v1 + vəT)lia + bI)(a 4- b1)] 
[(uy + uel)(a + bI)|[(v1 + və1)(a + b1)) 


a 4- bI 








Thus N(S) is left quasi regular 

(v) — (vi) Let N(S) be a left quasi regular Neutrosophic AG-groupoid 
with left identity (NeutrosophicAG**-groupoid), then for any a+ bI € 
N(S) there exist zı + zo € N(S) such that a+ b1 = [(z1 + zoI)(a + 
bI) Gn + ya 4- bd] 


a+ bl (zi + zəT)(a + bI)](yi + yet) (a + bT)) 
= [a+ bl)(a+ bI)][(yi + yal) zi + v21)] 


(a + bI)? (v, + vol) 


where v; + vol = [(y1 + yoI)(z1 + zə1)) € N(S) 

Thus N(S) is right regular => (1) 

Let N(S) be a left quasi regular Neutrosophic AG-groupoid with left 
identity (NeutrosophicAG**-groupoid), then for any a+ bl € N(S) there 
exist zı 4- zo] € N(S) such that a4- bI = İ(zi 4- xaI)(a4- bI)][(y1 + yoI)(a 4- 
bl) 


abi = İ(ri k rə1)(a c bI)|[yi + yal) (a + 1)] 
İzi + tal) (qn + yaI)][(a + b1)(a + bI)] 
= (uq +uel)(a+ bI)? 








where (uy + u3I) = [(z1 + zaI)(yi + yo1)] € N(S) 

Thus N(S) is left regular—— (2) 

Let N(S) be a left quasi regular Neutrosophic AG-groupoid with left 
identity (NeutrosophicAG**-groupoid), then for any a+ bI € N(S) there 
exist zı 4- zo] € N(S) such that a+ bl = İ(zi + xaI)(a4- bI)][(y1 + yoI)(a 4- 
bn) 
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a+bl = İ(zi k zəl)(a * b1)|[(yi + yet) (a + b1)] 
= [(a- bI)(a t b1)\[(y1 + ya) (a1 + zəl)) 








= [((yr + gəl )(zi + z21))(a + bI)](a 4- bI) 

= [(vy + voI)(a -- bT)l(a 4- bI), 

= (vivo) + v2I)(a + b1))((yi + yal) (a + b1)]](a + bI) 

— (v + vel) [[(a1 + eel) (yr + gəl li(a + bI)(a + bT)l(a + 01) 

= [(vi + val) [(a + b2)[[(w1 + al) (ys + y21))(a + b1)]]](a + bI) 
l(a + b1)]]](a + bI) 




















= [(a+ bI)[(o1 + vel) [[(e1 + x2I)(yi  y21) 
= bI)(t + təT)l(a + bI) 


where (v, + v3I) = (yi + yol)(x1 + el) € N(S) & where t, + tel = 
[(vi + v2) [[(a1 + z21)0gi + y21))(a + 1)]] € N(S) 

Thus N(S) is regular => (3) 

By (1).(2) & (3) N(S) is completely regular. 

(vi) — (i) Let N(S) be a complete regular Neutrosophic AG-groupoid 
with left identity (NeutrosophicAG**-groupoid), then for any a+ bI € 
N(S) there exist zı + r2I € N(S) such that a+ bI = (a+ bI)? (1 + zəl), 
a -- bI = (yi + yəl)(a 4- b1)?, a+ bI = İ(a + &I)(z1 + zaI)] (a 4- bI) 





| 
o 








a-cbI = (a-bI) (m4 221) 
= [(a-4 bI)(a + b1)]|[(u; + usI)(v4 + vel) 
a+ bI)(u; + u2l)|[(a + bI)(vi + vel) 
)(v1 + v91)] € N(S). Thus N(S) is weakly 








= [ 
where (zı + zoI) = [(u1 + uel 
regular. 


a+ bI (yx + yot)(a + b1)* 
[(v4 + vo D) (ur + uel)|[(a + bI)(a + 61)] 
= [(a-4 bI)(ui + uel) [(a + dL) (v1 + vel)] 


where (yi + gəl) = [(v + vol) (ui + u31)] € N(S). Thus N(S) is neutro- 
sophic weakly regular. 


Il 


a cl 

[(a + BI) (z1 + zə1)l(a + b1) 

[[(a + b)? (a1 + w21)|(21 + z2D)]Gn + 2I) (a + b] 

= İl(zi + zə1)(zi + z21)][(a + bI)(a + 01]: + yet) [(@ + 61) (a + b1)]] 
[( ] 
[( 





a- 
a- 





a+ b1)|[(z1 + 221) (a1 + x2T)](a + bI)J( + 0I) [Gi + yo) (a + 1)]] 
a+ bI)(t4 + təT)l(a + bT)(un + wel)) 
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where £1 + tel = [[(z1 + 221) (a1 + z2I)|(a4-67)] € N(S) & (wi + wel) = 
[((y1 + gəT)(a + b1)] € N(S). Thus N(S) is neutrosophic weakly regular. 

(it) => (vii) Let N(S) be an intra-regular Neutrosophic AG-groupoid 
with left identity (AG**-groupoid), then for any a+ 57 € N(S) there exist 
zı z91,y1 d- yo] € N(S) such that a-- bI = [(z1--x2I)(a-- bI)?](y1 + a1). 
Now yi + yol = (uj + usI)(vi + vel) for some ui + uoI,vi + vel € N(S). 
Thus by using (4), (1) and (3), we have 


a bl 

1 4 21) (a + bI)?)(y1 + yo1) 

zı + z3I)|(a + bI)(a cool): + yal) 
( 


( 
( 
= ([(a- bI)[(z1 + zə1)(a + &1)]](yi + 21) 
( 
( 

















= [(yi- yəl)l(zi + zoI)(a + 01)]](a + OL) 

= (yi + yot)[(a1 + v2l)(a + b2)]J[(a1 + 21) (a + 61)?) (yi + gəl) 

= uy + ugl)(v, + v2)][(a + yI)(a + bI)]][(xa + v2I)(a + b1)?](y, + yol) 
Gra + 221) (a + b1)7](y1 + yal) 








İİ 
= İl(a “ bI)(zi + zə1)l(ti + təT)ll(si + vel) (a + b)” + yo) 
= İl(zi + zə1)(a + bi) (a+ bI)(z1 + rə1)) 
= ty + tI) + yot)][(a1 + vel) (a + b1)*]][(a + BL) (a1 + x21)] 
) 


)] 

B a+ bI)(zi + zaI)]|(vi + vo) (ui + uel) 
İ( 

?K( 1) 

[ gl 

İn + yo) (ti + t21)]]lCa + 67) (x1 + x21)] 

[ X 

] 

] 


1 
yi “gəl (ti + t 











A NS 














*( 

= ([[(a-- br? (zi Hes (sı + saI)][(a + bI)(z1 + za1)) 
= sı + 82I)(a1 + zəl)l(a + b1)?|[(a + BI) (a1 + zəT)) 

= sı + 8o1)(x1 + zoI)]|l(a + b1)(a + bI)]](a + BL) (a1 + xa1)] 
x a+ bI)(a € bI)][(x4 + zə1)(si + s21)]][(a + bI) (x + z21)] 
-- a+ bT)(a 4- bI)|(w4 + waI)|(a + 61) (a1 + xa1)] 
= [[(wi + wel) (at b1)](a + BD) [(a + BL) (a1 + xa1)] 
= [(41 + z21)(a £ b1)][(a + bI)(z3 + xaT) 

= İ(zi k zəl)(a k bI)][(a + bI)(a + 221)] 











| 























where [(u14-uaI)(vi oz) = (yityel) € N(S) & where (vi +v2)(uituel) = 
(t4 +teI) € N(S) & where (y1--yoT)(ti--t2I) = (s1--s21I) € N(S) & where 
(zi + zoI)(si + səl) = (un + woI) € N(S) & where (ao) + waI)(a 4- bI) = 
(za + Zol) € N(S) 

(vii) => (ii) let for all a--bI € N(S), a4- 61 = (zi + zə1)(a 4- 61)][(a 4 
bI)(z1 + z31)] holds for some «+ z1,z - zI € N(S). Now by using (4), (1), 
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(2) and (3), we have 
























































abi 
= [er tala t oD] [(a+ dD er + aD) 
= [(a-bI)[(z1 + zaI)(a 4- bD)](z1 + z2I)] 
= [(zi-- z2I)(a 4 b1)]|l(a + b1)(z; + zaD)] (2i + z9I)(a + bI)](z1 + za1)] 
= İ(a x bI)[(zi  z2I)(a + bI))(z1 + z21)] [G1 + 21) (a + b1)] (2i + z21)] 
-- 21 + zəl)(a + bI)|(z1 + za1)][(21 + zəT)(a + bI)] (21 + z21)]](a + 61) 
= 24 + z5I)(a + bI)|(z1 + z2I)]? (a + bI) 
= İl(zı + a2I)(at bI)? (zi + zə1)”1(a 4- b) 
= |[(v1 + z2I)?(a 4- bD)?][(21 + zaT)(z1 + zaT)]](a + OL) 
-- zı b zəl) (zi + zəT)ll(a + bI)? (z4 4- zaI)]](a + bI) 
= [(a--bI)?[[(xi--z2I)?(z1 + zə1)l(zi + 221)](a + bI) 


= a 4- bI)(a 4- bI)][(zi + tel)? (21 + z21)](21 + z2I)](a + 01) 
m a+bI)(a+b1)][[(21 + z2I)(z1 + zə1)l(zi + z21)?]](a + bI) 
.- a 4- bI)(a -- bI)][(z1 + z21)?(zi + xa1)?]](a 4- bI) 
= [[(ri--x21)?(21 + zoT)?][(a + bI) (a + b1)]](a + OF) 
= [(tittelD[(at+ bl) (a+ bT)l(a 4- 61), 

= İ(ti + tel) (a + bI" ](ui + wl) 
































where [(2 +221)? (z; -z31)?] = (t4--t3I) € N(S) and (a+b1) = (uy +ugl) € 
N(S) where (a+01) = (ui +u2l) € N(S). Thus N(S) is neutrosophic intra 
regular. wi 


Remark 153 Every intra-regular, right regular, left regular, left quasi reg- 
ular and completely regular AG -groupoids with left identity (AG** -groupoids) 
are regular. 


The converse of above is not true in general. Indeed, from Example above, 
regular AG-groupoid with left identity is not necessarily intra-regular. 


Theorem 154 In a Neutrosophic AG-groupoid S with left identity, the 
following are equivalent. 

i) N(S) is weakly regular. 

ii) N(S) is intra-regular. 

iti) N(S is right regular. 

(iv) N(S) is left regular. 

v) N(S) is left quasi regular. 

vi) N(S) is completely regular. 

vii) For all a 4- bI € N(S), there exist x + xI;y 4 yI € N(S) such that 
a+ bI — İ(si + zT) (a + bla bI) (yi + yal. 

viti)N (S) is (2, 2)-regular. 
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Proof. (i) = > (6i) Let N(S) be a weakly regular Neutrosophic AG- 
groupoid with left identity (NeutrosophicAG**-groupoid), then for any 
a bI € N(S) there exist zı + zəT, yı + gəl € N(S) such that a bI = 
[(a--bI)(z4 4-x51)][(a--bI)(y1 4-yo1)] and zi Ezel = (u4-4-uaI)(vi -- va) for 
some a 4-u»1, v, -- v1 € N(S). Let (vi 4-voI)(uj +u2l) = ti +tel € N(S). 
Now by using (3), (1), (4) and (2), we have 


a+bl = [(a-cbI)(zi + zəT)l(a + bI)(yi + v21)] 
= [(a+dI)(a+ bl)lİ(zi + x2I)(yi + va1)] 
= (zı 4 zə1)İ(a + bI)? (yi + o1)] 
= [(ui + uel) (v1 + v21)][(a + bI)? (yx + va1)] 




















) 
= İ(gı + yəl)(a + 61)? ][(vy + vel) (uy + ua1)] 
= [(yt+ yol)(a + bI)?|(t4 + tel) 


where (v; + voI)(u; + uel) = (ti + tel) € N(S). Thus N(S) is intra- 
regular. 

(it) => (ii) Let N(S) be a intra regular Neutrosophic AG-groupoid 
with left identity (NeutrosophicAG**-groupoid), then for any a+ bI € 
N(S) there exist zı + zsl,y1 + gəl € N(S) such that a+ bI = [(zi + 
z51I)(a + bI)?])(ys + yəl) 























a+bl = [(xi-- zaI)(a 4- &I)?](y1 + gəl) 
= [[(ur + uaI)(v;  voI)][(a + bI)(a + bI)]](yi + yet), 
= [(a+61)?((v1 + vaI) us + uaT))](yi + 21) 
— [(y + yo) (Qoi + vel) (ui + uaT))|(a + BI)? 
= [Wm ys  voI)(us + uz1))][(a + bl)(a + b1)] 
= [(a-4 bI)(a 4 b1)|l((v1 + vel) (ur + uoD))(yi + y21)] 
= (a--bI)?(s, + sil) 


where zı + vol = (uw + uel)(v1 + vel) € N(S) & where s; + sol = 
[(y1 + yo D) [v1 + vel) (ui + uel)]] € N(S). Thus N(S) is right regular 

(iii) => (iv) Let N(S) be a right regular Neutrosophic AG-groupoid 
with left identity (NeutrosophicAG**-groupoid), then for any a+ bI € 
N(S) there exist zı + x31 € N(S) such that a+ bI = (a 4- b)?(z1 + zəl) 





a 4- b)? (a1 + zal) 

)(a + bI)|(z1 + zəl) 

Ma + b1)][(ur + ual) (v1 + v21)] 
v1 + vel) (ui + uel) \[a + OI) (a + b1)] 
yi  yal)(a 61)? 


a+bl = 


+ OL 
Fol 





£— —— — — — 
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where yi + yoI = [(v1 + vel) (ui --uo1)] € N(S). Thus N(S) is left regular 

(iv) => (v) Let N(S) be a left regular Neutrosophic AG-groupoid with 
left identity (NeutrosophicAG**-groupoid), then for any a + bI € N(S) 
there exist zı + zo] € N(S) such that a+ bI = (zı + zə1)(a 4- b1)? 


a+bl = (a, +22I)(a+bI)? 
(ui + uel) (v1 + vel)|[(a + bI)(a + 61)] 
= (uq + uel)(at bI)|[(vi + vel) (a + b1)] 


I 








Thus N(S) is left quasi regular 

(v) — (vi) Let N(S) be a left quasi regular Neutrosophic AG-groupoid 
with left identity (NeutrosophicAG**-groupoid), then for any a+ bI € 
N(S) there exist zı + zal € N(S) such that a+ bI = [(z1 + zoI)(a + 
bI] Gn + yə1)(a 4- bI)] 


a-bP = (Gm 4-sə1)(a 4. b] GA -- yaf)(a 4-91) 
[a+ bI)(a + b1)][(yi + y2t) (a1 + v21)] 
(a+ bI)? (v, + vel) 


Il 


where vy + val = [(y1 + yəT)(zi + zəT)) € N(S). Thus N(S) is neu- 
trosophic right regular. Let N(S) be a left quasi regular Neutrosophic 
AG-groupoid with left identity (NeutrosophicAG**-groupoid), then for 
any a+ bl € N(S) there exist zı + zo] € N(S) such that a+ bI = 
İfa + aT) (a --b1)lİ(gi + gə1)(a + BD) 


a+bl = (xi +a2F)(a+ 01)][(yx + yə1)(a 51) 
[(z1 + z21)(yi + yol)|[(a + bI)(a bibi) 
= (u,+ugl)(a+bI) 





Il 


where (uq + ual) = [(z1 + zəl)(yi + yo1)] € N(S). Thus N(S) is neutro- 
sophic left regular. 

Let N(S) be a neutrosophic left quasi regular Neutrosophic AG-groupoid 
with left identity (NeutrosophicAG**-groupoid), then for any a+ bI € 
N(S) there exist zı + zə? € N(S) such that a+ bf = İ(zi + zoI)(a + 
bI] + ya) (a + bI) 


145 


3. Some Classes of Neutrosophic AG-groupoids 


a 4- bI 


= |(v1+22l)(a+ bI)]lyi + y2t)(a + 1)] 
= [(a+bl)(a+ &I)][(yi + yet) (x1 + zə1)) 
= [((y yal)(zi + zə1))(a + b1)](a + OL) 





= UL T uzi) 





) 

= [C1 + oə1)(a + bI))(a + bI) 
[ 
[ 


= (vi + vel) {[(v1 + x2I)(gi + yol)|[(a + b) 
= (v + vel) [(a + bI)[[(x1 + vol) (y1 + yol)] 
= (a4 bI)|(vi + vel) [[(a1 + zoI)(yi + yəl)l 














= İ(a --b1)(ti + təT)l(a +1) 


(zı + tol) (a + b1))((y1 + v21) 
[ 














(a + bI)]](a + bI) 
(a + b1)|](a + br) 
(a + b1)]](a + b) 
(a + bI)]](a + b) 


where (v1 + vol) = (yı + yəl (zi + tel) € N(S) & where t4 + tol = 
[((v1 + vo D) [[(x3 + tol) (yr + yot)|(a + b1)] € N(S). Thus N(S) is regular 


mud) 


By (1).(2) & (3) N(S) is neutrosophic completely regular. 
(vi) — (i) Assume that N(S) is neutrosophic completely regular Neu- 
trosophic AG-groupoid with left identity (NeutrosophicAG**-groupoid), 
then for any a4-bI € N (S) there exist tı +t2I € N(S)such that a--bI = (a+ 
,a-bI = [(a+bl)(z1+221)](a+bl) 


bI)? (a4 +221), at+bl = (yy +y21)(a+bl)? 


abi 
a+ bT)(zi + zəT)l(a + bI) 


a 
a 





+ bI)|[(z1 + 222) (21 + z21))(a 
ae bl) (ti + tol)|[(a + bl) (w1 + wel)| 





[( 

[[(a + bI)? (a1 + za2)](3 + zəT)ll(yi + yet) (a + 61)?] 
[1 + 221) (x1 + zəl)lİ(a + bI)(a + BI) [(yi + yot)[(a + b1) (a 
[( 
[( 


+ 1)]][(a + b1)[(y1 + yal) (a 





Thus N(S) is neutrosophic weakly regular. 

(it) = > (vit)Let N(S) be a neutrosophic intra-regular Neutrosophic 
AG-groupoid with left identity (AG**-groupoid), then for any a+ bI € 
N(S) there exist zı + zəT, yı + gəl € N(S) such that a+ bI = [(z1 + 
zə1)(a + bI)?)(yi + yoI). Now y + yl = (ui + uaI)(vi + vel) for some 
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utul,v+vl€ N(S). 


a+bI 

za d %21)(a+ B1)? (gi + vəl) 

r+ z31)|(a + bI)(a + b1)]](yi + yal) 
( 


( 
( 
= ([(a- bI)|(z1 + zə1)(a + &1)]](yi + 21) 
( 
( 

















= [(y  yəT)l(zi + zəT)(a + bT)İİ(a + bI) 

= (yi + yel)[(a1 + v2l)(a + bT)İİ(si + x21) (a + 61)?) (yi + gəl) 

— [[(ur + u2l)(v1 + v2)][(@ + yD) (a + ODI [(@1 + 221) (a+ b1)"\(yr + və1), 
(v1 + 221) (a + b1)7](y1 + yal) 














İİ 
m a+ bI)(a1 + xaI)|(t + təT)ll(zi + zə1)(a + bI)?] (31 + yaT) 
m zı bəl |[(a + BL) (x, + zəl)) 
i tı + tel) ]li(a + 61) (z1 + zə1)) 
Jll(a + b) 
( 





) 
. a+ bl)(a1 + zaI)][(vi + ve)(ur + uel) 
\( 


(a+ bI) ](yi + yot)| (ti + te 





) 
( (a1 + zəl)(a + 01) 


I) 

yi + yol s 
yi + yal)(ti + tal) 
) 








— oL 

















(y 
[ ( 
= |[(a+bI)?(x1 + x21)][( (zı + zə1)) 
= [[(a+ bI)?(zi + xa1)][(s1 + 522)][(a + b1) (a1 + z21)], 
= [[(s1 + saI)(z1 + vaI))(a + 01)?][(a + 61) (a1 + v21)] 
— 81 + SI)(z4 + zəlT)lla + bT)(a + bI)]](a + BL) (a1 + xa1)] 














İl(a 
m a+bl)(a+ bI)]|(zi + zəT)(si + s21)]][(a + BD) (a1 + zəT)) 
- a ^- bI)(a 4- bI)](w3 + waI)[(a + bI)(24 + x21)]; 
m w; + wol)(a + bT)(a + bI)][(a + BI) (a1 + zəT)) 
= İ(zı -z2I)(a- b1)J[(a + bl)(zi + zəl), 
= [(t1 + zə1)(a + b1)J[(a + 61) (a + 221)] 

















where (un +wel)(a+bl) = (21 +221) € N(S) where (zi +a2I)(s1+s2l) = 
(wy + wel) € N(S) where (yi + yaI)(t1 + tel) = (si + sil) € N(S) where 
(v4 +¥2)(uy+ugl) = (t1--t31) € N(S) where [(uy+uel) (v1 +2) = (yi +yel) 
€ N(S) 

(vii) => (ii)let for all a -- bI € N(S), a-- bI = [(z1 + zoI)(a £ bT)lİ(a 
bI)(z1 + zəT)l holds for some zi + x21, zi + z21 € N(S). Now by using (4), 
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(1), (2) and (3), we have 





















































a bl 
= [(t1 + zə1)(a + b1)][(a + 61) (a + 221)] 
= [(a4 bI)[(zi malla + bI)|(z1 + za1)] 
= [(@,+2el)(a+ b1)|l(a + b1)(z; + z31)] (23 + vel) (a 4- bI)](z1 + za1)] 
= İf(a HE bT)l(zi + zəT)(a + bI)](z1 + zo1)] (a1 + vol) (a 4- bI)](z1 + za1)] 
= zı + X21)\(a t+ bI)] (21 + 22L)][(a1 + vel) (a + OD) (21 + z21)]](a + OD) 
= [xi zə1)(a - b1)](z + z21)]? (a + bI) 
= [[(zi + ael)(a+ bI) (zi + zaI)?](a + 01) 
m zı -- z3I)? (a + bI)?]l(z1 + zəT)(zi 4- zaI)]](a + b) 
= zı + 231)? (1 + zaI)][(a + bI)? (z; + z21)]](a + bI) 
= [(a--bI[[(xi-- z21I)?(z1  zəT)l(zi + 221)](a + bI) 








X1 








where 


a 4- bI)(a 4- bI 
a 4- bI)(a 4- bI 


) 
) 


(z1--x2I)? (zi -z31)?] = 
N(S) where (a + bf) = 





Hezi“ zə1)” (21 + zəl1)l(zi + zə1)l(a + bI) 
İll(zi + 222) (z1 + 222)](z3 + x22)?]](a + bI) 
a 4- bI)(a 4 bI)][(z1 + zeI)?(z1 + za1)?]](a 


4 bI) 





t za? (zi + z21)”1((a + 61)(a + b1)](a 
(tı + tel)[(a + bI)(a + bT)l(a + b1), 
(t4 + toI)(a + bI)?](ui + ual) 


(ti +tel) € N(S) and (a--b1) = 
(uj + uel) € N(S). Thus N(S) is intra regular. 





bI) 


(ui Fu») € 


(vi) — (viii) Assume that N(S) is neutrosophic completely regular 
Neutrosophic AG-groupoid with left identity (NeutrosophicAG**-groupoid), 
then for any a+bI € N(S) there exist t1--t21 € N(S) such that a+bI = (a+ 


bI)? (z14-x21), at+bl — (yi 


a 4- bI 


where (zı + 221) = 


regular 


a cl 


yt) (a+bl)? 








,a+bl = [(a+bl)(z1+221)|(a+bl) 





(a+ bI? (z4 + rol) 
[(a + bT)(a + bI)][(vi + vel) (ur + ua1)] 
[(a + BI) (a1 + z21)][(a + bI) + ya1)] 


(v4 + vel) (uy + 


(x 
[ 
[ 
| 
[ 


— — — — 





u3l1) € N(S). Thus N(S) is weakly 


X1 + z3I)(a 4- bI? 


uy + usI)(vi 
uy + Ugl) (v4 


+ v3I)]|(a 4- bI)? 
+ v3I)][(a + bI)(a + b1)] 





a+ b1)(a + bI)][(us + usT)(vi + vel))] 


a+ b1)(us + 





ugl)|[(a + bI)(vi + va1)] 
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where(z, + x91) = (ui + uel) (v1 + vet) for some (zi + zoI) € N(S). 
Thus N(S) is weakly regular. 
a -- bI 
İ(a + bI)(z1 + zaI)|(a + 01) 
[[(a + b)? (a1 + zəT)l(zi + 221)][(gi + y2t) (a + b1)?] 
= İl(zi F z2l)(a1 + w2l)|[(a+ OI) (a+ 91)]](yi + yal) [la + 6I)(a + 91)]] 
İ( | 
İ( 








a 4- bI)[[(z + zaD)(z4 + zəT)l(a + b1)]]|(a + BL) [(y1 + yoI)(a 4- b1)]] 
a+ bI)(t4 + təT)l(a + bT)(un + waI)] 


where £4 + tel = [[(z1 + zoD)(z1 + z91)](a4- 61)]] € N(S) & (wi + waI) = 
[(y + yaI)(a + b)] € N(S). Thus N(S) is weakly regular. 

(viii) => (vi) Let N(S) be a neutrosophic (2, 2)-regular Neutrosophic.AG- 
groupoid with left identity, then for a+ bI € N(S) there exists zı + wel € 
N(S) such that a+ bI = İfa 4- bI)?(x + yI))(a + bI)?. Now 


a-bI = [(a--bI)?(xi + zaI)|(a + b1? 
= [(y + yəT)(a + bD)7] 





where (a+ b1)?(a1 +221) = (yi +y2I) € N(S) and by using (3), we have 


a+b] = (a 4 bl)l(zi + zəl)l(a + bI)(a + bd) 
+ bI)(a + bI)][(zi + z21)[(a + b2)?]] 
= (a-91)(zu +22!) 


I 
mR 
a 





where (zi + z27)(a + b1)? = (zi + z2I) € N(S). And by using (3), (1) 
and (4), we have 






























































a+ bI 
= (ace BD [i +22 [(a + bI) (a - ON] 
= [(a--bI)(a -- bI)][(x1 + z2I)(a 4- &1)?] 
= |(a+bI)(a+ bI)]([(es + eZ) (23 + za1)][a + BI) (a + b1)]] 
= [(a-I)(a 4- bI)]([(a + bI)(a + b1)\[(x1 + zaI)(e1 + ea1)]] 
= [(a--bI)(a -- bI)][(a 4- bI)? (t4 + t1)] 
= [[(a-- bI)?(t4 + tə1)l(a + b1)](a 4- 01) 
= İll(a — bI)(a 4 bT)l(ti + təT)l(a + bT)1(a + b1) 
= [[(t&à + tel)(at b1)](a + bI)|(a + bI)]](a + bI) 
= |[(a+ bI)(a 4- bI)]|[(t1 + tol)(a + bT)l(a + 61) 
= İl(a + b1)(t + t21)][(a + bI)(a + b1)]](a + bI) 
= İ(a H bT)ll(a + bI)(t + tə1)1(a + bT)l(a + 61) 
= [(a-bI)(ui + uaI)]|(a + bI) 
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where £1 + tel = (a1 + zəl)(ei + eo1) € N(S) 
& uy Dul = (a + bI)? (ty + tol). € N(S) 
Thus N(S) is left regular, right regular and regular, so N(S) is completely 


regular. 


(vi) => (viii) Assume that N(S) is a completely regular Neutrosophic 
AG-groupoid with left identity, then for any a + bI € N(S) there exist 





et+al,yt+yl, 











z+z2I € N(S) such that a-- 61 = [(a+bI)(a1+221)|(a+bJ), 
a -- bI = (a-- bI)? (yi + yoI) and a4- bI = (21+ zaI)(a-4- b1)?. Now by using 
(1), (4) and (3), we have 






































a 4- b1 

= [(a-4 bI)(zi + zoI)]|(a + bI) 

= a 4- bI? (yy + yəl)l(zi + z22)][(z1 + 221) (a + &1)?] 

= zı + zəl)(yi + yol)|(a + bT)?][(21 + 221) (a + 61)?] 

— [xi a2I)(yi + yot)|[(a + BL) (a + 6D) ]J[(21 + z21)(a + b1)*] 
= [[(a+b1)(a+ b1)][(y1 + yol) (a1 + v2I)]l[Ga + z21)(a + BI)” 
= ([(a-4 bI)" [(y1 + yəl)(zi + zəl)lİ(zi + 22L)(a + b1)? 

= İl(zi + zeI)(a- bI] + yaT) (a1 + z21)])(a + b1)* 

= zı + z21)\(y, + yaI)][(a + o2)? (a4 + z2I)]](a + b1)? 

= [(a+ 61)? [[(a1 + 221) (yr + yot)\ (a1 + 221] (a + BI)? 





where [(z1 + zaI)(y1 + ya1)][(x1 + z21)] = (v 





a -- bI)? (v; + vaI)]|(a + o7)? 


is (2,2)-regular. m 





+v2I) € N(S). Thus N(S) 
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M-Systems in Neutrosophic 
AG-groupoids 


In this chapter we have studied M-systems, p-systems and ideals in Neu- 
trosophic AG-groupoids. We have proved that if S is an Neutrosophic 
AG-groupoid with left identity e, then the set of all ideals K form an 
Neutrosophic AG-groupoid. The set K of ideals is a locally associative 
Neutrosophic AG-groupoid if S is fully idempotent and is a commutative 
semigroup containing left identity e. We have shown that J”, for n > 2, is 
an ideal for each J in Y. Also we have shown that (AB)" is an ideal and 
(AB)" = A" B". for all ideals A, B in Y. We have proved that a left ideal P 
of an Neutrosophic AG-groupoid $ with left identity is quasi-prime if and 
only if S\P is an M-system. A left ideal I of S with left identity is quasi- 
semiprime if and only if SNT is a p-system. Specifically, we have shown that 
every right ideal is an M-system and every M-system is a p-system. 

We know that in every branch of science there is lots of complications and 
problems appear which affluence the uncertainties and impaction. Most of 
these problems and complications are concerning with human life. These 
problems also play pivotal role for being subjective and classical. For In- 
stance, methods which are commonly are not sufficient to apply on these 
problems. Because problems can not handle various ambiguities involved 
in it. To solve these complications, concept of fuzzy sets was published 
by Lotfi A.Zadeh in 1965, which has a wide range of applications in var- 
ious fields such as engineering, artificial intelligence, control engineering, 
operation research, management science, robotics and many more. Many 
papers on fuzzy sets have been appeared which shows the importance and 
its applications to the set theory, algebra, real analysis,measure theory and 
topology etc., fuzzy set theory is applied in many real applications to handle 
uncertainty. 

Zadeh introduced fuzzy sets to address uncertainties. By use of fuzzy 
sets the manipulate data and information of uncertainties can be processed. 
'The idea of fuzzy sets was particularly designed to characterize uncertainty 
and vagueness and to present dignified tools in order to deal with the 
ambiguity intrinsic to the various problems. Fuzzy logic gives a conjecture 
morphology that enables approximate human reasoning capabilities to be 
applied to knowledge-based systems. The concept of fuzzy logic gives a 
mathematical potency to deal with the uncertainties associated with the 
human intellectual processes, such as reasoning and judgment. 

In literature, a lot of theories have been developed to contend with uncer- 
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tainty, imprecision and vagueness. In which, theory of probability, rough 
set theory fuzzy set theory, intiutionistic fuzzy sets etc, have played im- 
perative role to cope with diverse types of uncertainties and imprecision 
entrenched in a system. But all these above theories were not sufficient 
tool to deal with indeterminate and inconsistent information in believe sys- 
tem. F.Samrandache noticed that the law of excluded middle are presently 
inactive in the modern logics and getting inspired with sport games (win- 
ning/tie/defeating), voting system (yes/ NA/no), decision making (making 
a decision/hesitating/not making) etc, he developed a new concept called 
neutrosophic set (NS) which is basically generalization of fuzzy sets and 
intiutionistic fuzzy sets. NS can be described by membership degree, and 
indeterminate degree and non-membership degree. This theory with its hy- 
brid structures have proven efficient tool in different fields such as control 
theory, databases, medical diagnosis problem, decision making problem, 
physics and topology etc. 

The neutrosophic algebraic structures have defined very recently. Basi- 
cally, Vasantha K andasmy and Florentin Smarandache present the concept 
of neutrosophic algebraic structures by using neutrosophic theory. A num- 
ber of the neutrosophic algebraic structures introduced and considered in- 
clude neutrosophic fields, neutrosophic vector spaces, neutrosophic groups, 
neutrosophic bigroups, neutrosophic N-groups, neutrosophic bisemigroups, 
neutrosophic N-semigroup, neutrosophic loops, neutrosophic biloops, neu- 
trosophic N-loop, neutrosophic groupoids, neutrosophic bigroupoids and 
neutrosophic AG-groupoids. 

Now, (a+ bI)? — a bl implies a+ b/ is idempotent and if holds for all 
a+bI € N(S) then N(S) is called idempotent Neutrosophic AG-groupoid. 

This structure is closely related with a Neutrosophic commutative semi- 
group, because if a Neutrosophic AG-groupoid contains a right identity, 
then it becomes a commutative semigroup. Define the binary operation 
"e" on a commutative inverse Neutrosophic semigroup N(S) as 


(ai + aol) e. (b + bel) = (b + bel) (a4 + aj»1) | 


for all a4 + aəT, bi + bol € N(S) 

then (N(S), e) becomes an AG-groupoid. 

A Neutrosophic .AG-groupoid (N(S),-) with Neutrosophic left identity 
becomes a neutrosophic semigroup S under new binary operation "o" de- 
fined as 


(zı + 251) o (gi + yaT) = İ(zi + zə1)(ai + aa21)])(y1 + gəl) 


for all zi + zoI,yi + gəl € N(S). 
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It is easy to show that “o” is associative 


(zı + z21) o (gi  yal1)]o 
[[(v1 + z2I)(a1 + a21))(y1 + y2t))(@i + azl)l(n + z21) 
m İl(zi + 222) (a1 + Gal) [[(a1 + xo1)(a1 + a21)](yi + y21)]] 
( (a1 + aəlT)lI(zı + 222) (a1 + a21)] (yi + yə1)) 
( ( 


(zi + zəl) 

















a; + azl)l(ı + yal) (a1 + a21)](z1 + za1)] 
[(y1 + yal) o (zi + za1)]. 





Hence (S, o) is a neutrosophic semigroup. The Connections discussed 
above make this non-associative structure interesting and useful. 

A subset N(J) of an Neutrosophic AG-groupoid N(S) is called a Neu- 
trosophic right (left) ideal if N(J)N(S) € N(J) (N(S)N(J) € N(J)), and 
is called a Neutrosophic ideal if it is a two-sided neutrosophic ideal. 

A Neutrosophic AG-groupoid is called neutrosophic fully idempotent if 
all neutrosophic ideals of N(S) are idempotent. 

If N (S) is a Neutrosophic AG-groupoid with left identity e+ eT then the 
Neutrosophic principal ideal generated by a fixed element a+ bI is defined 
as (a+ b1) = N[S](a-- bI) = ((x-- yI)(a-F bI) : (x-- yI) € N(S)}. Clearly, 
(a 4- 61) is a left ideal of N[S]. Also it is worth mentioning that if N(A) is a 
neutrosophic left ideal of N(S) then N(A) = (N(A)), because by definition 
N[S|N(A) € N(A) and N(A) = (e FE eT)N(A) € NİSİN(A). 


4.1 Neutrosophic Semilattice Structures 


Proposition 156 Jf N (S) is a Neutrosophic AG-groupoid with left iden- 
tity e+ eI and N (A), N(B) are Neutrosophic ideals of N (S), then the 
following assertions are equivalent. 

(i) N (S) is neutrosophic fully idempotent, 

(4) N(A) n N(B) = (N(A)N(B)), and 

(iii) the Neutrosophic ideals of N (S) form a semilattice (NİLİ, ^) where 
N(A) ^ N(B) = (N(A)N(B)). 
Proof. (i) — (ii): Always N(A)N(B) € N(A) n N(B) for ideals N(A) 
and N(B) of N(S). Hence (N(A)N(B)) € N(A) n N(B). For the reverse 
inclusion, let z + yl € N(A) à N(B). If (z + yI) denotes the neutrosophic 
principal left ideal generated by x + yl, then z + yl € (x + yl) = (x 
yl)iz + yl) € (N(A)N(B)). Thus N(A) n N(B) C (N(A)N(B)). Hence 

N(A)n N(B) = (N(A)N(B)). 
(99) => (ait): N(A) A N(B) = (N(A)N(B)) = N(A)N N(B) = N(B)n 
N(A) = N(B) ^ N(A) and N(A)N(A) = (N(A)N(A)) = N(A).N(A) = 
N(A). Similarly, associativity follows. Hence (N İLİ , ^) is a semilattice. 
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N(A) = N(A) A N(A) = (N(A)N(A)) = N(A)N(A), 


implies that N (S) is Neutrosophic fully idempotent. m 

A Neutrosophic AG-groupoid N (S) is called Neutrosophic regular if for 
each a + bI in N (S) there exists z + yl in N(S) such that a+ bl = 
(a + bD)(x + yI)|(a + bI). A Neutrosophic AG-groupoid N (S) is called 
inverse Neutrosophic AG-groupoid if for each a + bI in N (S) there exists 
a unique z 4- yI in N (S) such that, a+ bl = [(a-- bI)(x 4- yI)](a-- bI) and 
x4 yl = İ(z 4- yI)(a -- bI)](z 4- yI). If N (S) is a regular Neutrosophic AG- 
groupoid then it is an easy consequence that N (S) = [N(S)]?. Therefore, 
the following corollary is an immediate consequence of Proposition 1. 





Corollary 157 If N (S) is a regular Neutrosophic AG-groupoid then N (S) 
is Neutrosophic fully idempotent. 


Proof. It is always true that İN (J)]? C N(J). For the reverse inclusion, if 
abi € N(J), then since N(S) is regular, there exists c+ dI in N (S) such 
that a bI = [(a -- bI)(c-- dI)](a -- bI) € IN (J). Thus N (7) € İN (J)]?, 
and hence N (S) is fully idempotent. m 


Proposition 158 If N (S) is a Neutrosophic AG-groupoid with left iden- 
tity e+ eI then every neutrosophic right ideal is a neutrosophic left ideal. 


Proof. It is straight forward. m 
By N (K) we shall mean the set of all Neutrosophic ideals of a Neutro- 
sophic AG-groupoid N (5). 


Lemma 159 If N(S) is a Neutrosophic AG-groupoid with left identity 
e 4 el, then N (K) forms a Neutrosophic AG-groupoid. 


Proof. let N (4), N(B) € N(K) then by identity (2) and definition of 
neutrosophic ideal we have N (A) N (B) 


İN (A) N (B)İN (S) = [N (A) N (B)]lGe + eT)(N (S)) 
İN (A) (e + eD)]IN (B) N(S) € N (A) N (B), 


which shows that N (A) N (B) is a neutrosophic right ideal of N (S) and 
so by Proposition 2, it becomes an ideal of N (S). Also [N (A) N (B)])N (C) = 
İN (C) N (B)IN (A), holds for all ideals N (A), N(B) and N (C). Hence 
N (K) is an Neutrosophic AG-groupoid. m 

Note that the sets of neutrosophic left and neutrosophic right ideals of 
N (S) are Neutrosophic AG-groupoids. 

It is interesting to note that if N (S) is a Neutrosophic AG-groupoid 
with left identity e+ eJ and N(J1), N(J2), N(Ja) are proper Neutrosophic 
ideals of N (S), then [N(J)N(J2)|N(J3) is a neutrosophic ideal of N (S). 
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It can be generalized, that is, [...[N (J1)N (J2)| N (J3)]...]N (J4) is also a 
Neutrosophic ideal. 

The set N (K) is called a locally associative Neutrosophic AG-groupoid 
if (JJ)J = J(JJ) for each ideal J. We shall denote this locally associative 
Neutrosophic AG-groupoid by N (Y). 


Lemma 160 If N (S) is Neutrosophic fully idempotent, then N (K) is a 
locally associative Neutrosophic AG-groupoid. 


Proof. Let N (A), N(B) € N (K). Then using identity (2) and the defin- 
ition of ideals we get 

(AB)S (AB)(SS) — (AS)(BS) C AB, 

S(AB) = (SS)(AB) — (SA)(SB) C AB. 

Hence N (A) N (B) € N (K). Also IN (A) N (B)|N (C) = İN (C) N (B)IN (A) 
holds for all ideals N(A), N(B) and N(C) of N(S). Since N(S) is fully 
idempotent, [N(A)N(A)|N 7: N(A)[N(A)N(A)] = N(A), for each 

e 


ideal N(A) of N(S). Henc (K) is a locally associative Neutrosophic 
AG-groupoid. m 


Lemma 161 7// a fully idempotent Neutrosophic AG-groupoid N(S) con- 
tains the left identity e+ eI and e -- eI € N(Y), then N(Y) becomes a 
Neutrosophic semilattice structure. 


Proof. It is straight forward. m 

The set of all neutrosophic ideals of a Neutrosophic AG-groupoid N(S) is 
called a strong locally associative Neutrosophic AG-groupoid if [(N(A)N(B)|N(A) = 
N(A)IN(B)N(A)) for all ideals N(A), N(B). 

Note that if N(S) is fully idempotent Neutrosophic AG-groupoid then 
the set of Neutrosophic ideals of N(S) form a strong locally associative 
Neutrosophic AG-groupoid. 


Proposition 162 For N(Y) in a Neutrosophic AG-groupoid N(S) with 
left identity e+ eI, the following assertions are true: 

(i) N(Y) has associative powers, 

(4) [N()]" IN()]" = [N(J)], V N(J) e N(Y), 

(ii) [N (J)"]" = J^. V N(J) € N(Y) and positive integers m, n, and 

(iv) [N(A)N(B)]” = [N(A)]"[N(B)]” forn > 1, V N(A), N(B) € N(Y). 
Proof. It is same as in [5]. m 


Lemma 163 // N(I) € N(Y) in an Neutrosophic AG-groupoid N(S) with 
left identity e+ eI, then [N (I)]" for n > 2 is a Neutrosophic ideal. 


Proof. Clearly [N(1I)]? is a Neutrosophic ideal. Now suppose the result is 
true for n — k — 1. Then using identity (1), we get 


[IN (I N(S) ING" NG)ING) = INGO)N DIEN T" 
NCGDNG" = [NG)T"- 


Il 


IN 
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This implies that [N(I)]" is a Neutrosophic right ideal of N(S) and by 
Proposition 2, [N(J)]? becomes an ideal. m 


Lemma 164 If N(S) is an Neutrosophic AG-groupoid with left identity 
e-- el and N(A),N(B) € N(Y), then [N(A)N(B)]” e N(Y). 


Proof. By Proposition 3 (iv), [N(A)N(B)]” = [N(A)]"[N(B)]”. Also by 
Lemma 4, [N(A)|" and [N(B)]|" are Neutrosophic ideals of N(S) and the 





















































product of two Neutrosophic ideals is a neutrosophic ideal, so [LN (A). N(B)]* € 

N(Y). m 
If N(S) is a Neutrosophic AG-groupoid with left identity e + eZ, then 

N(S)İ(N(S))(a + b1)| € N(S)(a + bI) in İTİ. 
Also [(a + &J) N(S)|N(S) € (a+ b1)N(S), if [(z + yD)(e 4- eD))N(S) = 

(a + yID)N (S), for all (z + yI) in N(S). 
An Neutrosophic AG-groupoid N(S) is called Neutrosophic right (left) 

normal if a+ bI € (a+ bI)N(S) (N(S)(a+ bI)) for each a + 61 € N(S). 
It is an easy fact that every Neutrosophic AG-groupoid N(S) with left 

identity e + eI is Neutrosophic left normal. 

Example 165 Let N(S) = (1--11,14-21,14-31,24-11,24-21,2--31,34- 

1/,34- 21, 3-- 31) and a binary operation (-) be defined in N(S) as follows. 
o IE1? 1427 1437 2417 2421 2431 3412 3421 3431 
1+12) 1412 1427 1831 2417 2427 2431 3417 3-21 3431 
1427 )14+372 1417 1427 2431 2417 2421 3431 3412 38421 
14+3f2)14+22 1431 1412 2427 2437 2412 3421 3-31 3411 
2417 )34+17 3422 3431 1-17] 1427 1431 2412 2427 2431 
2421 13431 3410 3427 1437 1417 1427 24372 2417 2421 
24-31] 3-421] 32431 3417 1427 1437 148411 2427 2437 21411 
38417) 24172 2427 2431 3417 3421 3431 18511 1427 143. 
34-21] 24-31] 2412 2427 3437 3412 3421 1437 1417 1421 
34-31] 24-21] 2431 2417 3427 3431 3410 1427 14131 14017 




















Then (V(S), .) is a Neutrosophic AG-groupoid with left identity a. Clearly 
N(S) is Neutrosophic left normal. Also N(S) is neutrosophic right normal. 

A subset N(M) of a Neutrosophic AG-groupoid N(S) with left identity 
e+el is called a Neutrosophic M-system if for a+ bI,c+dI € N(M) there 
exists z 4- yI in N(S) such that (a+ bI)[(x + yI)(c4- dD)) € N(M). 

N(A) € N(K) is called a left zero if N(A)N(B) = N(A) for every N(B) 
in N(K) and is called a right zero if N(B)N(A) — N(A) for every N(B) 
in N(K). 

If every N(A) € N(K) is a left zero or a right zero then every non- 
empty subset of N(K) is a Neutrosophic M-system. Let N(P) be a Neu- 
trosophic left ideal of a Neutrosophic AG-groupoid N(S), N(P) is called 
Neutrosophic quasi-prime if for left ideals N(A),N(B) of N(S) such that 
N(A)N(B) € N(P), we have N(A) € N(P) or N(B) € N(P). N(P) is 
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called Neutrosophic quasi-semiprime if for any left ideal N(J) of N(S) such 
that [N(J)? € N(P), we have N(J) € N(P). 


4.2 Relations between Ideals and M-systems 


Proposition 166 Let N(P) be a Neutrosophic left ideal of a Neutrosophic 
AG-groupoid N(S) with left identity e+ eI, then the following are equiva- 
lent, 
i) N(P) is a Neutrosophic quasi-prime ideal. 
ii) For all Neutrosophic left ideals N (A) and N(B) of N(S): N(A)N(B) = 
(N(A)N(B)) € N(P) = N(A) € N(P) or N(B) C 7: 
iii) For all left ideals N(A) and N(B) of N(S A) X N(P) and 
N(B) € N(P) > N(A)N(B) € N(P). 

iv) For alla+bI,c+dI € N(S): a - bl € N(P) and c-- di d P — 
( 


+ bI)(c 4- dI) €. P. 
either a bl € N(P) or edi € N(P). 


& 





v) For all a-- bI, c4- dI € N(S): (a+b1)[N(S)(c+dl)] € N(P) implies 


Proof. (i) = (ii) = (sii) is trivial. 

i) => (iv), Let (a+ bI) (c 4- dI) € N(P), then by (i) either (a + 57) C 
N(P) or (c+ d) € N(P), which implies that either a + b € N(P) or 
edi € N(P). 

iv) x (ii), Let N(A)N(B) € N(P), ifa+bI € N(A) and c+dI € N(B), 
then (a + bI)(c + di) € N(P), now by (iv) either a+ bI € N(P) 
c+dI € N(P), which implies that either N(A) € N(P) or N(B) € N( 

i) = (v), Let N(P) be a left ideal of a Neutrosophic LA semigroup N(S) 
with identity e-- eI. Now suppose that (a--bI)[N(S)(c4-dI) C N(P). Then 
by (2), (3) and (1), we get 




















N(S)[(a + bI)IN(S)(e- dD]] € N(S)N(P) € N(P), that is 
N(S)[(a + bI) LN(S)(c + dT)l 
= [N(S)N(S)[(a + bI)[N (S)(c + dT)l) 
N(S)(a + b1)İN(5)İN(S))(c + d1)]]] 
= [N(S)(a+ b1)İİN(5)N(5)İİN(5)(c + d1)]J] 
= [N(S)(a + bI)J[(c + 47) N S) [N S) N (S)] 
= [N(S)(a+ b1)|[[N(S)N(S)|(c + dD] 
= [N(S)(a--1)]|N(S)(c 4- dI)]. 
Since N(S)(a-- bI) is a left ideal for all (a4- bI) in N(S) [7]. Hence, either 


(a+ bI) € N(P) or (c+ dT) € N(P). 

Conversely, assume that N(A)N(B) € N(P) where N(A) and N(B) are 
left ideals of N(S) such that N(A) ¢ N(P). Then there exists zı + yiI € 
N(A) such that zo + yol € N(P). Now (zi  yil)[N(S)(zo + yo1)] € 
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N(A)[N(S)N(B)] € N(A)N(B) € N(P), for all zə + yo1 € N(B). Hence 
by hypothesis, zə + yoI € N(P) for all zə + yoI € N(B). This shows that 
N(P) is Neutrosophic quasi-prime. Wi 


Proposition 167 A left ideal N(P) of a Neutrosophic AG-groupoid N (S) 
with left identity e--eI is Neutrosophic quasi-prime if and only if N(S)NN(P) 
is a Neutrosophic M-system. 


Proof. Let N(S)NN(P) be a Neutrosophic M-system and (a--bI)[N (S)(c4- 
dT) € N(P) with (a--bI) ¢ N(P) and c--dI € N(P). Then a--bI, c--dI € 
N(S)\N(P) and there exists zs 4- yI in N(S) such that (a-4-61)[(x 4- yI)(c 
dl) € N(S)\N(P). This implies that (a + bI)[(x + yI)(c4- dI)] € N(P), 
which is a contradiction. Hence either a + bf € N(P) or c+dI € N(P). 

Conversely, assume that N (P) is Neutrosophic quasi-prime. Let a+b/, c+ 
di € N(S)\N(P). We show that there exists x + y in N(S) such that 
(a + bI)|((x + yD)(c-- dT)) € N(S)\N(P). Suppose there does not exist 
z 4- yl such that (a + bI)((x + yI)(c + dI)| € N(S)\N(P). This implies 
that (a + bI)[(x + yI)(c4- dD)) € N(P), which further implies that either 
a b bl € N(P) or c+dI € N(P). But this is a contradiction. Hence 
(a+ bI)(z 4- yl)(c+ dl] € N(S)\N(P). m 

A subset N(B) of a Neutrosophic AG-groupoid N(S) is called a Neutro- 
sophic p-system if for every bı + bəT in N(B) there exists z + yI in N(S) 
such that (b + bel) (a: I yI)(bi I bə1)) N(B). 


Proposition 168 Let N(A) be a Neutrosophic left ideal of a Neutrosophic 
AG-groupoid N(S) with left identity e+ eI, then the following are equiva- 
lent, 

(i) N(A) is Neutrosophic quasi-semiprime. 

(ii) For any Neutrosophic left ideals N(J) of N(S): [N(J)? = ((IN(J)]?) C 
N(A) > N(J) € N(A). 

Br For 7 Neutrosophic left ideals N(J) of N(S J) € N(A 

P? £ N(A 

də For he eer eter C N(A) 2 a öl € N(A). 

(v) For all a 4- bI € N(S): (a+ bI)[N 1(S)(a + b1)|) C N(A) > a+dble 
N(A). 


























Proof. (i) & (ii) = (iii) is trivial. 

(i) > (iv), Let (a+ bI)? C N(A), then by (i) either (a + bI) C N(A), 
which implies that a + 57 € N(A). 

(iv) = (ii), Let [N(J)]? € N(A), ifa+bI € N(J), then (a--bI)? C N(P), 
now by (iv) a 4- bI € N(A), which implies that N(A) C N(P). 

(i) € (v), is easy. m 





Proposition 169 (a) Each Neutrosophic M-system is a Neutrosophic p- 
system. 

(b) A Neutrosophic left ideal N(J) of a Neutrosophic AG-groupoid N(S) 
with left identity is Neutrosophic quasi-semiprime if and only if N(S)NN(J) 
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is Neutrosophic a p-system. 


Proof. (a) Let a+bI € N(M), then there exists z 4- yI in N(S) such that 
(a+ bI)[(x + yD)(a + bT)) € N(M) implying that N(M) is a neutrosophic 
p-system. 

(b) Let N(J) be a Neutrosophic quasi-semiprime ideal and a + bI € 
N(S)NN (1). Then a+ 61 € N(J) implies that (a + bI)|(x + yI)(a 4- bI)] ¢ 
N(J). Thus (a--6I)[(z4-yI)(a4-51)|) € N(S)\N(J) and hence N(S)\N(J) 
is a Neutrosophic p-system. 

Conversely, suppose that N(S)\N(J) is a Neutrosophic p-system and 
(a + bI)[N(S)(a + BT) € N(J). We need to show that a+ bf € N(J). 
Assume that a+ bI € N(J). Then a+ bf € N(S)\N(J) implies that 
(a + bI)[(z + yI)(a + &1)) € N(S)\N(J). Thus (a + &D)[N(S)(a + bT)) 4. 
N(J). But this is a contradiction. Hence a+ bf € N(J) and so N(J) is 
Neutrosophic quasi-semiprime. m 











Lemma 170 Every Neutrosophic right ideal of a Neutrosophic AG-groupoid 
N(S) with left identity e 4- eI is a Neutrosophic p-system. 


Proof. Let N(J) be a Neutrosophic right ideal of N(S). Then by Propo- 
sition 2, 7 becomes a Neutrosophic ideal of N(S). If i -- j1 € N(J) then 
(à 4- 3D)|(x + yD)( cv Tl € N (J) for all z + yI € N(S). Hence N(J) isa 
Neutrosophic p-system. m 

A Neutrosophic ideal N(P) of a Neutrosophic AG-groupoid N(S) is 
called Neutrosophic prime if N(A)N(B) C N(S).implies that either N(A) C 
N(S) or N(B) € N(S) A Neutrosophic ideal N(P) of N(S) is called Neu- 
trosophic semiprime if [N(J)]? C N(P) implies that N(J) C N(P), for 
every Neutrosophic ideal N(J) of N(S). 

If N(J) is a Neutrosophic ideal of a Neutrosophic AG-groupoid N (S), we 


call T(N(J)) = canə : N(P) is a Neutrosophic prime ideal} the 


Neutrosophic prime radical of N(J). Of course, l'(N(J) is a Neutrosophic 
semiprime ideal of N(S). 





Theorem 171 Let N(J) be a Neutrosophic right ideal of a Neutrosophic 
AG-groupoid N(S) with left identity e+ eI. Then the following are equiv- 
alent. 


(i) N(J) is Neutrosophic semiprime if and only if [(nN(J)) = N(J), 

(ii) If N(J) is Neutrosophic semiprime then N(.J) is the intersection of 
all Neutrosophic prime ideals containing N(J), and 

(itt) T(N(J)) is the intersection of all Neutrosophic semiprime ideals 
containing N(J). 
Proof. The theorem can be easily proved. m 
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Neutrosophic Strongly Regular 
AG-groupoids 


Present-day all the fields of science and technology are facing complex 
processes and phenomenons for which we are not always provided entire 
information to properly solve these phenomenons. For these cases and sit- 
uations, some useful mathematical models are developed to hold various 
types of systems containing uncertainty elements. A basic part of these 
models is basically an extension of the recently proposed ordinary set the- 
ory, namely, the so-called fuzzy sets. Now giving overview about fuzzy sets 
I firstly discuss the role of fuzzy set in fields of uncertainty. Fuzzy sets 
(FSs, for short) were firstly introduced by L.A. Zadeh in 1965. The main 
interest in this theory is to address with uncertainty. The use of fuzzy set 
theory in various fields of modern society is at a wide range. Fuzzy sets 
are a useful tools for the operation research analyst facing uncertainty and 
subjectivity. Fundamental to the fuzzy set is the extension of the char- 
acteristic function taking the value of 0 or 1 to the membership function 
which can take any value from the closed interval [0,1]. Zadeh attained this 
goal by replacing the conventional characteristic function of the classical 
"crisp" set, which takes on its values in {0,1} by the so-called membership 
function, which takes on the values in the interval [0,1], allowing for the rep- 
resentation of membership to a degree However, the membership function 
is basically only a single-valued function, which cannot be used to express 
the evidences of support and objection simultaneously in many practical 
situations. For example, in a voting event, sometimes non participation oc- 
curred in accumulation to support and objection which shows hesitation 
and indeterminacy of the voter to the object. As in such a problem the 
fuzzy set cannot be used to completely express all the information, it faces 
a lot of limits in actual applications. Atanassov (1983) extends the fuzzy 
set characterized by a membership function to 

the intuitionistic fuzzy set (IFS), which is characterized by a member- 
ship function, a non-membership function and a hesitancy function. As a 
result, the IFS can describe the fuzzy characters of things more thoroughly 
and comprehensively, which is proved to be more effectual to deal with 
vagueness and uncertainty. 

Although FS and IFS are very important tool to address uncertainty 
problems but still there is lack of perfection solution i.e researchers were 
trying to develop new affective theory to process complex problems there- 
fore for this purpose an attempt was made by Samarandache Florentin 
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to in form of neutrosophic theory.. Therefore, neutrosophic set theory was 
introduced by Samarandache|] as a generalization of fuzzy sets and intu- 
tionistic fuzzy sets. Neutrosophic theory based on neutrosophy, which is a 
branch of philosophy, In 2005,Smarandache showed that neutrosophic set 
is generalization of paraconsistent set and intutionistic fuzzy set. Neutroso- 
phy appears as the incidence as the application of a law, of an axiom, of an 
idea, of a conceptual accredited construction on an unclear, indeterminate 
phenomenon, contradictory to the purpose of making it intelligible.. The 
concept of neutrosophic set and logic came into being due to neutrosophy, 
where each proposition is approximated to have the percentage of truth 
in a subset T, the percentage of indeterminacy in a subset I, and the per- 
centage of falsity in a subset F. This mathematical tool is used to handle 
problems with imprecise, indeterminate, incomplete and inconsistent etc. 
Kandasamy and Smarandache apply this concept in algebraic structures in 
a slight different manner by using the indeterminate/unknown element I, 
which they call neutrosophic element. The neutrosophic element I is then 
combine to the elements of the algebraic structure by taking union and link 
with respect to the binary operation * of the algebraic structure. Therefore, 
a neutrosophic algebraic structure is generated in this way. In fields of un- 
certainty and indeterminancy Neutrosophy was proved to be significantly 
useful to address mathematical models. 

Note that a commutative Neutrosophic AG-groupoid N(S) with left iden- 
tity becomes a commutative semigroup because if (a + a31), (b 4-531) and 
(cı + col) € N(S). Then using left invertive law and commutative law, we 
get 











((aı + a3I)(bi + b51))(ei + cəl) 
((c1 + co1 (bı + b51))(ai + ag!) 
= (aj + asI)((e + col) (b1 + b21)) 
= (dı Fİ” az1 ((bi T bel) (cy Tr cə1)). 


An Neutrosophic AG-groupoid is a non-associative algebraic structure 
lies in between a groupoid and a commutative semigroup. Although it is 
non-associative but mostly it works like a commutative semigroup. In a 
commutative semigroup N(S), (a1 + a2I)?(by + bel)? = (bi + bel)? (ay + 
a51)? holds for all (a1 + a21), (bı + b3I) € N(S). Also, if N(S) is an 
Neutrosophic AG-groupoid with left identity (e + eI), then the equation 
(ai + a31)? (bi + bə1)? — (by + b31)? (ay + a51)? also holds for all (a1 + 
azl), (b + be I) € N(S). If {(a1 + agl), (bi + b51)) is any subset of an Neu- 
trosophic AG-groupoid N (S), with left identity (e--eI), then (a1-4-a21)(bi4- 
bel) = ((b3--b31)(a1-4-a31))(e--eI) holds for all (a1-4-a21), (bi--b91) € N(S). 
It is most interesting to see the applications of this non-associative struc- 
ture in different fields as compare to a commutative semigroup and this 
motivate us to study an Neutrosophic AG-groupoid. 

Our first aim in this paper is to explore the newly introduced class namely 
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strongly regular Neutrosophic AG-groupoid. First we give the relation of 
strongly regular Neutrosophic AG-groupoids with regular and intra-regular 
Neutrosophic AG-groupoids and then we further explore this new non as- 
sociative class. 


5.1 Classes of Neutrosophic AG-groupoids 


Let N(S) be an Neutrosophic AG-groupoid. By Neutrosophic AG-subgroupoid 
of N(S), we means a non-empty subset (a, + aol) of N(S) such that 
(ai + az1)? C (a1 + aol). 

A non-empty subset (a4 + a31) of an Neutrosophic AG-groupoid N(S) is 
called a neutrosophic left (right) ideal of N(S) if N(S)(aı + a2I)N(S) C 
(a1 + a3I)N(S) ((aı + a21)(S9)N(S) C (aj + a3I)(S)) and it is called a 
neutrosophic two-sided ideal if it is both left and a right ideal of N (5). 

A non-empty subset (a1 + a31)(N(S)) of an Neutrosophic AG-groupoid 
N(S) is called a neutrosophic generalized bi-ideal of N(S) if ((ai + 
agl)N(S)N(S))(a1 --aasI)N(S) € (a1-- aa I)N(S) and an AG-subgroupoid 
(a1 + az1)N(S) of N(S) is called a neutrosophic bi-ideal of N(S) if ((a4 + 
a51)N(S))N(S))(ai + a51)N (S) Cc (ai + a51)N (S). 

A non-empty subset (a1 + a2I)N(S) of a Neutrosophic AG-groupoid 
N(S) is called a neutrosophic quasi-ideal of N(S) if N(S)(aj+a2I)N(S))N 
((aı + aə1)N(S))N(S) C (a: + agI)N(S). 

Note that every one sided ideal of an Neutrosophic AG-groupoid N (S$) 
is a neutrosophic quasi-ideal and neutrosophic right ideal of N(S) is neu- 
trosophic bi-ideal of N(S). 

If N(S) is an Neutrosophic AG-groupoid with left identity (€ + eI) then 
neutrosophic principal left ideal generated by a fixed element “(aı-Faz7)” 
is defined as ((a1 + aoI)) = N(S)(aı + a3I) = 1N(S)(aı + aol) : N(S) € 
N(S)}. Clearly, ((aı —az1)) is a left ideal of N(S) contains (a, +a2I). Note 
that if (a4 + a3I) is an ideal of N(S), then ((aı + a2I)N(S))? is an ideal 
of N(S). Also it is easy to verify that (a1 + a2I)N(S) = ((a1 + asI)N(S)) 
and ((a1 + a31) N(S))? = (((a1 + a3I)N(S)?)). 

If an Neutrosophic AG-groupoid N(S) contains left identity (e+e) then 
N(S) = (e+ eT)N(S) € N(S)?.Therefore N(S) = N(S)?. Also N(S)(a1 + 
agI) becomes neutrosophic bi-ideal and neutrosophic quasi-ideal of N(S). 
Using paramedial, medial and left invertive law we get 


(N (S)(a1 + a3D))N(S))N(S)(ai + aol) 
N(S)N(S))(N(S)(a1 + a21)) 
aı + a2I)N(S))(N(S)N(S)) 
1 + asI)N(S))N(S) 
N(S)N(S))(a1 + az1) 
= N(S)(a1 + a»I) 








I 


Il 
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It is easy to show that (N(S)(a1+a2I))(N(S)(ai+a2l)) € N(S)(N(S)(ai-- 
ao1)). Hence N(S)(aı + a2I) is a bi-ideal of N(S). Also 


N(S)(N(S)(ai + a91)) 9 (N(S) (ai + az21))N(S) 
N(S)(N(S)(a1  a21)) 
N(S)(a; -- aaI). 





INIA 


Therefore N(S)(a; + a3I) is a quasi-ideal of N(S). Also using medial and 
paramedial laws and (1), we get 


( ay + aş1))” 

( 1 + azl))(N(S)(ai 4- aaI)) 
= (N(S)N(S))(a; + a2)? 

( 





= N(S)(((a1 + asI)(ai + a31))N(S)) 
N(S)N(S))(((a1 + asI)(ai + a21)) N(S)) 

Mai + as1))N(S)N(S) 

Maş + agI)?)N(S). 





Therefore N(S)(aı + a31)? = (a1 + a2I)?N(S) = (N(S)(a1 + a31)?) N(S). 

An Neutrosophic AG-groupoid N(S) is said to be neutrosophic regular 
if for every (a1 + a1) in N(S) there exists some (zı + z27) in N(S) such 
that (dı + asl) = ((a1 a ag1) (xy + z31))(a4 + azl). 

An Neutrosophic AG-groupoid N(S) is said to be neutrosophic intra- 
regular if for every (a41-4-a31) in N(S) there exists some (zı Ez27), (yi 4-yoI) 
in N(S) such that (aı + az1) = ((zı + zə1)(aı + a31)?)(y1 + gəl). 

An Neutrosophic AG-groupoid (S) is said to be neutrosophic strongly 
regular if for every (aı --a27) in N(S) there exists some (zı “-z27) in N(S) 
such that (a4 + aol) = ((aı 4-asI)(x4 + x31))(a4 + G21) and (a, +a2I)(a1,+ 
zəl) — (23 + z3lI)(ai + aol). 

Here we begin with examples of Neutrosophic AG-groupoids. 














Example 172 Let S = {1,2,3}, the binary operation “” be defined on 
N(S) as follows: 





Clearly (S,-) is an AG-groupoid without left identity. 

then N(S) = (12-11, 1427, 1-31, 22-17, 24-21, 2-31, 32-17, 33-21, 324-31) 
is an example of neutrosophic LA-semigroup without left identity under the 
operation "x" and has the following Cayley’s table: 
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* 1-11] 1-21] 1437 2417 2427 2-31 3-411 3821 3243I 
1-11|2-421] 24272 2-21 2427 24821 2821 2427 2421 2421 
1521124121 2-21 2422 2421 24821 2821 2427 2427 2421 
1437 )}24+12 24272 2417 2417 2427 2417 2417 2427 2411 
24+12)} 2422 2427 2421 2421 2427 2427 2427 2422 2421 
24-217 | 24272 2421 2427 2427 2421 2-21 2427 2821 2421 
24-31 124-17] 2427 2417 2411 2427 2417 2412 2422 2411 
3-17 114-27]. 1427 1427 2421 24121 2-21 1-21 14272 1821 
34-21 | 14-27] 1427 1427 2421 2421 2-21 1-21 1821 1821 
34-31 }1412 1427 1417 2417 2427 2417 1417 1427 1411 
Example 173 Let N(S) = {1,2,3,4}, the binary operation “” be defined 
on N(S) as follows: 
: | 1 2 3 4 
111 2 3 4 
2/4 3 3 3 
3/3 3 3 3 
412 3 3 3 
Clearly (N(S),-) is an Neutrosophic AG-groupoid with left identity 1. 
Example 174 1. Let N(S) = (1,2,3], the binary operation “” be defined 
on N(S) as follows: 
Clearly (S,-) is a Neutrosophic strongly regular AG-groupoid with left 
identity 1. 
then N(S) = {1417,14+27,14+3/7,2+17,2+27,24+37,3+17,3+2I,34 
31) is an example of Neutrosophic Strongly regular AG-groupoid with left 
identity 1 under the operation "x" and has the following Cayley’s table: 
* 1-11] 1-21] 1437 2417 2427 2-31 3412 3821 3831 
14+17}14+12 1427 14372 2417 2427 2431 3411 3421 3431 
1427 )}14+37 1417 1-2] 2437 2417 2821 3431 3411 3421 
1437 }14+22 1437 1412 2427 2431 2811 3421 3431 3411 
24+12/} 3412 3421 3431 1417 1427 14372 2412 24821 2431 
2421139431 3417 3427 1431 1417 1-21] 24372 2411 2821 
24+32}34+22 3431 3417 1427 1437 1412 2422 2831 2411 
34172} 2412 2427 2431 3411 3-21] 3-31 1417 1821 1831 
3422 }24+32 2417 2421 3431 3417 3-21 1-31 1811 1421 
3432 12421 2431 2411 3421 3431 3417 1-21 1437 1411 
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Note that every strongly regular Neutrosophic AG-groupoid is regular, but 
converse is not true, for converse consider the following example. 


Example 175 Let N(S) = {1,2,3}, the binary operation “” be defined 
on N(S) as follows: 





Clearly (S, -) is regular Neutrosophic AG-groupoid, but not strongly reg- 


ular. 


then N(S) = (1-11, 12-21, 12-31, 2-17, 24-21, 2-31, 32-17, 33-21, 3-31] 
is an example of neutrosophic LA-semigroup under the operation "*" and 
has the following Cayley's table: 













































































* 1+12 1427 1431 2417 2421 2431 3412 3421 3431 
1E11İ11PE11: 141! 1417 1417 1417 1417 1417 141 1411 
1427/14 1417 1437 14177 1417 1437 14177 14811 1831 
1437 }14+1 1427 1417 14177 1427 1417 1417 1427 1411 
2E1111E1/ 1417 141 1417 1417 1417 3417 3417 3411 
24+22)1+12 1417 1431 1417 1417 141431 3417 3411 3431 
2432) 1+1f 1427 1417 1417 1427 1417 3412 3427 3411 
38412) 14+12 1417 1417 2417 2417 2417 1417 1417 1411 
34-21 )/1+12 1417 1431 2417 2417 2431 1417 1417 1431 
3432) 14+12 1427 1412 2417 2427 2417 1417 1427 1411 





Clearly (N(S),-) is regular Neutrosophic AG-groupoid, but not strongly 


regular. 


Theorem 176 Every strongly regular Neutrosophic AG-groupoid is intra- 


regular. 


Proof. Let N(S) be strongly regular Neutrosophic AG-groupoid,then for 
every (a1 + aə1) € N(S) there exists some (xı + x31) € N(S) such that 
(ai + azl) = ((aı + agl) (x1 + z31))(ai + aol) and (a1 + ag!) (x4 + zəl) — 
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(zi + zoI)(a1 + adel), then using left invertive law we get 























dı + ag!) 
= ((a1 + asI)(z1 + zə1))(aı + aol) 
= ((a1 + a2I)(21 + z21))[((a1 + aol) (21 + 221))(a1 + a21)] 
= ((a1 + Gol) (21 + zə1))İ(gi + 221)(a1 + a21))(a1 + a21)] 
= ((aı “.az1)(zı + xaI))((a1 + aaI)? (x1 + za1)) 
= [((a, + az1)”(zi + rə1))(ar + aaI)] (a1 + zəl) 
= [((a, + aaI)(z4 + za1))(a1 + a21)?] (a4 + zəl) 
= ((uy + uel)(a, + aaI)?)(z4 + x31), where (ui + uel) 
= (a1 + asI)(zi + zəl) 


Hence N(S) is intra-regular. 
Converse of above theorem is not true, for converse consider the following 
example. m 


Example 177 Let N(S) = {1,2,3,4,5,6,7}, the binary operation “” be 
defined on N(S) as follows: 








1 2 3 4 5 6 7 
1113 5 7 2 4 6 
2/4 6 1 3 5 7 2 
3/7 2 4 6 1 3 5 
4}3 5 7 2 4 6 1 
5/6 1 3 5 7 2 4 
6/2 4 6 1 3 5 7 
7/5 7 2 4 6 1 3 


Clearly (N (S),-) is intra-regular Neutrosophic AG-groupoid, but not strongly 
regular. 


5.2  Characterizations of Neutrosophic Strongly 
Regular AG-groupoids 


Theorem 178 For an Neutrosophic AG-groupoid N(S) with left identity 
the following are equivalent, 

(i) N(S) is strongly regular, 

(it) L(S) (ai + agI)(S) € L(S)(a; + aa31)(S) and L(S) is strongly 
regular AG-subgroupoid, where L(S) is any left ideal and (ay + a2I)(S) is 
any subset of N(S). 


Proof. (i) — (ii) 
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Let N (S) be a strongly regular Neutrosophic AG-groupoid with left iden- 
tity. Let (a1 4- azT) € L(S)N (ai +a2I)(S), now since N(S) is strongly reg- 
ular so there exists some (zı + x91) € N(S) such that (a) + a21) = ((a1 + 
a5I)(z4 + z91))(a4 + del) and (a; + asI)(24 + x91) = (24 + zoI)(a4 + aaI). 
Then 











(a1 + aaI) 

(ai + a2I)(z1 + z21))(a1 + aol) 
= ((@1 + zəl)(aı + az1))(aı + aol) 
€ (N(S)L(S))(a1 + az1) 

C L(S)((ai + a2I)N(S)). 


Thus L(S)n(a;--a2I)(S) € L(S)(a1+a2I)(S). Let (aı +a2l) € L(S), thus 
(a1 + agI) € N(S) and since N(S) is strongly regular so there exists an 
(zı +21) in N(S) such that (a1 + ao1) = ((aı + azl)(xı + zə1))(ai + aa) 
and (a4 + asI)(z4 + zəl) = (zi + tel) (ay + a1). Let (yı + gəl) = ((zi + 
zoT)(aı + aa1))(24 + xə1), then using left invertive law, we get 











(yi + ya) 
= ((@1 + zəl)(aı + agl)) (a1 + vəl) 
((aı + azlT)(xı + z21)) (24 + zəl) 
(zı + z21) (ai + agI) € N(S)L(S) 
C L(S). 


Now using left invertive law and (1), we get 








(ün + yoT)(ai + a21) 
= İ((zi + vel) (a1 + agl)) (a1 + zəl)l(ai + aol) 
= (f(aı + asI)(z4 + zo1))((z1 + zxoI)(ai + aə1)) 
= ((zı + zə1)(aı + a21))((a1 + Gel) (1 + vo1)) 
= (a, + asI)[((x4 + zoI)(ai + azl))(xı + xa1)] 
= (a + a21)(yi + vəl). 
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Now using left invertive law and (1), we get 




















(a1 + azl) 

= ((a, + asI)(z4 + zə1))(aı + aol) 

= ((aı + ag) (x1 + z21))[((a1 + a2l) (x1 + 221))(a1 + a21)] 
= ((aı + ag!) (x1 + t2l))[((1 + Lol) (a1 + a21))(a1 + a21)] 
= ((aı + azl)(zı + zə1))((aı + az1) (zı + za1)) 

= (a, asI)?[((a4 + aol) (x1 + xə1))(ri + xa1)] 

= ((aı + az1)(aı + agl))[((@1 + 221)(a1 + a21)) (21 + zə1)) 
= ((aı + ag!) (a1 + a2l))(y1 + vəl) 

= ((y + yol)(ai + aa1))(a1 + a21) 

= (f(aı + a2l)(y1 + yəl))(aı + az1). 


Therefore L(S) is strongly regular. 

(5i) — (4) 

Since N(S) itself is a left ideal, therefore by assumption N(S) is strongly 
regular. Wi 


Theorem 179 For an Neutrosophic AG-groupoid N(S) with left identity 
the following are equivalent, 

(i) N(S) is strongly regular, 

(ii) (bi +bol)N(S)N (a1 +a2I)N(S) = (b +boI)N(S) (ai +a2I)N(S) and 
(by + boI)N(S) is strongly regular AG-subgroupoid, where (bi + b2I)N(S) 
is any bi ideal and (a1 + aə1)N(S) is any subset of N(S). 


Proof. (i) — (ii) 

Let N(S) be a strongly regular Neutrosophic AG-groupoid with left 
identity. Let (a1 + az7) € (bi + b3I)N(S) n (ai + az1)N(S), now since 
N(S) is strongly regular so there exists some (zı + #21) € N(S) such that 
(ay + al) = ((aı + asD)(zi + zə1))(aı + ag!) and (a, + azl)(xı + x21) = 
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(zi + zoI)(ai + a21). Then using left invertive law and (1), we get 


(a, + aol) 

= (f(aı + asI)(z4 + xə1))(aı + ae!) 

= [{((a1 + aol) (x1 + zə1))ai + agl)} (zi + z21)|(a1 + a21) 

= İ((zi + vel) (a1 + a21))((a1 + al) (a1 + z21))](a1 + a21) 

= İ((aı + asI)(x4 + z21))((x4 + zə1)(aı + a21))](a4 + a21) 

= [{((a1 + ol) (a1 + agl)) (a1 + zə1))(a + a21)|(a1 + a21) 

= H((zi + el) {((a1 + del) (a1 + zoI))(ai + agl)}) 

(zi + z21))(ai + aə1)l(aı + a2!) 

= [{{((a1  asT)(zi + za1))((z1 + z2I)(a1 + az1))) 
( 





























(x1 + zə1))(aı + az1)l(aı + a2l) 
= [{{(e1  zoI)((21 + zəl)(ai + a21))) 
((aı + aa I)(z1 + z21))) (a + az1)l(aı + a21) 
= [((a1 + aol) {{(w1 + x21) ((x1 + v21)(a1 + a21))) 
(zı + 221) )(a1 + a21)](a1 + aol) 
((aı + agI)(t1 + tə1))(ai + az1)l(aı + az1) 
((by + 531) (S)N (S))(by + b31)N(S)](a1 + a2I)N(S) 
((b1 + 521)N(S))(ai + a2T)N (S)) 











In m li 


where (tı + tol) = {(@1 + zaI)((z1 + xə1)(ai + a21)))(zi + xə1)) 

Thus (by + b5I)(S) n (ai + aə1)(S) C (bi + b5I)(S)(ai + aoI)(S). Let 
(a14-a91) € (by +b2T)(S), thus (a1--a31) € N(S) and since N(S) is strongly 
regular so there exists an (zı + x31) in N(S) such that (a; + az7) = ((a14- 
agl)(a1 + zoI))(a1 + al) and (ai + aoI)(21 + zəl) = (zi + tel) (a1 + azl). 
Let (yi + yal) = ((zi + zəlT)(ai + a21))(z1 + £21), then using left invertive 
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law, (1), 











y 
Q1 +r aş1)”(tı + tə I) 
( 

















= ((a1 + azl)(aı + a21))(t1 + tel) 
= 7 Mai + a21))(a1 + azl) 
= (ti tel){((a1 + aoI)(21 + a21)) 
= [(tit 7: + zəl)(aı + aə1))(ai + 
= İ(tı + tel) ((a, + ag)? (z4 + rz1)) 
= İ(aı + aol)? ((&4 + tel) (x1 + z21)) 
= [((a1 + a2I)(ai + aə1))((i + tel) (1 4 
= İ((zi + wel) (ti + tə1))((ai + aol) (ay + 
= [(a1 + agD)(((x1 + vəl) 

( 





((b1 + 637) (N(S))N 
(bi + boT)N(S). 


where (fı + tel) 
zol)(tı + tol)) (ay + aol) 


( 
( 
( 
( ( 
( [ 
= (ai x2l)?[((zi-4- rol 
( ( 
( 
( 
( 
( 


Xı o £1)? (a1 mri aol) 


(rı + tI)? 


paramedial and medial law, we get 


(a1 + zoI)(ai + aaI)) (a4 + zəl) 

(a1 + agl)(a1 + zo1I)) (x1 + zəl) 
?(aı + ag!) 

((aı + aI) (a1 + zə1))(ai + 

Mar + ae) (a1 + 








zı + zəl) 


( 
( 





zı b zəl) 








(aı + 

















aj1)] 
aj1)] 
aə1))1(aı + aaT) 
aə1))1(aı + aaT) 
aol) 
a2l) 
zo1))(aı + aaI) 
aoI))|(a1 + a21) 





(t3 + t3I))(ax + a21))](a1 + aol) 


((dı + asl) V1 c v3I))(ai + asl) 
(S))(bi 4-b93T)N 


Now using left invertive law and (1), we get 





(S) 


((z, + zoI)?(z, + z9I)) and (v + vel) = 





(ün + yoI)(ai + a21) 
= İ((zi + vel) (a1 + a91))(21 + zəlT)l(ai + ae!) 
= ((ai + asI)(z1 + zo1))((z1 + zxoI)(ai + aə1)) 
= ((zı + zə1)(aı + a21))((a1 + Gel) (1 + 221) 
= (a) + asI)[((x4 + zoI)(ai + azl))(xı + x21)] 
= (a + a21)(yi + vəl). 
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Now using left invertive law and (1), we get 








dı + ag!) 
= ((aı + agI)(z1 + z31))(a1 + Gol) 
= ((a1 + asI)(z1 + zə1))l((aı + Gel) (a1 + z21))(a1 + aa1)] 
= ((a1 + agl)(a1 + zə1))l((ri + vel) (a1 + a21))(a1 + a2l)] 
(a1 + aaI)(z4 + rə1))((ai + a2I)? (4 + 221)) 
= (ay al)? zı +221)| 





X ( 

[((@1 + z2I)(a1 + a2I))(z1 + v21)] 
(yi + yot) 
( 
( 


dı + ag!) 











( 
( 
( 
( 
[((a4 + aS I)(z4 + x31)) 
( ) 
( 
( 
( dı + aal). 


Therefore (b; + 53) N (S) is strongly regular. 

(it) — (4) 

Since N (S) itself is a bi ideal, therefore by assumption N(S) is strongly 
regular. wi 


Theorem 180 For an Neutrosophic AG-groupoid N(S) with left identity 
the following are equivalent, 

(i) N(S) is strongly regular, 

(it) Q(S) n (a1 + a3I)N(S) € Q(S)(a; + a2l)N(S) and Q(S) is strongly 
regular AG-subgroupoid, where Q(S) is any Neutrosophic quasi ideal and 
(a1 + az1)N(S) is any subset of N(S). 


Proof. (i) => (ii) 

Let N (S) be a Neutrosophic strongly regular AG-groupoid with left iden- 
tity. Let (a1 + del) € Q(S) n (a1 + a21)(S), now since N(S) is strongly 
regular so there exists some (z14-z31) € N(S) such that (ai -FazT) = ((a14- 
agl)(a1 + zoI))(a1 + a2I) and (ai + aoI)(21 + x21) = (zi + tel) (a1 + el). 
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Now using left invertive law and (1), we get 


(a1 + agI)(z1 + zəl) 
































= [((a1 + az1)(xı + z91))(a1 + a2I)](z1 + zəl) 
= İ((zi + vel) (a1 + a21))(a1 + a2I)](z1 + x21) 
= ((aı + agD)? (a1 + xə1))(rı + vəl) 
= (zı + zə1)”(aı + a31)? 

(zı + x31)? ((a, + agl)(ay + aa1)) 
= (a, +agI)((x1 + x1)? (a4 + aa1)) 
€ Q(S)N(S).(a1 + asI)(z1 + zəl) 
= [((a1 + ael)(x1 + z21))(a1 + a2I)](z1 + eel) 
= ((zı + zə1)(aı + a21))((a1 + Gol) (1 + sə1)) 
= (f(aı + aəl1)(zı + zo1))((z1 + zxoI)(ai + aə1)) 
= İ((zi + wel) (a1 + agl)) (a1 + zəl)l(ai + acl) 
€ N(S)Q(S). 

Thus (a1 + azT)(zı + zaI) € Q(S)N(S) à N(S)Q(S) € Q(S). 
Also (a1 + a1) = ((a1 + asI)(z1 + zə1))(aı + a2T) € Q(S)(aı + az1)(S). 


Let (a 





Let (yi zə vəl) — 


law, paramedial, medial law and (1), we get 


and 


( 
zi 
( 
( 


Vi + yet) 


(zi “ə zəl) (a1 + a»I))(zi km zəl) 
(dı Te à5I)(x4 + z31))(21 ini zəl) 
zı b £1)" (ay + azl) € N(S)Q(S), 














+ z3I)(e t eI))((a 





€ Q(S)N(S). 


Thus (yi + yo1) € Q(S)N 
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+ z5I)(ai + aoI))(zi + zəl) 

+ zə1)(aı + az1))((e + ef) (a1 + zə1)) 
) 1 t a2I)(a1, + x21)) 

à1 + azl)l((zi + rol) (e + eL)) (a1 + xa1)] 





1 t a31) € Q(S), thus (a1 + a31) € N(S) and since N(S) is strongly 
regular so there exists an (zı + x31) in N(S) such that (a; +a2/) = 
a5I)(x4 + xə1))(aı b aə1) and (a4 + azl)(rı -- x31) = 


((a1 + 


(zı “zəl (ai 4- aoI). 
((z3 + xəT)(ai + a21)) (x4 + zəl), then using left invertive 


(S)AN(S)Q(S) € Q(S). Now using left invertive 


5. Neutrosophic Strongly Regular AG-groupoids 


law and (1), we get 


yi + yet) (a1 + ae!) 

((zı + zəl)(aı + aol 
(a, + aol) (x1 + zəl) 
(zi + zoI)(ai + aə1) 


(a1 + z9I)](a1 + a21) 
(zı + z9I)(ai + az1)) 
(a1 + a2I)(z1 + z21)) 
(a1 + agl)) (x1 + xaI)] 





) 
( 
( 








— x ,.— 


à1 + aəl1)l((zı + zəl 


( 

[ 

( 
= ( 

( [ 

(a1 + aol) (y1 + yet). 





Now using left invertive law and (1), we get 























(a1 + ae!) 

= ((aı + az1)(zı + z21))(a1 + aol) 

= ((a1 + aə1)(zı + x21))[((a1 + Gel) (a1 + z21))(a1 + a21)] 
= ((a1 + aəl1)(zı + zə1))İ((gi + Lol) (a1 + a21))(a1 + a21)] 
— ((aı + aoI)(zi + 221) ((a1 + G21)? (zi + x21) 

= (ai + asI)?(((a4 + a2I) (a1 + 21)) (x1 + va1)] 

= ((aı + az1)(aı + a21))[((z1 + eI) (a1 + a21)) (x1 + rə1)) 
= ((aı + az1)(aı + a21))(y + yol) 

= ((m “ yol)(a1 + a21))(ai + a21) 

= ((a1 + aoI)(y + yot))(a1 + aol). 


Therefore Q(S) is strongly regular. 

(it) — (4) 

Since N (S) itself is a quasi ideal, therefore by assumption N(S) is strongly 
regular. wi 


Theorem 181 Let N(S) be a strongly regular Neutrosophic AG-groupoid 
with left identity. Then, for every (a1 + aI) € N(S), there exists (yı + 
yol) € N(S) such that (a, + azl1) = ((aı + asI)(yy + yaI))(ai + aol), 
(yr + gəl) = ((gi £ gəl (ai + a21))(y1 + yəl) and (a + a2I)(yi + yəl) = 
(yi + gəl (ai + az1l). 








Proof. Let (a4 + a2I) € N(S), since N(S) is strongly regular, there exists 
(zi 4- x91) € N(S) such that (ai + aol) = ((a1 + a2I)(z4 + z91))(a1 + a2!) 
and (aı Eaə1)(zı -- x91) = (xi -- zoI)(a1 +421). Now using (1), paramedial 
law and medial law, 
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we get 
dı + ag!) 

= ((ai + asI)(zi + zəl))(aı + aol) 

= (f(zı + zəl)(aı + a21))(aı + acl) 

= [(a1 + rel){((a1 + aol) (a1 + x21))(a1 + a21))](a1 + a21) 

= İ(zi + zə1)4(ar + Gel) (a1 + zə1))(e + eI) (a1 + a21))3)(a1 + a21) 

= İ(zi + zə1)4(an + a2I)(e + eD))((21 + z2I)(ai + ael))}] (a1 + a21) 

= İ((aı + az1)(e + eD)) Gi + tol) ((21 + zə1)(ai + aet))}] (a1 + a21) 

= [((a1 + az1)(e + e1))4(e + ef) (a1 + zə1))((ai + az1)(zı + 221))] 
dı + ag!) 

= [((a1 + az1)(e + eZ))(((23 + z9I)(ai + a2I))((z1 + zoI)(e + e1))) 
dı + ag!) 

= İ((zi + zoI)(a4 + ael)){((a1 + agl)(e + eD))((zi + xoI)(e 4- e1))) 
dı + ag!) 

= İ((zi + vel) (a1 + agl)){((e + ef) (a1 + zə1))((e + eD)(ai + a21))) 
dı + ag!) 

= İ((zi + el) (ay + a31))((x4 + eI) (ay + a21))|(a4 + aol) 

= [((a1 + a2I)(zi + z21))((a1 + a2I) (21 221))])(a1 + a21) 

= ((aı + agI)(((a1 + aoI)(z1 + t2L)) (41 + z21))](a1 + a21) 

= [(a1 + ael){((a1 + zoI)(ai + ael)) (a1 + z21)) (a1 + al) 

= ((ai + azI)(yi + yo1))(a1 + aol) 





where (yi + yol) = ((z1 + ef) (a1 + a21))(z1 + zo) 
Now using (1) and left invertive law, we get 


m t yel) 

= ((zı + zəl)(aı + a2l))(rı + zəl) 

= İ(zi + zə1)(((aq + agl) (a1 + xə1))(ai + a31)) (4 + zəl) 
((aı + azT)(xı + xə1))((sı + z9I)(ai + a21))](z1 + zəl) 
= [{((a1 + vel) (a1 + agl)) (a1 + zo) (a1 + aə1)l(zi + zəl) 

(y1 + yet) (a1 + agl))(a1 + zəl) 

(yi + yol){((a1 + aol) (a1 + xo1))(ai + aə1))1(ai + vəl) 
= İ(zi + tol){((ai + az1)(zı + z21))(a1 + a21))] (Mi  y21) 
= İ(zi k tol) {((ai + a2I)(21 + za1))(a1 + a21))] (Mi  y21) 
((aı + aə1)(zı + 221))((21 + zə1)(ai + a21))] (1 + yet) 
= [{((v1 z2I)(a1 + a21))(z1 + Lol) } (a1 + a21)] (1  y21) 
(y + yet) (a1 + a21)) i + yet). 
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Now using (1) and left invertive law, we get 











(a1 + aoI)(y1 + vəl) 
= (a, + asI)[((x4 + z9I)(ai + azl))(xı + x21)] 
= ((@1 + zoI)(ai + aəz1))((ai + azT)(xı + xo1)) 
= ((a1 + aəl1)(zı + zo1))((z1 + vel) (a1 + aə1)) 
= İ((zi + vel) (a1 + agl)) (a1 + zəl)l(aı + ae!) 
= (vı + gəl )(aı + ao). 


Theorem 182 For an Neutrosophic AG-groupoid N(S) with left identity 
the following are equivalent, 

(i) N(S) is strongly regular, 

(it) N(S) is left regular, right regular and (N(S)(ai + aə1))N(S) is a 
strongly regular AG-subgroupoid, of N(S) for every (a, + a21) € N(S). 

(iti) For every (a1 -- a3I) € N(S), we have (aj + adel) € (a1 + asI)N(S) 
and (N(S)(ai + aə1))N(S) is a strongly regular AG-subgroupoid, of N(S). 


Proof. (i) => (ii) 

Let (a1 4-a2I) € N(S), and N(S) is strongly regular so there exists some 
(zi 4- 21) € N(S) such that (a4 + aol) = ((aı + asI)(x4 + z91))(a1 + a2!) 
and (aı -- aaI)(z4 + x31) = (a1 +: zoI)(a1 + a1). Now left invertive law ,we 
get 


(dı El à5I)(x4 E zo1))(aı ci” asl) 
(zi zT zol)(aı EE aəl1))(ar “r aəl) 











This implies that N(S) is right regular. Now using medial law, (1) and 
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paramedial law, we get 


1+ z21)) 








+ vol 
+ agl 
((a1 + zə1)(ai + ae!) 
zı + zə1)((ar 4 
(e+ el)(x1 + x2I))( 
(a, + aI) (a, + aol) 
a1 + ag)? ((ay + zəl 
(zı + zəl)(ai + aol) 
(uy + ugl)(a, + .az1)” 


) 
) 
) 








( 
( 
( 
( 
( 


where (ui + uel) = 
Let (b + bef) c 


+ asI)(ai + 


SS x 


dı + ag!) 


( 
[ 


1+ 221)) ((aı + aol) x1 z31))(ai + aol 


(ai + 
(a 
X 








( 
ay+ agl) (ay + az1)) 
((x4 + zə1)(e + eT)) 
(e+ e) 
((z1 + tal) 


[((v1 + 221) (a1 + a21)) ((21 + zəl)(e 
(N(S)(a1 --a3P))N(S) C N(S), thus (b; 4 


zı kəl 
(e+ e))|(a1 + aaT) 





X1 + z5lI)(ai 4 
zı o z31)(a4 4 
aı + az1)) 

2 





İ( 
Ji 
X 
İ( 


4- eI))]. 
+ bol) € 





- az1)) 
+ az1)) 


N(S), 


and since N(S) is strongly regular, so there exist (zı + zə27)) € N(S), such 


that (bı + bl) = 


since (bı + bel) 


€ (N(S)(a1 --aə1))N(S) 


> (by + bol) = 


(bı + bel) (2i +x21)1)(b1 + bel) and (21 +21); = ((23 4 
z3LD)1(bi--b31))(z44-231)1 and (bi +boT)(x1 +21), = (zi +221)1(b1 +bo1), 





(z(a1 + a21)) (t3 4 


təl), for some z, (ti + fə?) € N(S). Using paramedial, medial law, left 


invertive law and (1), we get 
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) 
) Mari + tel); 

zı +221), (bi + b21))((e + el) (a1 + zə1))) 
) ( 
( 








(e + el))( bi + bel) (x4 EE z31)1) 


— nM 
8 
& 
+ 
8 
(Şə) 
— 
.."” 
m 
Oo 
+ 
(c 
— 
— 
sə” 
PE 
8 
s 
+ 
8 
h2 
Xo 
E 


( 

( 

( 

( 

( 

[((z(a1 + aə1))(tı + təT)l(u + vəl) 

((u1 + uel) (ti + toD))(z(ai + aol 
= ((aı + asI)z)((ti + tel) (um + uel 

( 

( 

( 

( 

( 














)(ui + uel))z] (a1 + a2!) 
vy + val) (a1 + aol) 
vy + vel) ((ay + aol)? (a1 + za1)) 
ay + agI)?((vy + vel) (a1 + va1)) 
(a1 + agl)(a1 + aə1))((o) + vel) (a1 + zə1)) 
N(S)(a1 + a31))N(S) 











where (uq + wel) = ((z1 + zoI)i(e + ef)) (a1 + zəli and (v4 + vel) = 
(ti + tol) (ur + ugl))z. 

This shows that (N(S)(a: + a2I))N(S) is strongly regular. 

Let (a4 + a2I) € N(S), and N(S) is left regular so there exists some 
(yi + vəl) € N(S) such that (a1 + azl) — (yi + yol) (ay + ajI)?. 

Now using (1), we get 











(a4 + aol) 

(yr + gəl)(ai + a2l)? 
= (m + yol)((a1 + aə1)(aı  a21)) 
= (a1 + a2I)((yi + y2t) (a1 + a21)) 
€ (a1 + aə1)(N(S)N(S)) 
= (a, + a2I)N(S). 


Let (a1 + aəl1) € (a1 + a31)N(S) so there exists some (tı + tel) € N(S) 
such that (a4 +a2I) = (a1--aaI)(t1--t21), also (ai +a2I) € N(S)(a1 +a!) 
so there exists some z € N(S) such that (a1 + aol) = z(a1 + aaI). 
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Now 


m 


( 
( 
( 
( 


dı + aol) 

ay + agl)(t1 + təl) 
z(a4 + a21))(ti + tel) 
N(S)(a1 + azI))N(S), 





and as (N(S)(aı —.aə1))N(S) strongly regular so there exists some (a1 + 


231) in N(S) such that (a; + 
(ai + agl) (x1 + zəl) — (zi + 
m 





aol) = ((aı + aoI)(zi + zo1))(aı + aol) and 
z3I)(ai + a31). So N(S) is strongly regular. 


Theorem 183 For an Neutrosophic AG-groupoid N(S) with left identity 


the following are equivalent, 


(i) N(S) is strongly regular, 


(4) (N(S)(a1 + a31)) N(S) 


Proof. (i) — (ii) 


is strongly regular and N(S) is left duo. 


Let (a1 + a2I) € (N(S)(aı + a31))N(S), so (a1 + a3T) € N(S) and since 
N(S) is strongly regular so there exists some (zı + zoI) € N(S) such that 


(a1 + az1) = ((a1 + azI)(z1 + 


z51))(a1 + Gel) and (a1 + aoI)(z1 + 221) = 





(zi + zə1)(aı + aol). Let (gi + yaI) = ((a1 + zəl)(ai + a21)) (23 + x21) for 
any (yi + yo1) € N(S). Now using (1) and left invertive law ,we get 





yi + yol) 


= ((zı “ zə1)(aı + agl))(x1 + zəl) 
= [(a1 + zə1)(((ai + a2I)(21 + 221))(a1 + a22))] (21 + zəl) 





( 
= [((a1 + aol)(a1 + z21))((21 + z21)(as + a21))](zi + səl) 
) 





=> {((x1 + zol)laı + asl) (21 + 231) (ay + aəl)l(rı — zəl) 


= (f(gı “ gəl)(aı ka 





2I))(z1 + zəl) 
) 


€ (N(S)(aı + az1))N(S). 
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Now using paramedial law,medial law and (1), we get 




























































































dı + ag!) 
= ((ai + asI)(zi + zəl))(aı + aol) 
= (f(zı + zəl)(aı + az1))(a) + aol) 
= [(a1 + zaD)(((ai + aol) (a1 + z21))(a1 + a21))](a1 + a21) 
= (xi zə1)((ar + a2l) (a1 + z21))((e + eT) (a1 + aal))}] (a1 + a21) 
= İ(zı £ zə1)4((ar + azI)(e + eT))((21 + zə1)(ai + a2t))}] (a1 + a21) 
= İ((aı + az1)(e + eL)){(1 + tol) ((21 + zə1)(ai + ael))}](@1 + a21) 
= İ((aı + a2I)(e + el)){((e + ef) (a1 + v21))((a1 + a2I) (a1 + zə1)))(an + a21) 
= İ((aı + a2I)(e  eI)) (x1 + oI) (a1 + a21))((z1 + z2I)(e + eL))}](a1 + aol) 
= İ((zı + zə1)(aı + a21))(((a1 + a2I)(e + ef))((1 + z2I)(e + eL))}](a1 + a21) 
= İ((zi + tel) (a1 + agl)){((e + ef) (a1 + xoI))((e + eL) (a1 + a21))) (a1 + a21) 
= İ((zi + vel) (a1 + agl))((a1 + vol) (a1 + a21))|(a1 + a21) 
= [((a1 + azI)(z1 + zə1))(an + G21) (x1 + 221))](a1 + a21) 
= İ(aı + asI)(((aj + aI) (a1 + zo1I)) (21 + z91)]](a1 + al) 
= [(a1 + aol){((a1 + zoI)(ai + ael)) (a1 + z21)]](a1 + al) 
= ((a1 + a2I)(y1 + y21))(a1 + a1), 
and using (1) and left invertive law, we get 
(a3 + aə1)(yi + yel) 

= (a, + asI)[((x4 + zoI)(ai + azl))(xı + xa1)] 

= ((@1 + zəl)(aı + az1))((ai + Gel) (a1 + xo1)) 

= ((ai + asI)(z4 + zoI))((z1 + zxoI)(ai + aə1)) 

= İ((zi + vel) (a1 + agl)) (a1 + zəlT)l(ai + acl) 

= (yi + yet) (a1 + az). 


This shows that (N (S)(aı + a2I))N(S) is strongly regular. 
Let L(S) be any left ideal in N(S) > N(S)L(S) C L(S). Let (aı +a2I) € 
L(S),N(S) € N(S). Since N(S) is strongly regular, so there exists some 


(z1-- x31) € N(S), such that, (a1 Faş?) = 


and (a; + a2I)(a1 + x 


21) = 


((a1 -FasI)(zi +221))(ay + ag!) 


(zı + zoI)(ai + agl). Now (a1 + agI)N(S) € 
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a, + a31)N(S) 

= [((a1 + ael)(x1 + zə1))(ai + a21)1N(S) 
= İ((zi + zoI)(a1 + agl)) (a1 + a2D)|N(S) 
= ((a4 + agI)? (x1 + x31)) N(S) 

= (N(S)(a1 + 221))(a + ao)? 

= (N(S)(zı + zə1))((aı + al) (a1 + az1)) 
€ N(S)YN(S)L) C N(S)L C L. 














This shows that L(S) is also right ideal and N(S) is left duo. 

(ii) = (i) 

Using medial and paramedial laws we get (N(S)(ai1+a2I))(N(S)N(S)) = 
(N(S)N(S))((a1 + a3I)'N(S)) = (N(S)(ai + aə1))N(S). Now since N(S) 
is left duo, so (a4 + a2I)N(S) C N(S)(a; + aş1). Also we can show that 
N(S)(aı +21) € (a1 +a2I)N(S). Thus N(S)(aı +421) = (a1 + a2I)N(S). 
Now let (a4 + azT) € N(S), also (a1 + a3I) € N(S)(a1 + aol) = (a + 
aoI)N(S) — (a1 + aol) = (t4 + tol) (ay + ag!) and (a1 + aol) = (ai + 
a51I)(v, + vaI) for some (t4 + t1), (v1 + v3I) € N(S). Now 








dı + ag!) 

ay + a3I)(vi + vel) 

(ty + təl)(aı + agl)) (v1 + vel) 
(S) (a1 + a21))N(S). 


( 
( 
( 
S. XN 


As (N(S)(a1 + az1))N(S) is strongly regular, so there exists some (uw, + 

ual) € (N(S)(a1 + a31))N(S), such that (a1 + aəT) = ((a1 + asI)(ui + 
I))(ai + aə1) and (a: + azl)(ur + uel) = (ui + uoI)(ai + aş1). Hence 
N(S) is regular. m 





Theorem 184 For an Neutrosophic AG-groupoid N(S) with left identity 
the following are equivalent, 

(i) N(S) is strongly regular, 

(it) N(S)(a1 + aə1) is strongly regular for all (a; + agI) in N(S). 


Proof. (i) — (ii) 

Let (a; + a3I) € N(S)(a, + as1), so (ay + a3I) € N(S) and N(S) is 
strongly regular so there exists some (zı + zoI) € N(S) such that (a; + 
aoI) = ((aı + azl)(xı + zo1))(a1 + a21) and (a1 + aoI)(24 + x91) = (214 
zəl)(aı + del). Let (yi + yaI) = ((zi + zoI)(a1 + a21))(z1 + x21) for some 
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(yi + yet) € N(S). Now using left invertive law we get 


Il 


e 


( 
zi 
( 
( 





yi + vəl) 

(zi + zə1)(ai + aə1) 
(aı + az1)(sı + zəl) 
24 + rol) (ai + aol) 





N(S)(a1 + az1). 


Mzi + z21) 
J(z1 + zəl) 





Now using paramedial law,medial law and (1), we get 






















































































dı + ag!) 
= ((ai + del)(a1 + zəl))(aı + aol) 
= (f(zı + zəl)(aı + azl))(a) + aol) 
= [(a1 + z2I)(((ai + dal) (a1 + xo1))(ai + a21)]](a1 + al) 
= [(a1 + zoI)(((ai + dal) (a1 + zəT1))((€ + eL) (a1 + aə1)))1(aı + a2) 
= [(a1 + zoI)(((ai + asI)(e + eD))((zi + vol) (a1 + a91))]](a1 + al) 
= İ((aı + aə1)(e  e1)) (oi + v2I)((21 + z2I)(a1 + a2l))}] (a1 + a21) 
= İ((aı + a2I)(e  eD))t((e + ef) (a1 v21))((a1 + aə1)(zı + 221))5](a1 4 
= İ((aı + a2I)(e + ef)){((a1 + z2I)(ai + a21))((1 + z2I)(e + eL))$\(a1 4 
m İ((zi + 21) (a1  a21))t((a1 + a2I)(e + e1))((21 + zə1)(e + ef))}] (aa 4 
= İ((zi + wel) (a1 + a2l)){((e + ef) (a1 + xoI))((e-- eZ)(ai + ao1)))](as - 
= İ((zi + vel) (a1 + agl))((a1 + vel) (a1 + a21))|(a1 + a21) 
= [((a1 + az1)(xı + zoI))((a1 + al) (a1 + z21))|(a1 + aol) 
= İ(aı + asI)(((aj + aI) (a1 + zoI)) (zi + z91)]](a1 + a2!) 
= [(a, + a2I)(((21 + zəT)(ai + a2I)) (zi + z21)]](a1 + al) 
= ((a1 + a2I)(yi + yot)) (a1 + a21), 
and using (1) and left invertive law, we get 
(a1 + a2I)(y1 + y21) 

= (a, + asI)[((x4 + z9I)(ai + azl))(xı + x21)] 

= ((@1 + zoI)(ai + as1))((a1 + Gel) (a1 + xo1)) 

= ((ai + asI)(z1 + zo1))((z1 + zoI)(ai + aə1)) 

= İ((zi + vel) (a1 + agl)) (a1 + zəlT)l(ai + acl) 

= (vı + yel)(a1 + ao). 


Which implies that N(S)(a1 + aə1) is strongly regular. 


(i) — (1) 


Let (a4--ao91) € N(S), so (a1--ao1) € N(S)(a1+a2L) and N(S)(a,+a2!) 
is strongly regular which implies N(S) is strongly regular. m 
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6 
Neutrosophic Ideals 


in Semigroups 


In this chapter we will introduce the concept of neutrosophic ideal, neutro- 
sophic prime ideal, neutrosophic bi-ideal and neutrosophic quasi ideal of 
a neutrosophic semigroup. With counter example we have shown that the 
union and product of two neutrosophic quasi-ideals of a neutrosophic semi- 
group need not be a neutrosophic quasi-ideal of neutrosophic semigroup. 
We have also shown that every neutrosophic bi-ideal of a neutrosophic 
semigroup need not be a neutrosophic quasi-ideal of a neutrosophic semi- 
group. We have also characterized the regularity and intra-rgularity of a 
neutrosophic semigroup. 

Algebra is one of the oldest branch of mathematics, defined as the manip- 
ulation of symbols. Basically the word “Algebra” is an Arabic word which 
means recombining the factors. In this regard the mathematicians such as 
al-Khwarizmi, Diophantus and Omar Khayyam make extra ordinary con- 
tributions. Mainly the history of Algebra is divided into two eras, firstly 
upto 19th century known as Elementary Algebra, secondly after 19th cen- 
tury known as abstract or modern Algebra. The Elementary Algebra have 
many applications in engineering, medicine and economics. While the ab- 
stract or modern algebra discus groups, vector spaces, rings topologies etc. 

As from beginning to present, there are a lot of difficulties and com- 
plications in every branch of science which distress human life directly or 
indirectly. By applying communal technique these difficulties and compli- 
cations cannot be handled. The uncertainty and disorderliness was lectured 
by Lotfi Zedah in 1965, hosting the concept of fuzzy set. A lot of theories 
have been developed to contended with uncertainty, haziness and ambigu- 
ity such as theory of probability, rough Set theory, fuzzy set theory. But 
all these theories were not sufficient to describe the situation of neutral- 
ity or indetermincy. F. Samrandache perceived that the law of omitted 
middle is still sedentary, as in making a decision (making a decision, uncer- 
tain, not making), in sports games (defeating, wining, tie), and in voting 
system (yes, no, NA). To handle such type of situation he develop the 
idea of neutrosophic set . Neutrosophy is exploration of neutrosophic logic. 
When uncertainty and disorderedness is modeled, we will use fuzzy theory 
whereas we will use neutrosophic theory when there is indeterminacy or 
ambiguity involved. Using neutrosophic theory the "neutrosophic algebraic 
structure" is lately defined by Vasantha K Andasmy and Florentien Sama- 
randache. Some of neutrosophic algebraic structure have been defined are, 
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neutrosophic fields, neutrosophic vector spaces, neutrosophic groups, neu- 
trosophic bigroups, neutrosophic N-groups, neutrosophic semigroup, neu- 
trosophic bisemigroups, neutrosophic N-semigroups, neutrosophic loops, 
neutrosophic biloops, neutrosophic N-loops, neutrosophic groupiods and 
neutrosophic bigroupiods. 

The "neutrosophic" comes from Greek word Sophia which means study 
of non-combatant speculation. Thus neutrosophic is the study of Essence, 
Provenance and Breadth of non-interference as well as there synergy with 
different intellectual continuous. One first present the alteration from fuzzy 
set to neutrosophic set. Then one introduce the neutrosophic constituent 
T, I, F, which represent the existence /membership, indeterminacy and 
non-membership values respectively, where 107 ,17İis the non-standard unit 
interval. So one introduce the neutrosophic set. One define the neutrosophic 
set operation such as complement, intersection union, addition/difference, 
Cartesian product and inclusion. 

The algebraic structure (S, «) is called semigroup. Where S is a non- 
empty set and x is closed and associative binary operation. i.e. ab € S, 
and, 

a* (bxc) = (a«b)«c 


Va,b,c€ S. For a semigroup (S, *) it is not vital that the identity element 
or inverses of all element also prevail in S. The set of natural numbers N 
and that of real numbers R are semigroups withe the binary operation usual 
addition and multiplication. 

The algebraic structure (N(S), *) is called neutrosophic semigroup . 
Where N(S) is a non-empty neutrosophic set and * is closed and associative 
binary operation i.e (a + al) x (b+ bI) € N(S), and, 


(a 4- aI)  [(b 4- bI) * (c 4- c1)] 
= [(a--aI) «(b+ bI)| x (c+ cI)V(a 4- a1), (b -- bI), (c+ cT) € N(S). 





For a neutrosophic semigroup (N(S), *) it is not vital that the identity 
element or inverses of all elements also prevail in (IN (S), x) Onward, in case 
of semigroup, we will write S instead of (S, «) and operation on it as ab 
instead of ab, a(bc) instead of ax(b«*c) and so on. Similarly for neutrosophic 
semigroup we will use the notation N(S) instead of (N(S), *) and the 
corresponding operation as (a + al)(b + bI) instead of (a + al) x (b+ b1), 
(a+al)[(b+bI)(c+cl1)] instead of (a+ al) * [(b 4- bI) * (e+ cI)] and so on. 
The operation usually refer to multiplication on S or N(S) respectively. 
The neutrosophic set of natural numbers N(N) and that of real numbers 
N(R) are neutrosophic semigroups w.r.t usual addition and multiplication. 
A neutrosophic semigroup N(S) may or may not commutative. If 








(a 4- aI)(b 4- bl) = (b+ bI)(a+al) V (a+al), (b+ 61) € N(S). 


Then N(S) is called neutrosophic commutative semigroup. 
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Definition 185 A non-empty neutrosophic subset N(Q) of a neutrosophic 
semigroup N(S) is called a neutrosophic quasi-ideal if 


N(Q)N(S)n N(S)N(Q) € N(Q). 


Proposition 186 Every neutrosophic quasi-ideal of a neutrosophic semi- 
group N(S) is a neutrosophic subsemigroup of N(S). 


Proof. Let N(Q) be a neutrosophic quasi-ideal of a neutrosophic semigroup 
N(S). Then 
N(Q)N(S)n N(S)N(Q) € N(Q). 


Also 
[N(Q] = N(Q)N(Q) 
C N(Q)N(S). 
And 
[N(Q = N(Q)N(Q) 
€ N(S)N(Q). 
This implies that 
[N(Q)? € N(Q)N(S)n N(S)N(Q) 
C N(Q). 


Thus N(Q) is a neutrosophic subsemigroup of N(S). m 


Proposition 187 A neutrosophic semigroup N(S) without zero is a neu- 
tosophic group if and only if N(S) has no proper neutrosophic quasi-ideal. 


Proof. Let 
(a+ yI) € N(Q). 
And N(Q) be a neutrosophic quasi-ideal of a neutrosophic group N (S).Then 
N(S) = N(S)z gl) 
= (zctyl)N(S) 
= N(S)(a@+y1)N (x+yl)N(S) 





INIA 


Hence 
N(S) = N(Q). 


Conversely let the neutrosophic semigroup N(S) has no neutrosophic 
proper quasi-ideal. Then for any 


(a ET) € N(S) 


185 


6. Neutrosophic Ideals in Semigroups 


the product N (S)(x-FyI) and (x-- y1)N(S) are left and right neutrosophic 
quasi-ideals of N(S), respectively. Thus 

N(S) = N(S)(a+yl) 
(x + yI)N(S). 


Il 


ie N(S) is a neutrosophic group. W 


Proposition 188 Let N(S) be a neutrosophic semigroup with zero such 
that 
[N(S)P £0. 


Then N(S) is a group with zero if and only if it contains no proper neu- 
trosophic quasi-ideal. 

Proof. Consider N(S) is a neutrosophic group with zero. Let N(Q) be a 
neutrosophic quasi-ideal of N(S) and (x + yI) be a non zero element of 
N(Q). Then 





N(S) = N(S)xz-*yl) 
= (z £u1)N(S 
N(S)(x + yI) (a + yD)N(S) 


INIA 


Conversely, assume that the neutrosophic semigroup N(S) with zero con- 
tains no neutrosophic proper quasi-ideals. Let (a+alI)U N(S)(a+ al) be 
the neutrosophic principal left ideal of N(S) generated by 


(0 4-07) 4 (a+al) € N(S). 


Then 
(a 4- a1) U N(S)(a 4- aI) 2 N(S). 
Thus 
N(S)((a-4-aI)U N(S)(a--al) = N(S)N(S) 
[N(S)? 


z (0-01) 
As N(S)(a 4- aI) is a non zero neutrosophic ideal of N(S), therefore 
N(S)(a+ aI) = N(S). 


Similarly we obtain 
(a 4- aI)N(S) = N(S) 


for every non zero element (a 4- aI) of N(S). This implies that N(S) is a 
neutrosophic group. m 
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Proposition 189 The intersection of a neutrosophic right ideal N(R) and 
left ideal N(L) of a neutrosophic semigroup N(S) is a neutrosophic quasi 
ideal of N(S). 


Proof. Since 
N(R)N(L) € N(R) N(L). 


Thus N(R) n N(L) is non-empty. Further, 


[N(R) n N(L)IN(S) n. N(S)[IN(R) n. NCL)] 


INIA 


Hence N(R) à N(L) is a neutosophic quasi ideal of N(S). m 


Proposition 190 The intersection of a neutrosophic quasi-ideal N(Q) and 
a neutrosophic subsemigroup N(T) of a neutrosophic semigroupN (S) is ei- 
ther empty or a neutrosophic quasi-ideal of N (T). 


Proof. If N(T) n N(Q) is non-empty then, N(T)n N(Q) is a neutrosophic 
subset of N(T) such that 


İNC) n N(Q)INUT) n N(P)İN(T) n N(Q)) € NO)N(O)nNGO)N(G) 
GING 
€ NU) 

And 

[N(T)n N(Q))N(T)n N(P)İN(T) n N(Q] € N(Q)N(S)n N(Q)N(S) 
C N(Q) 


Thus 
[N(T) 1 N(Q)IN(T)O N(P)IN(L) n N(9)] € N(T) n N(Q). 
Hence N(T) à N(Q) is a neutrosophic quasi-ideal of N(T). m 


Proposition 191 Let (e--eI) be an idempotent element of a neutrosophic 
semigroup N(S). N(R) and , N(L) be neutrosophic right and left ideals of 
N(S) respectively. Then N(R)(e+ eI) and (e 4- eI) N(L) are neutrosophic 
quasi-ideals of N(S) such that 


N(R)(e+ eI) = N(R)O N(S)(e 4 eI). 


And 
(e+ eD)N(L) = (e+ eT1)N(S) n N(L). 


Proof. If N(R) and N(L) are neutrosophic right and left ideals and N(X) 
be a non-empty neutrosophic subset of a neutrosophic semigroup N(S). 
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Then N(X)N(R) and N(L)N(X) are neutrosophic right and left ideals of 
N(S) and 
N(R)N(L) € N(B)n N(L). 


Thus by this result N(S)(e + eI) and (e + eI)N(S) are neutrosophic left 
and right ideal of N(S). Now we show that 


N(R)(e+ eI) = N(R)O N(S)(e 4 eI). 


And 
(e+ eD)N(L) = (e+ e1)N(S) n N(L). 


Since N(R) is a neutrosophic right ideal so, 
N(R)(e+ el) C N(R) ON N(S)(e 4+ el). 
Let x € N(R)NN(S)(e+ eI). Then 


x = (rcr) 
= (s+sI)(e+el). 

















Where (r 4- rI) € N(R) and (s+ sI) € N(S). This implies that 
z = (scsl)e-el) 
= (s-slI)(e- el)(e- eI) 
= (r-rl)(e- el) 


Thus 
N(R)n N(S)(e F eI) € N(R)(e £ eI). 


Therefore 
N(R)(e+ eI) = N(R)O N(S)(e 4 eI). 


Hence by proposition 4, 








N(R)(e+ eI) = N(R)OÓ N(S)(e 4 eI). 


is a neutrosophic quasi-ideal of N(S). 
Similarly we can show that, 


(e+ eD)N(L) = (e+ eT1)N(S) n N(L). 
is a neutrosophic quasi-ideal of N(S). m 


Proposition 192 Every neutrosophic quasi ideal N(Q) of a neutrosophic 
semigroup N(S) is the intersection of the neutrosophic principle left ideal 
N(Q)UN(S)N(Q) and neutrosophic principle right ideal N(Q)UN (S) N(Q) 
of N(S). 


188 


6. Neutrosophic Ideals in Semigroups 


Proof. N(Q)U N(S)N(Q) and N(Q)U N(Q)N(S) are neutrosophic prin- 
ciple left and right ideals of N(S) generated by N(Q). Also 


N(Q) € [N(Q) U N(S)N (Q)] n [N(Q) U N(Q)N(S)). 
Conversely 
[N(Q) U N(S)N(Q)] n [N(Q) U N(Q)N (S)] 
= N(Q)U[N(S)N(Q)n N(Q)N(S)]. 
Since N(Q) is neutrosophic quasi-ideal, therefore 
N(S)N(Q)n N(Q)N(S) € N(Q). 


Hence 


Corollary 193 A non-empty neutrosophic subset of a neutrosophic semi- 
group N(S) is a neutrosophic quasi-ideal of N(S) iff it is the intersection 
of a neutrosophic left and a right ideal of N(S). 


Proposition 194 If N(Q) is a neutrosophic proper quasi-ideal of a neu- 
trosophic semigroup N(S) such that N(Q) is one-sided neutrosophic ideal 
of N(S), then N(S)N(Q) (N(Q)N(S)) is a neutrosophic left (right) ideal 
of N(S). 

Proof. Assume that N(S)N(Q) is not a neutrosophic proper left ideal of 
the neutrosophic semigroup N(S), then 


N(S)N(Q) =0 
N(S)N(Q) = N(S) 
The case 
N(S)N(Q) —0 
is impossible. In fact 
N(S)N(Q) = 0 
Cc N(Q) 


contradicts the assumption that N(Q) is not a neutrosophic proper left ideal 
of the neutrosophic semigroup N(S). On the other hand if 
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then 
N(Q) € N(S)N(Q), 
thus by previous proposition 7, 
N(Q) = [N(Q)UN(S)N(Q)]n [N(Q) U N(Q)N(S]] 
= N(S)n[N(Q)U N(Q)N(S)] 
= N(Q)U N(Q)N(S) 
This implies that 
N(Q)N(S) € N(Q) 


which is a contradiction to the condition that N(Q) is not a neutrosophic 
right ideal of N(S). So N(S)N(Q) must be a neutrosophic proper left ideal 
of the neutrosophic semigroup N(S). Similarly we can show that N(Q)N (S) 
is a neutrosophic proper right ideal of the neutrosophic semigroup N(S). m 


Proposition 195 The intersection of any set of a neutrosophic quasi-ideal 
of a neutrosophic semigroup N(S) is either empty or a neutrosophic quasi- 
ideal of N(S). 


Proof. Let (N(Q3): A € A) be a set of neutrosophic quasi-ideals of a 

neutrosophic semigroup N(S). If aN (Q5) is non-empty, then, for every 
c 

(u € A), 


N(D) = N()bo N(QXIn Lo, NQIN() 
N(S)N(Qu) n N(Qu)N(S) 


N(Qa). 


INIA 


Hence 
N(D) AN (Qa) 


i.e. “VU is a neutrosophic quasi ideal of N(S). m 
€ 


Remark 196 The union and product of two neutrosophic quasi-ideals of 
a neutrosophic semigroup N(S) need not be a neutrosophic quasi-ideal of 
N(S). Let see examples. 


Example 197 Let 


LE m+mI i 
N(S) = pu-pl “gage opo : 
I+U,m+mI,pt+pl , q dql € N(Z*) 








then N(S) is a neutrosophic semigroup under the usual multiplication of 
matrices. 
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Let 





way - (| 7 — | teuren (zt) |, 


and 








q- 
then clearly both N(Q1) and N(Q2) are neutrosophic quasi ideal of N(S). 
Let 


N(Qa) - 1| 07 2 | eate (zo). 


N(Q) 2 N(Q1)U N(Q»), 
then N(Q) is not a neutrosophic quasi ideal of N(S) because, 




















0-07 14-17 ][0-07 0-01] 
0-07 0407 || 0+02 a+al | 
— [0-407 a+al | 
«00-01 007) 
— [ater Ü401İİ 0+0F 1-417] 
~ | O+0% 0407 || 0-07 0-0I | 








€ N(S)N(Q)n N(Q)N(S). 


But does not belong to N(Q). So the union of neutrosophic quasi ideals 
need not be a neutrosophic quasi ideal. 


Example 198 Let 


-—- Pee Ori, x 
wisy={[ iin — :1+U,p+pl € N(R li 








then N(S) is a neutrosophic semigroup under the usual multiplication of 
matrices. 














Let 
(ll 0+0/7 |. à 
N(R) — ne i237 1/7 pL NOR S) 
ÜZ <l+ll<p+pl 
and 
pel “OAR OF |". " 
NOL apo quu |e Tees ee M 





04-07 <p+pl and 5 öl « q-- qI 


then N(R) being neutrosophic right ideal and N(L) being neutrosophic 
left ideals are quasi ideal of N(S). Then the product N(R)N(L) is a neu- 
trosophic bi-ideal of N(S) but by p224 it is not a neutrosophic quasi ideal 
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of N(S). Indeed 


5+5f O0O+01 
104-107 1411 


| 
anı 
lt 








icdl 7 | E d 7 
1 








64-61 1411 BM 1411 İİ 6461 1417 
— “Eko” 07507: [30-E30F -OxpOI 1 [| er 04:07 
— RSE qır. gsr mar | | 12:47 dT 











m 


N(S)İN(R)N(L))n İN(B)N(L)N(5). 
But do not contain in N(R)N(L). Hence, 
N(5)1N(R)N(L)0n [N(R)N(L)IN(S) £ N(R)N(L). 


Definition 199 A neutrosophic subsemigroup N (B) of a neutrosophic semi- 
group N(S) is said to be bi-ideal if 


N(B)N(S)N(B) C N(B). 


Proposition 200 Let N(A) be a neutrosophic ideal of a neutrosophic semi- 
group N(S) and N(Q) be neutrosophic quasi-ideal of N(A), then N(Q) is 
a bi-ideal of N(S). 


Proof. Since N(Q) is a neutrosophic quasi-ideal of N(A), therefore by 
proposition 1, N(Q) is a neutrosophic subsemigroup of N(S). Also since 
N(Q) € N(A), 


so we have 


N(Q)N(S)N(Q) N(Q)N(S)N(A) n N(A)N(5)N(Q) 
N(Q)N(A)n N(A)N(Q) 


N(Q) 


OY IA IA 


Hence N(Q) is a bi-ideal. 


Corollary 201 Every neutrosophic quasi ideal of a neutrosophic semi- 
group N(S) is a neutrosophic bi-ideal of N(S). 


Proof. Let N(Q) be a neutrosophic quasi ideal of a neutrosophic semigroup 
N(S). Then by proposition 1, N(Q) is a neutrosophic subsemigroup of 
N(S). Also 


N(Q)N(S)N(Q) € N(Q)N(S)n N(S)N(Q) 
C N(Q). 


Thus N(Q) is a neutrosophic bi-ideal of N(S). m 
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Proposition 202 The product of two neutrosophic quasi-ideals N(Qı) and 
N(Qə) of a neutrosophic semigroup N(S) is a neutrosophic bi-ideal of 
N(S). 

Proof. Let N(Q,) and N(Qə) be neutrosophic quasi-ideal of N(S). Since 
every neutrosophic quasi-ideal of a neutrosophic semigroup N(S) is a neu- 
trosophic bi-ideal of N(S), so we can write 


N(Q2)N(S)N(Q2) € N(Q), 


therefore 


N(Qi)N(Q9)N(Q1)N (Q2) N(Q:)N(Qə)N(5)N(Qə) 


N(Q:)N(93). 


i.e N(Q1)N(Qs) is a neutrosophic subsemigroup of N(S). Also 


INIA 


N(Q1)N(Q2)N(S)N(Q1)N(Q2) € N(Q1)N(Q2)N(S)N(Qz2) 
C N(Qı)N(Qə). 


Thus N(Q1)N(Q2) is a neutrosophic bi-ideal of N(S). m 


Remark 203 Every neutrosophic bi-ideal of a neutrosophic semigroup N (S) 
need not be a neutrosophic quasi-ideal of N(S). Consider the examples. 


Example 204 Let 


nis) ={| a-cal 0401 


b+bl 1-1I 





| i otal, eM e N (R*)]. 


then N(S) is a neutrosophic semi group under usual matriz multiplica- 
tion. 





Let 
a+al 0+0f |. . 
N(R) = Eee idar tte pt er € N (R*), 
ÜZ «IU x p pl. 
and 
ppl 0-01 |. . 
N(L) = qual 1+ir |i Pt Plata € N(R‘), | 





04-07 <p+pl and 5 El € q gl. 
then N(R) being neutrosophic right ideal and N(L) being neutrosophic 


left ideals are quasi ideal of N(S). Then the product N(R)N(L) is a neu- 
trosophic bi-ideal of N(S) but by proposition 11 it is not a neutrosophic 
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quasi ideal of N(S). Indeed 


5+5f  0-0I 
104-107 1411 


| 
ober char 
| 








bir 7 | bari 22 
1 

















64-61 1411 | BM 1417] | 6461 1417 
— [2421 0707 11 104107 O07 İT iir 0401 
ə şr dc li” eem ır pud cd? 


m 


N(S)IN(R)N (1)] n [N(R)N (I) N (S). 
But do not contain in N(R)N(L). Hence, 
N(S)[N(R)N(L)]N İN(R)N(L)İİN(S) £ N(R)N(L). 


Proposition 205 The intersection of any set of neutrosophic bi-ideals of 
a neutrosophic semigroup N (S) is either empty or a neutrosophic bi-ideal 


of N(S). 


Proof. Let (N(B4): A€ A} be a family of neutrosophic bi-ideals of a 
neutrosophic semigroup N(S). tO, N(B) is non-empty then, 


o, vu9)) (o, vu.) C N(B,)N(B,) € N(B,). 


for every x € A and this implies that 


(2,72) (2,92) S .. 


ie aN (Ba) is a subsemigroup of N(S). Also 


(,p,vu2)) ve (2,005) € vas)eovus) € vas» 


for every 4 € A This implies that 


(p,v02)) xs) (9,9) € o v. 


Thus ON (Ba) is a neutrosophic bi-ideal of N(S). 
€ 


'The intersection of any set of neutrosophic bi-ideals of a neutrosophic 
semigroup AN (S) with zero is a neutrosophic bi-ideal of N(S). m 


Corollary 206 The intersection of a neutrosophic bi-ideal N(B) of a neu- 
trosophic semigroup N(S) and a neutrosophic subsemigroup N(T) of N(S) 
is a neutrosophic bi-ideal of N(T). 
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Proof. Obviously N(B)NN(T) is a neutrosophic semigroup of N(S). Since 


N(B)n N(T) € N(T), 


we have 
[N(B)n N(TD)NQD[N(B)n N(D] € N(T)n N(T) nn NİT) 
€ N(T) 
And 
IN(B) n N(D]N(D[N(B)n N(T)) €  N(B)n N(T) 1 N(B) 
C N(B)n N(S)n N(B) 
C N(B) 


Hence 

[N(B) n N(T)İNİT)İN(B) n N(T) € N(B)n NÜT). 
Thus N(B) n N(T) is a neutrosophic bi-ideal of N(T). m 
Proposition 207 Let N(T) be an arbitrary neutrosophic subset and N(B) 
be a neutrosophic bi-ideal of a neutrosophic semigroup N(S). Then the 
product N(B)N(T) and N(T)N(B) are both neutrosophic bi-ideals of N(S). 


Proof. Since 
and 


so we have 


[N(B)N(T)IN(S)[N(B)N(T)] 


IY İl IA IA 


And 


INIA II 


This implies that N(B)N(T) is a neutrosophic bi-ideal of N(S). Similarly 
we can show that N(T)N(B) is is a neutrosophic bi-ideal of N(S). m 
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Proposition 208 Let N(B) be an arbitrary neutrosophic bi-ideal of a neu- 


trosophic semigroup N(S) and N(C) be a neutrosophic bi-ideal of the neu- 
trosophic semigroup N(B) such that 


Then N(C) is a neutrosophic bi-ideal of N (S). 


Proof. Since 


and 
N(C)N(B)N(C) € N(C), 
so vve have 
N(C)N(S)N(C) [N(O)P N (S)UN (C)? 

= N(O)N(C)N(S)N(C))N(C 
€ N(CO)N(B)N(S)N(B)N(C) 
C N(B)N(C)N(B) 
C N(C)N(B)N(C) 
C N(C). 


Thus N(C) is a neutrosophic bi-ideal of N(S). m 


6.1 Some Characterizations of neutrosophic 
Regular Semigroups 


Theorem 209 For a neutrosophic semigroup N(S) the following condi- 
tions are equivalent: 


i) N(S) is regular. 

ii) N(R)N(L) = N(R) à N(L) where N(R) and N(L) is any neutro- 
sophic right and left ideals of N(S). 

iii) 

a) [N(R)P = N(R) 

(b) [N(L)P = N(L) 

c) N(R) N(ZL) is a neutrosophic quasi-ideal of N(S). Where N(R) and 
N(L) are any neutrosophic right and left ideals of N(S) respectively. 

iv) The set of all quasi-ideals of N(S) is a neutrosophic regular semi- 
group. 

v) N(Q)N(S)N(Q) = N(Q) where N(Q) is any neutrosophic quasi- 
ideal of N(S). 

Proof. (i) — (ii) 
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Let N(R) and N(L) be the neutrosophic right and left ideals of N(S) 
then, 


N(R)N(L) C N(R)N(S) 
Ge. AMOR) 
And 
N(R)N(L C N(S)N(L) 
C N(L) 


This implies that 
N(R)N(L) € N(R) N(L). 


Again let 
(a -- af) € N(R) à N(L), 


since N(S) is neutrosophic regular so there exist some 


(c+ z1) € N(S), 





such that 
(a+al) — (a+al)(a+aI)(a+al), 
since 
(a+al) € N(R), 
and 
(c+ zI)(a 4- aI) € N(L), 
thus 
(a+al) = (a-al)(x- xI)(a-- aI) 
€ N(R)N(L). 


'This implies that 


Hence 
N(R)N(L) = N(R)n N(L). 
Since the intersection of a neutrosophic right ideal N(R) and left ideal 


N(L) of a neutrosophic semigroup N(S) is a neutrosophic quasi-ideal of 
N(S). Also by ($i), 


N(R)N(L) = N(R)N N(L), 
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so N(R)N(L) is a neutrosophic quasi-ideal. The two sided neutrosophic 
ideal of N(S) generated by N(R) is N(R) U N(S)N(R) so from (ii) it 
follows that 


N(R) = 


Thus 
Similarly we can prove that 


If N(Q) is a neutrosophic quasi-ideal of N(S) then N(Q)UN(S)N(Q) is 
a neutrosophic left ideal of N(S) generated by N(Q). By (iii)(b) we have 


N(Q) € N(Q)UN(S)N(Q) (6.1) 
= [N(Q)UN(S)N(Q)) 
= [N(Q)U N(S)N(Q)IIN(Q) U N(5)N(Q)) 
= [N(Q)PUIN(S)N(Q)? U N(S)IN (Q]? U N(Q)N(S)N(Q) 
€ N(S)N(Q). 
Similarly 


N(Q) € N(Q)N(S). 
These relation and definition of N(Q) implies that 


N(Q) € N(S)N(Q)n N(Q)N(S) 
€ N(Q) 


N(Q) = N(5)N(Q) n N(Q)N(S) ((2)) 
(I) and (ö72)(c) together implies that 


N(R)N(L) = N(S)N(R)N(L) n N(R)N(L)N(S), 


for every neutrosophic right ideal N(R) and left ideal N(L) of N(S) re- 
spectively. Furthermore from (iii)(a) and (b) we get 


N(S)N(Qi1)N(Q2) = [IN(S)N (Q.) N(Q3))IN 5) NS) N (Q1) N (Qa)]. 
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And 
N(Qı)N(Qə)N(S) = [N(Q1)N(Q2)N(S)N(S)JLN(Q1) N(Q2).N(S)].- 


From above relation and (ii) we obtained 











N(Q1)N(Q2)|N(S) n. NCS)IN (Q1) N (Q2)] 
= [N(Q1)N(Q2)N(S)N(S)]IN (Q1) N(Q2)N(S)] n 
N(S)N(Q1)N(Q2)]IN(S)N(S)N (Q1).N (Q2)] 
= [N(Q1)N(Q2)N(S)[N(S)N (Q1) N (Q2) N(S) n 
N(S)[N(Q1)N(Q2)N (S))IN (S) N (Q1) N (Q2)] 
= [N(Qi)NN(Q3)NCS))IN (S) N (Q1) N (Q3)] 
€ N(Qi)N(Q3)N(S)N(Q3)] € N(Q1)N(Q2) 





ie N(Qi)N(Qz2) is a quasi-ideal of N(S). 

(iv) — (v) 

Let N(Q) be a neutrosophic quasi ideal of N (S). Then by (iv) there exist 
a neutrosophic quasi ideal N(X) of N(S) such that 


N(Q) N(X)N(Q) 
N(S)N(Q) 


(Q) 
(Q) 
(Q)N(S) n N(S)N (Q) 
(Q) 


IN In ın li 


ie N(Q) = N(Q)N(S)N(Q 
(v) => (1) 
The intersection (a -- a1); (a 4- a1),. of neutrosophic principal right ideal 
(a+al),. and left ideal (a+al); of N(S) generated by the element (a -- a1) 
of N(S) is a neutrosophic quasi -ideal of N(S). So by (v) we have 


— 





(a 4- aD) n (a+al), [((a 4- aD); n (a 4- aD),]N (S)((a + aD); 1 (a 4- a1),.] 


C (a- al), N(S)(a 4- af). 


Since (a 4- al) € (a 4- aI)i fi (a 4- a1), so 








i.e any element of N (S) is neutrosophic regular. Hence N (S) is neutrosophic 
regular. wi 


Corollary 210 Let N(S) be a neutrosophic regular semigroup. Then the 
following conditions are equivalent: 
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(4) 
N(Q) = N(R) n N(L) = N(R)N(L), 

for all quasi-ideal N(Q) of N(S),where N(R) and N(L) are neutrosophic 
right and left ideal of N(A) generated by N(Q). 

(ii) 

[N(Q)P = [N(Q)I". 

for neutrosophic quasi-ideal N(Q) of N(S). 

(itt) Every neutrosophic bi-ideal of N(S) is a quasi-ideal of N(S). 

(iv) Every neutrosophic bi-ideal of a neutrosophic two sided ideal of V(S) 
is a neutrosophic quasi-ideal of N(S). 
Proof. It is easy to see that (?) is hold. And 


[N(Q)? € [IN(Q)), 


is obvious. Since N (Q) is a neutrosophic quasi ideal so [N(Q)]?, thus there 
exist a neutrosophic quasi-ideal N(X) of N(S) such that 


Hence 
[IN(QI = IN(Q)PN(X)IN(Q)P 
C IN(Q)İ”N(S)IN(Q)I” 
= N(Q) N(Q)N(S)N(Q)- N(Q) 
Cc [N(Q) 
Le 


LN(Q))? = [N(Q)". 


Let N(B) be a neutrosophic bi-ideal of N(S). Then N(S)N(B) and 
N(B)N(S) are neutrosophic left and right ideal of N(S). Now we obtained 


N(B)N(S)n N(S)N(B) = N(B)N(S)- N(S)N(B) 


c N(B). 


Thus N(B) is a quasi ideal of N(S). 

Let N(A) denote a neutrosophic two sided ideal of N(S) and N(B) be 
a neutrosophic bi-ideal of N (A). Since every two sided neutrosophic ideal 
of a neutrosophic semigroup N(S) is a neutrosophic regular subsemigroup 
of N(S). And together with (iii) it implies that, N(B) is a neutrosophic 
quasi-ideal of N(A) and N(B) is a neutrosophic bi-ideal of N(S). Again 
by (diz), N(B) is a neutrosophic quasi-ideal of N(S) m 


Theorem 211 For a neutrosophic semigroup N (S) the following are equivalent: 
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Theorem 212 (i) N(S) is regular. 
(it) For all neutrosophic ideals N(I) and bi-ideals N(B) of N(S), 


N(I)n N(B) = N(B)N(I)N(B). 
(iii) For all neutrosophic ideal N(I) and neutrosophic quasi-ideals N (Q) 
of N(S), 


Proof. (i) — (ii) 
Suppose N(I) and N(B) are neutrosophic ideal and bi-ideal of a neutro- 
sophic semigroup N(S) respectively, then 


N(B)NU)N(B) € N(1), 


and 
N(B)N(IN(B) € N(B)N(S)N(B) 
C N(B), 
SO 
N(B)N(I)N(B) € N(I)n N(B). 
Let 
z Eyl € N(1)n N(B), 

then 


zd yl — (z- yl)(a- b1)(z bl), 
for some (a+ 67) € N(S). 

















zcyl = (x-yl)(a-4- bI)(z ul) 
= (z 1 yl)(a 4 bI)(x -- yI)(a-4- bI)(x 4 yl) 
= (z 1 yl)la 4 bI)(x -- yI)(a 4 bI)](x + yl) 
€ N(B)N(I)NB 
'Thus 
NU)n N(B) C N(B)N(I)N(B) 
Hence 


Let N(I) be a neutrosophic ideal of N(S) and N(Q) be a neutrosophic 
quasi-ideal of N (S). Since every neutrosophic quasi ideal is a neutrosophic 
bi-ideal therefore by (ii), 


N(I)n N(Q) = N(Q)N(1)N(Q). 
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(iii) — (i) 
Let N(Q) be a neutrosophic quasi ideal of N(S). As N(S) is a neutro- 
sophic ideal of N(S) therefore by (iii), 
N(S)n N(Q) = N(Q)N(S)N(Q). 
ie 
N(Q) = N(Q)N(S)N(Q). 
Thus by theorem 1, N(S) is a neutrosophic regular group. MH 


6.2 Some Characterizations of neutrosophic 
Regular and Intra-regular Semigroups 


Theorem 213 For a neutrosophic semigroup N(S) the following condi- 
tions are equivalent: 

(i) N(S) is both neutrosophic regular and intra-regular. 

(it) For any neutrosophic bi-ideal N(B) of N(S), 


(iii) For any neutrosophic quasi-ideal N(Q) of N(S), 
[INQ)P = N(Q). 
Proof. (i) => (ii) 


Let N(B) be a neutrosophic bi-ideal of N(S) then by theorem 1, and 
corollary 4, 


therefore 


)N(S)N(B) 
(S)N(B). 


- 
Ww 
2 2 2 
DJ 


€ N(B) 
Since N(S) contains multiplicative identity and 
N(B)N(S)N(B) € N(B), 


so we get 
[N(B) € N(B). 


Let (b+ bI) € N(B), as N(S) is regular so that 


(b+ bI) = (b+ bI)(v + vI)(b + bI), 
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for some (v + vI) € N(S), Also since N(S) is neutrosophic intra-regular 
therefore 





(b+ bI) — (z 4- z1)(b 4- bI)? (y + yI), 
for some (x + zI), (y - yI) € N(S) Thus 
b+ bI) 
= (b bl)(u El) 
= (b+!) 





b 4- bI) 

b+ bI)(v + vI)( 

= (b+5!) b+ bI)(v + vI)(b 4- bI)(v + vI)(b + 01) 

= (b-4 bI) b 4- bI)(v -- vI)(a + zI)(b + bI)? (y + yI)(v + vI)(b + bI) 
= [(b+b1)(a + zI)/ (b 4- bI)][(b + bI)(y + yI) (b 4- bI)] 

€ N(B)N(S)N(B) € N(B)N(B) = [N(B)f*. 





b+ bI) 























Thus (b+ 97) € [N(B)]? therefore 
N(B) € [N(B)P. 
Hence 
(ii) — (iii) 
Let N(R) be a neutrosophic right ideal and N(L) be a neutrosophic left 


ideal of N(S). Then N(R) n N(L) is a neutrosophic quasi ideal of N(S). 
Thus by (iii) 


N(R)N(L) = [N(R)N(L)) 
= [N(R)n N(L)İİN(R) n N(L)] 
C N(R)N(L) 
But 
N(R)N(L) € N(R)n N(L) 
therefore, 


N(R)n N(L) = N(R)N(L). 
Thus N(S) is neutrosophic regular. Also 


| 


N(R)NN(L) = 


C N(R)N(L) 
And for a neutrosophic semigroup N(S), 
N(R)N(L) € N(R) N(L) 


iff N(S) is neutrosophic intra-regular. Hence N(S) is neutrosophic intra- 
regular. wi 
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Theorem 214 The following conditions are equivalent for a neutrosophic 
semigroup N(S) with multiplicative identity (1+ 1I). 


(i) N(S) is both neutrosophic regular and intra-regular. 
(ii) For every neutrosophic bi-ideal N(B) and N(B) of N(S), 


N(Bı)n N(Bə) = [N(B1).N(B2)] 9 [N(B2)N(Bi)). 
(iii) For every neutrosophic bi-ideal N (.B) and quasi-ideal N(Q) of N(S), 
N(B)n N(Q) = [N(B)N (Q)]IAN (Q)N (B)]. 
(iv) For every neutrosophic quasi-ideal N(Q1) and N(Qə) of N(S), 
N(Q1) n N(Qə) = [N(Q1)N (Q2)] 9 [N(Q2) N (Q1)]. 
Proof. (i) — (ii) 
Let N(B4) and N(B3) be neutrosophic bi-ideal of N(S). Then N(B1)n 
N(Bə) is a neutrosophic bi-ideal of N(S). Then 


N(B)nN(B) = 


Similarl 
iid N(B1)0 N(B3) € N(B3)N(B:). 


Thus 
N(Bı)n N(Bə) € [N(B1)N (B5)] 9 [N (B3) N (Bi). 


( 
N(B1)][N(B1)N(B3) n N(Bə)N(Bi)) 
( 


B1)|N(CB3)N(B1) 


ın 
zi 
S 


Hence 
N(B1)0 N(Bə) = N(B3)N(B3) à N(B3)N (B3). 
Since every neutrosophic quasi ideal is a neutrosophic bi-ideal therefore 
by (ii), 
N(B)n N(Q) = [N(B)N(Q)] n [N(Q)N(B)]. 
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Since every neutrosophic quasi-ideal is a neutrosophic bi-ideal therefore 
by (dii), 
N(Q1)n N(Qa) = [N(Q1)N(Q3)] n [N(Q3) N (Q1)]. 
(iv) — (i) 


Let N(R) and N(L) be a neutrosophic right and left ideal of N(S) re- 
spectively. Then by (iv), 





N(R)n N(L) — [N(R)N(L)] n [N(L)N(B)]- 
So 
N(R)n N(L) € N(R)N(L). 
But 
N(R)N(L) € N(R) N(L). 
'Thus 
N(R)n N(L) = N(R)N(L). 


Which implies that N(S) is a neutrosophic regular semigroup. Also 
N(R)n N(L) € N(L)N(R). 


This implies that N(S) is an neutrosophic intra-regular semigroup. Wi 


6.3 Neutrosophic Prime Ideals 


Definition 215 A neutrosophic bi-ideal N(B) of a neutrosophic semi- 
group N(S) is said to be neutrosophic prime bi-ideal if 


N(Bı)N(Bə) € N(B), 


implies either 
N(Bı) € N(B), 


or 


N(B3) € N(B), 
for every neutrosophic bi-ideal N(B1) and N(Bə) of N(S). 


Definition 216 A neutrosophic bi-ideal N(B) of a neutrosophic semi- 
group N(S) is said to be neutrosophic strongly irreducible bi-ideal 


N(B,) N(Bə) € N(B) 


implies 
either N(B1) € N(B) or N(Bə) € N(B). 
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Definition 217 A neutrosophic bi-ideal of a neutrosophic semigroup N (S) 
is called neutrosophic semiprime bi-ideal if 


[N (Bi)? € N(B), 
implies 
N(Bı) € N(B), 
for every neutrosophic bi-ideal N(B,) of N(S). 


Remark 218 (i) every neutrosophic strongly prime bi-ideal is neutrosophic 
prime bi-ideal. 


(i?) Every neutrosophic prime bi-ideal is neutrosophic semi prime bi- 
ideal. 

(iii) If the set of neutrosophic bi-ideals of a neutrosophic semigroups 
N(S) is totally ordered under inclusion then these conditions are coincide. 
Proof. Let N(B) be a neutrosophic bi-ideal of N(S) and 


N(B1)N(B3) N(B3)N(B1) € N(B), 


for N(B1),N(B3) of N(S). Since the set of neutrosophic bi-ideals of N(S) 
is totally ordered under inclusion therefore either 


N(B:)N(Bə) € N(B3)N(B1), 


5i N(Bə)N(Bı) € N(B1)N(Bs). 
Suppose 
N(B:)N(Bə) € N(B3)N(B:), 
then, 
ı N(B:)N(Bə) n N(Bə)N(Bi) € N(Bi))N(Bə) 
SO 


N(Bı)N(Bə) € N(B). 


Since N(B) is a neutrosophic prime bi-ideal therefore either 
N(Bı) € N(B) or N(B3) € N(B). 


i.e N(B) is strongly neutrosophic bi-ideal. Similarly if N(B) is neutrosophic 
semiprime bi-ideal of N(S) and 


N(Bi)N(B2) € N(B), 
where N(B1), N(Bə) are neutrosophic bi-ideal of N(S). Then either 


N(B) e N(Ba) Or N(Bə) C N(B). 
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Suppose 
N(B1) € N(By), 


then 
[N(B1) € N(B1)N(B») € N(B). 


Since N(B) is a neutrosophic semiprime bi-ideal, therefore 
N(Bı) € N(B), 
ie N(B) is a neutrosophic prime bi-ideal of N(S). m 


Proposition 219 The intersection of neutrosophic prime bi-ideals of a 
neutrosophic semigroup N (S) is a neutrosophic semiprime bi-ideal of N(S). 


Proof. Let (N(Ba) : a € I} bea collection of neutrosophic prime bi-ideal 
of N(S). Then D ING) is a neutrosophic prime bi-ideal of N(S). If N(B) 


is a neutrosophic bi-ideal of N(S) such that 


then 


for all a € I. Thus 
N(B)C n N(Ba). 


acl 


Hence aN (Ba) is a neutrosophic semiprime bi-ideal. m 
ae 


Definition 220 A neutrosophic bi-ideal N(B) of a neutrosophic semi- 
group N(S) is said to be a neutrosophic irreducible bi-ideal if 


N(B))n N(Bə) = N(B), 


implies either 
N(B3) = N(B) or N(Bə) = N(B). 


Definition 221 A neutrosophic bi-ideal N(B) of a neutrosophic semi- 
group N(S) is said to be a neutrosophic irreducible bi-ideal if 


N(B,) 1 N(Bə) € N(B), 


implies either 
N(B3) € N(B) or N(Bə) C N(B). 


Proposition 222 Every neutrosophic strongly irreducible, semiprime bi- 


ideal of a neutrosophic semigroup N(S) is a neutrosophic strongly prime 
bi-ideal of N(S). 
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Proof. Let N(B) be a neutrosophic strongly irreducible, semiprime bi- 
ideal of a neutrosophic semigroup N (S). Let N(B1) and N(Bə) be any two 
neutrosophic bi-ideal of N (S) such that 


N(B1)N(B3) 0 N(B3)N(B1) € N(B). 


As 
[N (Bi) 9 N(B2)]? € N(B1)N (Bs), 
al 
* [N (Bi) n. N(B3)? € N(B3)N(B,). 
Thus 
[N(B1) n. N(B3)? N(Bi)N(B3)  N(B3)N(Bi) 





ın ın 
E 
— 


Since N(B) is a neutrosophic semiprime bi-ideal, therefore 
N(B1)n N(Bə) € N(B). 


As N(B) is a neutrosophic strongly irreducible prime bi-ideal of N(S), so 
either 

N(B4) € N(B) or N(B5) C N(B). 
Thus N(B) is a neutrosophic strongly prime bi-ideal of N(S). m 


Example 223 Consider the neutrosophic semigroup 
N(S) = (0-07, 0+ aT, 0-01, a - Of, a Fal, ad bI, b --OI, bal, 
b+ bi} 





0+0/ O+al 0+61 adl adal at+bl b«-0I bt+al b+bI 





0+0//0+07 0-07 0+07 0-07 0-07 0+07 0-07 0+07 0+0/ 
O0+al\0+0/ O+al O+al O+al Üzal O+al O+al Üzal O-al 
0+b1'0+07 0+67 0+b7 O«-bl 0451 O«-bl O-bl 0+57 O-bI 
at+0/|0+07 0+0/ 0-0] a+0l a-0I a+0l adl a+0l adl 
axal 0z0/ O0+al Ozal a*0I azal adal azÜl azal adal 
a*bl ÜzÜ/ 0-bI ÜHbl adl at+bl a+bl at+0l a+bl a+bl 
b+0/ 0+07 0+07 0+07 2407 b+07 b+07 b+07 b40/ b«0I 
bal 0-01 O+al O+al b-0I b+al b+al b*0OlI b+al b«al 
babl ÜZLÜ 0+b7 Üzbl b+07 b+bI b*bl b«-0I b+bI b«bl 
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Then N(S) is neutrosophic regular and intra-regular. 
The neutrosophic right ideals of N(S) are : 
{0+ 07), {0+ 07, a+al}, {0+ OZ, b Eb), {0+ OI, a+al, b+ br} 





The neutrosophic left ideals of N(S) are : 
{0+ 07), (0-- O7, a £ al, b bl) 


The neutrosophic ideals of N(S) are : 
{0+ 07}, (0-- O7, a+al, b bl) 





The neutrosophic bi-ideals of N(S) are : 
{0+ 07), (0-- 07, a -- al), (0-- OZ, b+ dF}, (0-- OI, a+al, b+ bI) 





All these neutrosophic bi-ideals are neutrosophic prime and hence semi 
prime. The neutrosophic prime bi-ideal (0--07) is not neutrosophic strongly 
prime bi-ideal because 








(0 -- O7, a-- al}{O +01, b+ bI) N (0-- OZ, b+ bTH(0 +01, a -- aI] 
= (0-01, a --al) n (0 - OI, b -- bI] 
= (0-4 0I) C (001). 











but neither (0 + OJ, a+ aI) nor {0+ 07, b+ bI) contained in (0 + OF}. 
Also {0 + 07) is not a neutrosophic strongly irreducible bi-ideal because 


(0 -0T, a-FaIl]) n (0 4-07, b4-bf) = (04-01) 
C (0--01). 
but neither 10 + OJ, a+ al} nor {0+ 07, b 51) contained in 10 + OF}. 


VVhich shovvs that a neutrosophic prime bi-ideal need not be a neutrosophic 
strongly irreducible or irreducible. 


Proposition 224 Let N(B) be a neutrosophic bi-ideal of a neutrosophic 
semigroup N(S) and (x--zI) € N(S) such that (at+aI) € N(B). Then there 
exist a neutrosophic irreducible bi-ideal N(I) of N(S) such that N(B) C 
N(I) and (e+ x1) £ N(I). 


Proof. Let N(D) be the set of all neutrosophic bi-ideal of N(S) such that 
N(B) € N(D) and («+ aI) € N(D).Then 


N(D) 7 0, 


because N(B) € N(D). The collection N(D) is totally ordered set under 
inclusion. As every totally ordered subset of N(D) is bounded above, thus 
by Zorn's Lemma there exist a maximal element (d+ dI) € N(D). Let 
N(E) and N(F) be two neutrosophic bi-ideal of N(S) such that 


NU) = N(C)n N(D). 
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If both N(C) and N(D) properly contains N(I) then (x + zI) € C and 
(a 4- zI) € D. Hence 


(x + x1) € N(C)n N(D) = N(I), 
this contradiction the fact that (z + aI) € N(I). Hence 
N(I) 2 N(C) or N(I) 2 N(D). 
u 


Theorem 225 Let N(S) be a neutrosophic semigroup, then the following 
conditions are equivalent: 


(?) N(S) is neutrosophic regular and intra regular. 
(it) For every neutrosophic bi-ideal N(B) of N(S), 


(iii) For every neutrosophic bi-ideal N(B,) and N(B3), 
N(B,) nn N(Bə) = İN(B))N(Bə)) 9 [N (B3)N CB] 


(iv) Every neutrosophic bi-ideal of N(S) is neutrosophic semiprime. 

(v) every neutrosophic bi-ideal of N (S) is the intersection of irreducible 
neutrosophic semiprime bi-ideal of N(S) which lies in it. 
Proof. (i) — (ii) 

Let N(B) be a neutrosophic bi-ideal of N(S). As N(B) is a neutrosophic 
subsemi group of N(S), so [N(B)]? C N(B). 

Let (b--bI) € N(B), since N(S) is neutrosophic regular and intra-regular 
semigroup so there exist some («+ x1), (y-- yI), (z-- zI) € N(S) such that 
( 


— 





(b+ bI) = (b+ bl)(x + zI)(b -- b1), 


and 
































respectively. Now 
(b--bI) = (b+bI)\(x+a1)(b+b1) 
= (b H bl)(z £ xT)(b “ bT)(z dc zsT)(b 51) 
= (b bllz tel) 1“ y1)(6 4 b1)?(z 4 z1)(z + zI)(b-- bI) 
(b+ bI)[(x + zI)(y + yI)](6 + OD) [(b + bI)|(z + zD)(z + x I)]|(6 4- b1)] 
€ İN(B)N(5)N(B)İİN(B)N(5)N(B)) 
C N(B)N(B) = [N(B)P. 
ie 
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Hence 


Let N(B4) and N(B3) be any neutrosophic bi-ideals of N(S), then by 
(44) 


N(Bı)n N(Bə) — İN(Bi)n N(Bə))? 
= IN(Bı)n N(Bə)IIN(Bi)n N(Bə)) 
C N(Bi)N(B,). 
Similarly 
N(B1)n N(B3) € N(B3)N(B:). 
Thus 


N(Bi)n N(Bə) = [N(Bi)N(Bo)] n İN(Bə)N(Bi). 
Since the product and intersection of neutrosophic bi-ideals is also a neu- 
trosophic bi-ideal, so N(B1)N(B3) and N(B1) n N(Bə) are neutrosophic 
bi-ideals. Thus 
N(B))N(Bə)n N(B3)N(B1) 
[N(B1)N (B3) n. N(B2)N (B)][N (B3) N (B2) n. N(B3)N (3)] 
[N(B1) 


c Bi)N(B3)]|[N (B3) N (B1)] 
C N(Bi)N(S)N(Bi) € N(Bi). 
Similarly 
N(B1)N(B3)  N(B3)N(B1) € N(Bi). 
Thus 


N(B1)N(B3) A N(B3)N(B1) € N(B1) n N(B3). 
Hence (J) and (IJ) gives us, 
N(B1)0 N(Bə) = N(B1)N(B3)  N(B3)N(B:). 


(iii) — (iv) 
Let N(B4) and N(Bə) be the neutrosophic bi-ideals of N(S) such that 


[N(B) € N(B). 


By (iii) 
N(Bi) = N(Bi)nN(BE1) 
= N(BiN(Bin N(B1))N(B1) 
= [N(B)F 
Thus 
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Hence every neutrosophic bi-ideal of N(S) is neutrosophic semiprime. 

(iv) — (v) 

Let N(B) be a neutrosophic bi-ideal of N(S), then N(B) is contained 
in the intersection of all irreducible neutrosophic bi-ideal of N(S) which 
contain N(B). So by previous proposition, if (b+ 57) £ N(B) then there 
exist irreducible neutrosophic bi-ideal N(I) of N(S) such that 


N(B) CN), 


and (b+ bI) £ N(I). Thus N(B) is the intersection of all irreducible neu- 

trosophic bi-ideal which contain it. By (iv) every neutrosophic bi-ideal is 

neutrosophic semiprime, so every neutrosophic bi-ideal is the intersection 

of irreducible neutrosophic semiprime bi-ideal of N(S) which contain in it. 
Let N(B) be a neutrosophic bi-ideal of N(S). If 


then 


ie N(B) is idempotent. If 








N(B)? 2 N(S), 
then [N(B)]? is a proper bi-ideal of N(S), thus by (v) 
[N(B)? = DİN (B4) : N(B4) is neutrosophic irreducible semiprime bi-ideal} 
This implies 

N(B) € N(Ba), 
for all a. Since each N(B4) is a neutrosophic semi prime bi-ideal therefore 
N(B) € N(Ba), 


for all a so 
N(B) € nN(B.) = [N(B)P. 


Hence every bi-ideal in N(S) is neutrosophic idempotent. 

(4) => (i) 

Let N(R) and N(L) be the neutrosophic right and left ideals of N(S). 
Then N(R) n N(L) is a neutrosophic quasi ideal and so neutrosophic bi- 
ideal of N(S). By (4i) 


N(R)n N(L) = İN(B)n N(LİİN(B) n N(L)) 
(R)N(L). 


In 
ES 
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Also 
N(R)N(L) € N(R), 
and 
N(R)N(L) € N(L) 
Thus 
N(R)N(L) € N(R) N(L). 
So 


N(R)n N(L) = N(R)N(L). 


Hence by theorem 1, N(S) is neutrosophic regular. 
Similarly 


N(R)n N(L) = IN(R) n NCD)|[N(R) n N(L)]. 
And 
N(R)n N(L) = (N(R) n N(L)IIN(R) n N(L)] 


iff N(S) is neutrosophic intra-regular. Hence N (S) is neutrosophic intra- 
regular. Ni 


Proposition 226 Let N(B) be a neutrosophic bi-ideal of a neutrosophic 
regular and intra-regular semigroup of N(S), then the following conditions 
are equivalent: 


(i) N(B) is neutrosophic strongly irreducible. 
(it) N(B) is neutrosophic strongly prime. 
Proof. (i) — (ii) 
Let N(B,) and N(B3) be two neutrosophic bi-ideals of N(S) such that, 


N(B))N(Bə)n N(B3)N(B1) € N(B). 
By theorem 5, 
N(Bı)n N(B3) = N(Bi)N(B2)  N(B3)N(B), 


thus 
N(Bı)n N(Bə) € N(B). 


By (1) 
either N(Bı) € N(B) or N(B3) C N(B). 
Hence N(B) is neutrosophic strongly prime bi-ideal. 
(i) — (4) 
Let N(B,) and N(B3) be two neutrosophic bi-ideals of N(S) such that, 


N(Bi) 0 N(Bə) € N(B). 
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By definition, 
N(Bı)n N(B3) € N(B1)N(B3) n N(B3)N(B4), 
thus 
N(B1)N(B3) N(B3)N(B1) € N(B). 
Thus by (iz), 
either N(B1) C N(B) or N(B3) C N(B). 
Hence N(B) is neutrosophic strongly irreducible bi-ideal of N(S). m 


Theorem 227 Every neutrosophic bi-ideal of a neutrosophic semigroup 
N(S) is neutrosophic strongly prime iff N (S) is neutrosophic regular, intra- 
regular and the set of neutrosophic bi-ideals of N (S) is totally ordered under 
inclusion 


Proof. Let every neutrosophic bi-ideal of N(S) is strongly prime then each 
neutrosophic bi-ideal of N(S) is neutrosophic semiprime, thus by theorem 
5, N(S) is neutrosophic regular and intra-regular. Now consider N(B4) and 
N(Bə) be any two neutrosophic bi-ideal of N(S), so by theorem 5, 


N(B1)0 N(Bə) = N(B1)N(B3) n N(B3)N(B:). 


As every neutrosophic bi-ideal is strongly neutrosophic prime, so N(B,)M 
N(Bə) is strongly neutrosophic prime. Thus 


either N(Bı) € N(B) n N(Bə) or N(Bə) C N(Bı) n N(Bə). 


If 
N(B1) € N(Bı)n N(Bə), 
then 
N(Bı) € N(B3). 
And if 
N(Bə) € N(Bı)n N(B1), 
then 


N(B3) € N(B). 


Conversely suppose that N (S) is neutrosophic regular, intra-regular and 
the set of neutrosophic bi-ideals of N (SS) is totally ordered under inclusion. 
Now let N(B) be an arbitrary neutrosophic bi-ideal of N(S) and N(B,),and 
N(Bz) be neutrosophic bi-ideals of N(S) such that 


N(B1)N(B3) 0 N(B3)N(B1) € N(B). 
As N(S) is neutrosophic regular and intra-regular, thus by theorem 5, 


N(Bi)n N(Bə) = N(B1)N(B2) à N(B2)N(B:). 
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Also 
N(Bi)N(B2) n N(B2)N(B1) € N(B), 


implies that 
N(Bı)n N(Bə) € N(B), 


since the set of neutrosophic bi-ideal of N(S) is totally ordered under in- 
clusion , so 


either N(Bı) C N(Bə) or N(Bə) C N(B), 
7 —— N(BORN(B = N(By) or N(By) n N(BS) = NOS) 


'Thus 
either N(B1) € N(B) or N(Bə) C N(B). 


Hence N(B) is strongly neutrosophic prime. m 
Theorem 228 Let the set of neutrosophic bi-ideals of a neutrosophic semi- 


group N(S) is totally ordered, then N(S) is both neutrosophic regular and 
intra-regular iff every neutrosophic bi-ideal of N(S) is neutrosophic prime. 


Proof. Let N(S) be both neutrosophic regular and intra-regular. Suppose 
N(B) be any neutrosophic bi-ideal of N (S) and N(B1), N(B») are bi-ideals 
of N(S) such that 

N(B1)N(B3) € N(B). 


Since the set of neutrosophic bi-ideals of N(S) is totally ordered therefore 
either N(Bı) C N(Bə) or N(Bə) C N(Bı). 
If 
N(Bi) € N(Baə), 


then, 
İN(Bı)İ” € N(B1)N(B») € N(B). 


By theorem 5, N(B) neutrosophic semiprime, so 
N(B1) € N(B). 


N(B) is a neutrosophic semiprime bi-ideal of N (5). 

Conversely suppose that every neutrosophic bi-ideal of /N(S) is neutro- 
sophic prime. Since the set of neutrosophic bi-ideal of N(S) is totally 
ordered, so by remark 3(iii), the conditions of neutrosophic prime and 
strongly prime coincides. Hence by theorem 6,,N(S) is neutrosophic regu- 
lar and intra-regular. m 


Theorem 229 Let N(S) be a neutrosophic semigroup, then the following 
conditions are equivalent: 
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(i) The set of neutrosophic bi-ideals of N(S) is totally ordered under 
inclusion. 

(it) Every neutrosophic bi-ideal of N(S) is strongly neutrosophic irre- 
ducible. 

(itt) Every neutrosophic bi-ideal of N(S) is neutrosophic irreducible. 
Proof. (i) — (ii) 

Suppose N(B) be a neutrosophic bi-ideal of N(S) and N(B1), N(Bə) be 
two bi-ideals of N(S) such that 


N(B))n N(B) € N(B), 
since the set of bi-ideals of N(S) is totally ordered therefore, 
either N(B1) € N(B3) or N(B3) € N(Bı). 
Thus 
either N(B,) n N(B3) 2 N(B,) or N(B,) n N(Bə) = N(Bə). 


Hence 
N(B))n N(Bə) = N(B), 


which further implies that, 
either N(Bi) € N(B) or N(Bə) C N(B). 
Consequently N(B) is neutrosophic strongly irreducible bi-ideal of N(S). 
Suppose N(B) be a neutrosophic bi-ideal of N(S) and N(B,), N(Bə) be 
two bi-ideals of N(S) such that 


N(Bı) n N(Bə) = N(B), 


thus, 
N(B) € N(Bi)andN(B) € N(Bə). 
And by (ii) 
either N(B,) C N(B) or N(B3) C N(B). 
So, 


either N(B1) = N(B) or N(Bə) = N(B). 
Hence N(B) is an irreducible neutrosophic bi-ideal. 
Suppose N(B4) and N(Bə) be any two neutrosophic bi-ideals of N(S), 
then N(B1) à N(Bə) is a neutrosophic bi-ideal of N(S). Also 


N(B1)0 N(B3) = N(B1)n N(B3), 
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so by (iii), 
N(B31) = N(B1) n N(B3) or N(Bə) = N(B1) n N(Bə) 


l.e. 


Example 230 Consider the neutrosophic semigroup 
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N(Bı) m N(Bə) OT N(Bə) er N(Bı). 
Hence the set of bi-ideals of N(S) is totally ordered. m 






























































N(S) = {(0+0/,0+1/,0+a/,0+0/,14+07,14+17,1+4+al,1+ 0, 
a+0l,a+1l,a+al,a+bI,b+0I, b -- AI, b+ al, b+ br} 

0-07 O+el O+al Oc-bl e+01 e+el e+al e+bl at+O0J a+el adal a+bl b+0I bt+el b+al b«bl 
0407 04-07 0407 0-07 0-07 0-07 0-07 0-07 0-07 0+07 0+07 0+07 0+07 0+07 0+07 0+07 04-07 
Ozel 04-07 O+el O+al 04+07 0-07 O+el O+al 0-07 0+07 O+el O+al 0+07 0+07 O+el O+al 04-07 
Oral |0-07 0407 0-07 0-07 0407 0-07 0407 0-07 0+07 0+07 0+07 0+07 0+07 0+07 04-07 04-07 
0+67|0+07 O-bI 040/ 0407 0-07 042/ 04+07 0-07 0-07 Obl 0+07 0+07 0 407 OcbI 0+07 0407 
e+0O/ |0-07 0-07 0-07 04+07 e+07 e+07 e«-0I e+07 adl adl a+0J adl 0-07 0-07 0-07 0407 
et+el |0+07 0-el O+al 04+07 e+0J e+e! e+al edÜl a*0I at+el adal a+0l 0+07 Ürel O+al 04+0/ 
etal 0-07 04+0/ 0+0/ 04+07 e+0J e+07 e+al e+07 a*0I adl azal a*01 04+07 04+07 O+al 04+0/ 
e«* bl |0-07 0-bI 0+0/7 0+07 e+07 e-bl e+01 ecbl adl at+bl a+0l a+bl 04+07 0+6/ 0+07 0-5/ 
adl 0-07 0+07 0407 0-07 0-07 0-07 0-07 0+07 a+0J a+0J adl a LÜ 0+07 0+07 0+07 0-07 
a+el |0+07 0+07 Ozal 0+0/ at+OJ at+el azal a+0/ 0-07 0-07 0+07 0+07 0+07 0+07 0+07 0-07 
a+al 0-07 0-07 0-07 0-07 0-07 0-07 0-07 0-07 0407 0407 0+07 0+07 0+07 0+07 0+07 0-07 
a+bI 0-07 0-bI 0+0/7 0+57 0-07 Ocbl 04+07 O-bI 0+0/7 Ocbl 040/ OxbI 04+07 02/ 0+07 04-5/ 
bel 0-07 0-07 0-07 0-07 0-07 0-07 0-07 0-07 0-07 0-07 0-07 0-07 0-07 0-07 0407 0+0/ 
b+el 0-0] Ocel O+al 04+07 b«-0I b+el b+al b-0Il 0-07 O«-el O+al 04+07 0—-0I O+el O+al 0407 
b+al 0-07 0-07 0-07 0407 5407 5+07 b+07 b«-0I 0+07 0+07 0+07 0+07 0+07 04-07 0407 0-07 
babl 0+07 OcbI 0407 04+07 b«-0I b*bl b+07 b«-0I 0-07 O-bI 040/ 0407 04+07 OxbI 04+07 0407 
























































Then N(S) is both regular and intra-regular. 


The neutrosophic right ideal of N(S) are : 


10 4-01), {(O+01, a+al}, {0+ OI, b+ bI), {0+ OI, a+al, b+bI}, 


(04-07, e+el,a+al}, {0+0/, e+el,a+al, b+bI} 


The neutrosophic left ideal of N(S) are : 


{0+ 07), {0+ OI, a -- al), (0-- OI, b+ bI), {O+0/, a 





al, b bl), 





{0+ 07, € £ el, a Fal), {0+0/, € F el, a E al, b+bI} 
The neutrosophic bi-ideals of N(S) are : 
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(0 4-07), (0 4-0T, a+al}, (0 +01, b+bI}, {0+ OI, e+ el}, (0 4- 0I, 
a 4- al, b bl), (0-- 0I, a -- al, e- eI], {04+ O7, e+el, b+ 01), (0 - OI, 
ec el, ad al, b 11). 

{0+ 07, e+ eI) is not a neutrosophic symmetric bi-ideal, because, 























(e £ eT)(a £ al)(e--eI) = (a+al)\(e+el) 
(0 --07) 
€ (0-07, e+ el}. 
but 
(e £ eTl(e £ eT)(a P af) = (e+el)(a+al) 
= (a+al) 
€ {0+0I,e+el}. 








Proposition 231 Every neutrosophic symmetric bi-ideal N(B) of a neu- 
trosophic regular semigroup N(S) is a neutrosophic right ideal. 


Proof. Suppose N(B) be a neutrosophic symmetric bi-ideal of N(S) and 
(b+ bI) € N(B), then there exist (s + sf) € N(S), such that 


(b+ bI) = (b 4- bI)(s + sI)(b 4- bI). 





Now for all (s -- 5 I) € N(S), 





(b+ d1)[(s +8 I)(s-- sI)|(b +61) N(B)N(S)N(B) 


Since N(B) is a neutrosophic symmetric bi-ideal, therefore (b + bI)(s + 
sI)(b--bI)(s +81) € N(B). But 


(b+b1)(s +s I) — (b-- bI)(s - sI)(b-- bI)(s +5'J), 





thus (b + bI)(s 4-s I) € N(B). Hence 


N(B)N(S) € N(B), 


ie N(B) is a neutrosophic right ideal m 


Corollary 232 Let N(S) be a neutrosophic regular semigroup with multi- 
plicative identity, then every neutrosophic symmetric bi-ideal of N(S) is a 
neutrosophic ideal of N(S). 


Proof. Let N(B) be a neutrosophic symmetric bi-ideal of a neutrosophic 
regular semigroup N (S). Since every neutrosophic symmetric bi-ideal N(B) 
of a neutrosophic regular group N(S) is neutrosophic right ideal, so N(B) 
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is neutrosophic right ideal of N(S). Now let (b-- bI) € N(B) and (s+sI) € 
N(S), then 























(b--bI)(s--sI) = (e-el)(b--bI)(s-sI) 
= (e-el)(s- sI)(b-- 0I) 
= (s-sI)(b4-bI) 
Similarly 
(s-c-sI)(b-- bI) = (e 1 e1)(s £ s1)(b dl) 
= (e 1 e1)(b £ bI)(s Esl) 
= (b bl)(s £ sl) 
Thus 


so 

N(S)N(B) € N(B), 
i.e N(B) is a neutrosophic left ideal of N(S). Hence N(B) is a neutrosophic 
two-sided ideal, i.e N(B) is a neutrosophic ideal of N(S). m 


Definition 233 A neutrosophic bi-ideal N(B) of a neutrosophic semi- 
group N(S) is said to be neutrosophic completely prime if for any a 4- aL, 
b 4-61 € N(S), (a FE aI)(b4- bI) € N(B) implies either (a+ aI) € N(B) or 
(b4- bI) € N(B). 

Lemma 234 A completely neutrosophic prime bi-ideal of N(S) is neutro- 
sophic prime bi-ideal of N(S). 


Proof. Let N(B) be a neutrosophic completely prime bi-ideal of N(S). Let 
N(Bı) and N(B3) be neutrosophic bi-ideal of N(S) such that 
N(Bi)N(B3) € N(B). 
Let 
N(B1) € N(B), 
so there exist (a + al) € N(B4) such that (a 4- aI) € N(B). Now for each 
(b+ bI) € N(B3), 


(a + aI)(b + bI) N(B:)N(Bə) 


€ 

C N(B). 

Since N(B) is neutrosophic completely prime so either (a+ aJ) € N(B) or 
(b+ 61) € N(B). But (a+al) ¢ N(B) thus (b-- bI) € N(B) which further 


implies that 
N(Bə) € N(B). 


Hence N(B) is a neutrosophic prime bi-ideal of N(S). m 
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Theorem 235 Let N(S) be a neutrosophic regular semigroup then, 


(i) The intersection of neutrosophic symmetric bi-ideals of N(S) is a 
symmetric bi-ideal of N(S). 

(ii) The union of neutrosophic symmetric bi-ideals of N(S) is a symmet- 
ric bi-ideal of N(S). 
Proof. (i) Let (N(B4) : a € I) bea collection of neutrosophic symmetric 
bi-ideals of N(S). Then QNO) is a neutrosophic bi-ideal of N(S). Let 


(atal)(ytyl)(z+2D) ON (Ba) then (a+21I)(yt+yl)(z+2I) € N(B4) 
for any a € I. Since N(B,) are neutrosophic symmetric bi-ideal of N(S), 
so (a+ zI)(y € yD)(z + zl) € N(Ba) for any a € I. Hence (z + zI)(y + 
yl)(z 4 21) € D N(«) i.e. n N(Ba) is neutrosophic symmetric bi-ideal 
of N(S). 

(ii) Let 1N(Ba) : o € I] be a collection of neutrosophic symmetric bi- 
ideals of N(S). Then by p335 each N(Ba) is a neutrosophic right ideal of 
N(S), so UN (Ba) is a neutrosophic right ideal of N(S). Thus U ING) 

ae a 
is a neutrosophic bi-ideal of N(S). If (a+al)(ytyl)(z+2I) € U ING»), 
then there exist some a € I such that (x + zI)(y + yI)(z + zl) € N(B,). 
Since N(B,) is neutrosophic symmetric bi-ideal of N(S), so (x + zI)(y + 
yl)(z4zI) € N(Ba). Thus (x + zI)(y + yI)(z + zt) U ING). i.e. 


UN (Ba) is neutrosophic symmetric bi-ideal of N(S). m 
ae 
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Neutrosophic Left Almost 
Rings 


In this chapter we introduced neutrosophic ideals in neutrosophic left al- 
most rings. Further we characterized these ideals. 


7.1 Neutrosophic Ideals 


Definition 236 A groupoid (N(S), x) is called a Neutrosophic left almost 
semigroup; abbreviated as an LA-semigroup; if it satisfies left invertive law, 
that is {(a@ + a1) *(ytyl)} «(24+ 21) = {(z+ 21) *(ytyD} s (xd. a1) for 
all (z 4- xI), (y -- yI), (e+ zI) € N(S). 


To understand the above concept we give an example. The following 
example has been taken from the paper[8]. 


Example 237 Let N(Z) denote the set of integers. Let the binary opera- 
tion "x " in N(Z) is defined in the following manner: (l-- LI) x (m 4- mI) = 
(m FE mI) — (L4- UD) for all l4- UL, m 4- mI € z where "—" denotes the or- 
dinary subtraction. Then (N(Z), *) is an neutrosophic LA-semigroup. Let 
us present some properties of LA-semigroups which have been taken from 
[2] and will be used later. 


Lemma 238 Let (N(S), x) be an Neutrosophic LA-semigroup. Then the 
following law holds. for all (x 4- xI), (y - yI), (z - zI), w - wl € N(S). 
((z-zxI)*(yd4yID)bs*((z-zI)*(w-4wl)) 21((z2zlI)*«(z4zDbs((y- 
yl) x (w 4- wI)). The above law is called medial law. 


Lemma 239 Let (N(S), x) be an Neutrosophic LA-semigroup with left 
identity (e+ eI). Then the following law holds for all (x + zI), (y bul), 
(z 4- zI), (w+wl) € N(S). 


iG c Ds*(y-yIbedi o zDsQw-wl)) = {(wt+wl)*(y+yl) }*{(2+21)*(a+al)} 


Lemma 240 if (N(S), *) is an neutrosophic LA-semigroup with left iden- 
tity (e+ eI) then, for all x - zI, y - yI; z - zl € N(S). 





(w+ zI)*((y-- yI)*(ztz1)) — (y yI) * {et xt) * (2+ 21)} 


Definition 241 A groupoid N(G) with the binary operation "x" is said to 
be an neutrosophic LA-group if the following conditions are satisfied: 
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(i) There exists an element (e+e) € N(G) such that (e+ eI)*(a+al) = 
(a+ al) for all (a+al) € N(G), 

(ii) For (a 4- aJ) € N(G) there exists (a + aI) € N(G) such that (a + 
al)’ x (a 4 aI) = (a 4- aI) x (a+al) = (e+ eI), i.e. left inverse of each 
element of N(G) exists in N(G), 

(iii) Left invertive law holds in N(G). 


Definition 242 Let N(G) be an Neutrosophic LA-Semigroup and let 6 # 
N(H) € N(G). Then N(H) is called an Neutrosophic LA-subgroup of 
N(G) if N(H) itself is an Neutrosophic LA-group under the same binary 
operation as defined in N(G). If N(H) is an LA-subgroup of N(G), then 
we write N(H) x N(G). 


Theorem 243 Let N(G) be an Neutrosophic LA-group and let 6 = N(H) € 
N(G). Then N(H) is an Neutrosophic LA-subgroup of N(G) if and only if 
(a+al)(b+ b) € N(H) for all (a+al), (b+ bl) € N(H). 


Theorem 244 Intersection of any family of Neutrosophic LA-subgroup of 
an Neutrosophic LA-group is again an LA-subgroup. 


Definition 245 A Neutrosophic left almost ring is a non-empty set N(R) 
together with two binary operations "+" and "." satisfying the following: 


(i) (N(R), +) is an Neutrosophic LA-group, 

(it) (N(R), -) is an Neutrosophic LA-semigroup, 

(iii) Both left and right distributive laws hold. That is for all (1 +/J), 
(m+m1I1), (n - nI) € N(R) 


Il 


(L4- HD) - ((m 4 mI) + (n 4 n1)) (1.11): (m 4- mI) + (İİ) (n 4- n1) and 
(2 U) o (m ml): (nnl) = (lU): n nI) 4 (m- ml): (n4 n1). 





Example 246 Let (N(R), +,-) be a commutative ring, then we can always 
get an Neutrosophic LA-ring (N(R),+,.) by defining for (m 4- mI), (n 
nl) € N(R), (m4-mI)--(n4-nI) = (n4-nI)—(m--mI) and (m--mlI):(n4-nI) 
is the same as in the ring (N(R), +, -). 


Definition 247 Let (N(R), +, -) be an Neutrosophic LA-ring. if N(B) is 
non empty subset of N(R) and N(B) is itself an LA-ring under the same 
binary operation as defined in N(R), then N(B) is called an Neutrosophic 
LA-ring of N(R). 


Let us describe some properties which have been taken from [9]. The 
following result gives us equivalent conditions for Neutrosophic LA-subring. 


Lemma 248 if N(B) is non empty subset of an LA-ring (N(R), +, -), 


then N(B) is an LA-subring of N(R) if and only if (a+ al) — (b+ bI), 
(a -- a1) - (b -- 6I) € N(B) for all (a 4- aI), (b 4- bI) € N(B). 
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Theorem 249 The intersection of any family of Neutrosophic LA-subring 
of an Neutrosophic LA-ring N(R) is again an Neutrosophic LA-subring. 


It follows from the above theorem that if N(A) and N(B) are two Neu- 
trosophic LA-ring N(R), then the intersection of N(A) and N(B) is again 
an Neutrosophic LA-subring of N(R). we are now going to define the sec- 
ond substructure of an Neutrosophic LA-ring N(R) which is called an ideal. 
The following definition has been taken from the source [9]. 


Definition 250 Let (N(R), +, -) be an Neutrosophic LA-ring and N(I) 
an Neutrosophic LA-subring of N(R). Then N(I) is said to be a left ideal 
of N(R) if N(R)N(I) € N(I) and N(I) is called a right ideal of N(R) 
if N(I)N(R) € N(I).N(I) is said to be a two sided ideal or simply an 
ideal of N(R) if it is both left and right ideal of N(R). Let us present some 
properties which have been taken from [1]. 


Theorem 251 Let (N(R), +, -) be an Neutrosophic LA-ring with left iden- 
tity (e+ eI), then every right ideal is a left ideal. 


Theorem 252 Intersection of two left(right) ideals of an Neutrosophic 
LA-ring is again a left(right) ideal. 


Corollary 253 The intersection of any family of left(right) ideals of an 
Neutrosophic LA-ring is a left(right) ideal. 


We are now going to define sum of two ideals of an Neutrosophic LA-ring. 
The following definition has been taken from [1]. 


Definition 254 Let (N(R), +, -) be an Neutrosophic LA-ring. Let N(1), 
N(J) be ideals of N(R). The sum of N(I) and N(J) is defined as: 


N(I) - N(J) 2 ((6 - iD) 4 (j - 9D :i - iL € N(I) and $ El € N(J)). 


It follows from the above definition that N(I) + N(J) C N(R). Let us 
describe some properties, which have been taken from [1]. 


Theorem 255 Let (N(R), +, -) be an Neutrosophic LA-ring. Then sum 
of two left(right) ideals of N(R) is again a left(right) ideals of N(R). 


Corollary 256 The sum of one left and one right ideal of an Neutrosophic 
LA-ring with left identity (e-- eI) is a left ideal. We are now going to define 
product of two ideals of an Neutrosophic LA-ring. The definition has been 
taken from [1]. 


Definition 257 Let (N(R), +, -) be an Neutrosophic LA-ring and N(I) 
and N(J) be two ideals of N(R). Then the product of N(I) and N(J) is 
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denoted by N(I)N(J) and is defined as 


i= 


N(IJN(J) = b (cernis ere NEG ene NÜ) 


(Con rT)i(s £ sl)i m (rc rT)2(s F sl)2) c 
(r+ rI)a(s + sl)3) H... (r - 7rDn-1(s + sD)4 21) + (r - rD(s + 5D) 





and (r--rI); € N(I), (s--sI); € N(J)}. Let us describe some properties. 


Theorem 258 Let (N(R), +, -) be an neutrosophic LA-ring with left iden- 
tity (e 4- eI). Then the product of two left(right) ideal is again a left(right) 
ideal of N(R). 


'The following result is a direct consequence of the above theorem. 


Corollary 259 if N(I) is a right ideal of an LA-ring N(R) with left iden- 
tity (e+ eI) then [N(I)]? is an ideal of N(R). 





1.2. Quasi and Bi ideals 


Corresponding to quasi and bi ideals of rings in this section we define quasi 
and bi ideals in Neutrosophic LA-rings. we give some properties of quasi 
and bi ideals. we show that under some given condition every quasi-ideal 
is a bi-ideal. 


Definition 260 Let (N(R), +, -) be an Neutrosophic LA-ring. A non 
empty subset N(Q) of N(R) is said to be a quasi-ideal of N(R), if (N(Q), 
+) is an Neutrosophic LA-subgroup of (N(R), +) such that 


N(R)N(Q)n N(Q)N(R) € N(Q). 


It is clear that every one-sided ideal of an Neutrosophic LA-ring (N(R), 
+,-) is a quasi-ideal of N(R).To understand quasi ideals we give an example. 


Proposition 261 Each quasi-ideal of an Neutrosophic LA-ring (N(R), +, 
-) is an Neutrosophic LA-subring of (N(R), +, -). 


Proof. Let N(Q) be a quasi-ideal of an Neutrosophic LA-ring (N(R), +, 
-), then by definition (N(Q), +) is an Neutrosophic LA-subgroup of (N(R), 
+). Now 


[N(QP = N(Q)N(Q) € N(R)N(Q), ie. [N(Q)?  N(R)N(Q) And 
[N(Q)” = N(Q)N(Q) € N(R)N(Q), ie. [N(Q)? € N(R)N(Q) So 
[N(QP € N(RN(Q)n N(Q)N(R) € N(Q), ie. [N(Q? € N(Q) 


Thus N(Q) is an Neutrosophic LA-subring of (N(R), +,-). m 
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Proposition 262 The intersection of any family of quasi-ideals of an Neu- 
trosophic LA-ring (N(R), +, -) is a quasi-ideal of (N(R), +, .). 


Proof. Let (N(Q) : i € Q} be a family of quasi-ideals of an Neutro- 
sophic LA-ring (N(R), +, -). Then clearly | & ,N (Q);. is an Neutrosophic 


LA-subgroup of (N(R), i5 Now 


wa ay} (ar VN (Qa 


C N(RN(Q;n N(Q):N(R) € N(Q)i for all i € Q 


This gives N(R) Lo (09 n Lor] N(R)C “AC. 
Thus ON@): is a quasi-ideal of (N(R), +,-). m 


We are now going to state and prove a result which is based on the above 
theorem. 


Corollary 263 The intersection of a right ideal N(I) and a left ideal N(J) 
of an Neutrosophic LA-ring (N(R), +, -) is a quasi ideal of N(R). 


Proof. The right ideal N(T) and the left ideal N(J) of the Neutrosophic 

LA-ring (N(R), +, -) being one-sided ideals are quasi-ideal of (N(R), +, 

-). Thus by the above proposition N(I) à N(J) is a quasi ideal of N(R). m 
We are now going to define bi ideals in Neutrosophic LA-ring. 


Definition 264 Let (N(R), +, -) be an Neutrosophic LA-ring and N(B) 
an Neutrosophic LA-subring (N(R), +, -) of N(R), then N(B) is called a 
bi-ideal of N(R) if 1N(B)N(R))N(B) C N(B). 


It is easy to see that every one sided ideal is a bi-ideal. Let us state and 
prove some properties of bi ideals. 


Theorem 265 Let (N(R), +, -) be an Neutrosophic LA-ring with left iden- 
tity (e -- eI) such that ((x + zI)(e + eT)) N(R) = (x + xI)N(R) for all 
(a +aI) € N(R) then every quasi-ideal of N(R) is a bi-ideal of N(R). 


Proof. Let N(Q) be a quasi ideal of N(R). Then N(Q) is an Neutrosophic 
LA-subring of N(R). Now by medial law and by (1) ie ((z + zI)(e + 
el)}N(R) = (x + xI)N(R) 


{N(Q)N(R)}N(Q) N(R)N(Q) and ((N(Q)N(I)N(Q) 

R)} N(R) 
R)}{(e + el) N(R) 

+ eD)}{N(R)N(R)} 


tel) N(R) = N(Q)N(R). 


INIA 
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Hence it follows that 
UN(Q)N(R)EN(Q) € N(Q)N(R) n N(R)N(Q). 
Hence {N(Q)N(R)}N(Q) € N(Q). m 


Theorem 266 The intersection of any family of bi ideals of an Neutro- 
sophic LA-ring (N(R), +, -) is a bi ideal of N(R). 


Proof. Let (N(B); : i € 0) be a family of bi ideals of the Neutrosophic 
LA-ring N(R). ThenN(B) = Nico N(B); being the intersection of Neutro- 
sophic LA-subrings of N(R) is also an Neutrosophic LA-subrings of N(R). 
Now 


{N(B)N(R)}N(B) € (N(B):N(R))N(B): € N(B); for allie Q 
Thus {N(B)N(R)}N(B) € N(B), for all i € Q 
{N(B)N(R)}N(B) © nueoN(B): = N(B). 


" 

It follows from the above result that intersection of a right ideal N(I) 
and a, left ideal N(J) of an Neutrosophic LA-ring N(R) is a bi ideal of 
N(R). 


7.3 Regular and Intra-regular Neutrosophic 
LA-ring 


corresponding to regular and intra-regular rings in this section we define 
regular and intra-regular Neutrosophic LA-rings. firstly we are going to 
define regular LA-rings. 


Definition 267 Let (N(R), +, -) be an LA-ring and let c be an element 
of N(R),then c is called a regular element of N(R), if and only if ((c-- 
cI)(u 4- uI)) = (e+ cl) for some (u+ul) € N(R). 


If every element of an LA-ring N(R) is regular, then the Neutrosophic 
LA-ring N(R) is called regular. Let us describe some properties. 


Theorem 268 (N(R), +, -) be a regular Neutrosophic La-ring with left 
identity e+el then N(I)AN(B) = 1(N(B)N(1))N(B) for every ideal N(I) 
of N(R) and and every bi-ideal N(B) of N(R). 


Proof. Given that (N(R), +,-) is a regular neutrosophic LA-ring with left 
identity (e+ eI) and an ideal of N(R) and N(B) every ideal N(T) of N(R) 


226 


7. Neutrosophic Left Almost Rings 


and every bi-ideal N(B) of N(R). Now 


{N(B)N(D}N(B) € N(DN(B) € NU) 
N(B)N(1) € N(1) and N(İ)N(B) € N(I) 
(N(B)N(1))N(B) € (N(B)N(R))N(B) € N(B). 
Thus(N(B)N(D)N(B) € N(I)nN(B). 


Conversely we get 
(a 4- aI)((b 4- bI)(c  eT)) = (6+ b1)((a + aI)(c 4- cT) Het 























(uc ul) € N(I)NN(B), Then 
(utul) = {(wtul)(v+vI)}(u+ ul) for some v + vl. Now 
(utul) = {(utul)(vt+vl)}(ut ul) 
= Kuta +oN}ut uT)]Go t v1)](u un 
= [((v-4vI)((u-Ful)H(u- ul)(v - vI)l](u 4 ul) 
[(u + ul) [{(v + vI)(u 4 uI)) (v + vI))(u 4- ul) 
€ 1N(B)N(1))N(B). Thus, 
N(IOQN(B) € {N(B)N(I)}N(B) and so 
N(InN(B) = 1N(B)NU))N(B) 
a 


Theorem 269 Let (N(R), +, -) be a regular Neutrosophic LA-ring. Then 
N(I)N(J) = N(I) n N(J) for every right ideal N(I) and left Ideal N(J) 
of N(R). 


Proof. Given that N(I) is a right ideal and N(J) a left ideal of (N(R), +, 
.).Then obviously N(I)N(J) € N(I)AN(J). Now let (utul) € N(I)N(J), 
then (u+ ul) € N(I) and (u+ul) € N(J). As N(R) is regular, so there 
exists (v + vI) € N(R) such that (u+ ul) = ((u 4- uI)(v 4- v1) }(ut ul) 
and {(utul)(vtvl)}(u+ul) € N(D)N(J). It follows that N(D)YN(J) € 
N(I)N(J). This complete the proof. m 

We are now going to define intra-regular Neutrosophic LA-rings. 





Definition 270 Let (N(R), +, .) be an Neutrosophic LA-rings,then an 
element (a-- aI) of N(R) is called an intra-regular if there exists (u -- ul), 
(v4-vI) € N(R) such that (a+al) = ((u-4- uI)(a-- aI)?Y(v 4- vI). If every 
element of N(R) is intra regular,then the Neutrosophic LA-ring N(R) is 
called intra-regular. To understand the above definition we give an example. 


Let us state and prove some properties of intra-regular Neutrosophic 
LA-ring. 


Theorem 271 // (N(R), +, -) is an intra-regular Neutrosophic LA-ring 
with left identity (e 4- 0 , then (N(B)N(R)) N(B) 2 N(B)n N(R), for 
every bi ideal N(B) of (N(R), +, -). 
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Proof. Let (N(R), +, -) be an intra-regular Neutrosophic LA-ring with 
left identity (e + eI) then 
{N(B)N(R)}N(B) €. N(R)N(B) € N(R) and 
{N(B)N(R)}N(B) N(B). 
Because N(B) is a bi ideal of N(R). Therefore 


c 
c 


{N(B)N(R)}N(B) € N(B) n N(R). 
Now (a+al){(b+61)(c+cl)} = (b4- bI)((a-4- aI)(c-- cI)) by left invertive 
law by medial law and by paramedial law i.e let (a--aJ) € N(B)AN(R) — 
(at+tal) € N(B) and (a--aI) € N(R).since is an intra-regular Neutrosophic 
LA-ring (N(R), +, -),so there exists (u + ul), (v + vI) € N(R) such that 
(atal) = {(u+ul)(a+al)?}(v+vI) 
(ut uI)((a 4 al)(a+ al)}](v + vf) 
= |(a+al)[{(u+ul)(a+al)}](v + vf) 
(u+vI){(u+ul)(a+al)}(a+ al) 
= (v vI)(u 4 uI)[((u 4 uI)(a 4- aI)?W(v + v1)] 
= [v4 vI)f(u- ul)(a-- aD)?H(u- ul) 
((u -- uI)(a 4- aI)?)[(v + vI)((u 4- ul) 
i ) 
) 



































( 
u  uI)(v 4- vI)) (a 4- aI)?((u + ul 
= [(a--aD?[(u - uD)(v -- v) H(u 4- uD)(v 
1(a 4 aI)(a 4- aI)H (u + uI)?(v H al 
= [{(at+al)(ut+ul)*}{(a+al)(v + vI)?]](a -- al 
1 y ) is +al 
[ 











v HE. vI)?(u 4- uI)?W (a -- aI)(a 4- aI 
= [(a--aI)[(v -- vI)?(u -- ul)*}(a+al) 
€ (N(B)N 


— 





= 
x 
is) 
- 
— 


(R))N(B). Thus, 
N(B)n N(R) € (N(B)N(R))N(B). Therefore, 
{N(B)N(R)}N(B) = N(B)N N(R) 


we are now going to state a result which is based on the above theorem. 
Corollary 272 If (N(R), +, -) is an intra-regular Neutrosophic LA-ring 
with left identity (e+ eI) , then {N(B)N(R)}N(B) = N(B) for every bi 
ideal N(B) of (N(R), +, -). 

The following result gives us equivalent conditions for bi ideals in intra- 
regular Neutrosophic LA-rings. 


Theorem 273 If (N(R), +, -) is an intra-regular Neutrosophic LA-ring 
with left identity (e+ eI) and N(B) a non empty subset of N(R), then the 
following conditions are equivalent 
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(i) N(B) is a bi-ideal of N(R). 

(4) {N(B)N(R)}N(B) = N(B) and İN(B)? = N(B) 
Proof. (1) 2 (2) 

Let N(B) be the bi ideal of the intra-regular Neutrosophic LA-ring N(R) 
with left identity (e + ef) then {(N(B)N(R)}N(B) € N(B). Now (a + 
al){(b+ bI)(c-- cI)) = (b+ b1){(a+al)(c+cl)} by left invertive law and 
by medial law. Let (b+ 57) € N(B), then since N(R) is an intra-regular, 
so there exists (u + ul), (v + vI) € N(R) such that 


babil = {(utul)(b+ bl)? (v4 v1) 

= [(u+ul){(b+ bI)(b 4- b1)Y(v + vt) 
b+ bI){(u+ uI)(b + b1)}(u + vI) 
u+vI){(ut+ ul) (b+ bT)Y](b + br) 
v I) 


e 








4 oT)l(u 4- uD)((u + uI)(b 4- b1)?1](v + vI) 

+ vI)[((u + uI)(b + bI)? H(u 4- uI)(v + vI))]](b 4- 01) 

= [((u-- uI)(b 4- b1)?)[(v + vI)((u + uI)(v + vI)](b + bI) 

(u + ul){(b+ bI)(b-- 61))][(v + oD) {(u + uI)(v + vl) HJ (6 + bI) 
(b+ bI)[(u + ul)(b + bI)}[(v + vD)((u + ul) (vu + v1))H](o + 0) 

= [{(0+ bI)(v  vI)H(u * ur)(b + bI))(u + uI)(v + vI)j](b + bI) 
































e 





























(b 4- bI) 
+01) 





( 
= [{(utul)(b4+ bI)H(b-- b1)(ut ul)}(v + v1)?](b + bI) 
= [((b- bI)(u-- uI)H(u -- ul)(b + bI)) (v + v1)?](b + bI) 
= [((b-bI)(u-- uI)H(v + vI)?(b + bI)Y(u + uI)](b + bI) 
= (v4 vI)*(b-- bI)H(b-4- bI)(u 4- ul)}(u + uI)|(b 4+ bI) 
] 
b 


= [v4 vI?((b4- bI)(u-- uD)H(b-- bI)(u-- uD) 
(b+ bI)((v + v)? ((b + bI)(u - ul)}(u + ul)]( 


a {N(B)N(R)}N(B). This implies that 
N(B) C {N(B)N(R)}N(B). Thus 
{N(B)N(R)}N(B) = N(B). 


Now (a+al){(b+61)(c+cl)} = (6+ b1){(a+al)(c+cl)} by left invertive 
law by paramedial law we have to show that [N(B)]? = N(B). Obviously 
[N(B)|? € N(B). Now let (b+ 62) € N(B), then there exists (u + ul), 
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(v + vI) € N(R) such that 


b+ 0b!) 
= ((u-- uI)(b-- bI)?Y(v 4 vI) 
| 





























= [(utul){(b+ b1)(b+ bI))](v + vl) 

= [(b+b1){(utul)(b+ bI))](v + vl) 

= [(v+vI){(ut ul)(b+ bI))](b + 01) 

= [(vtvI1)[(ut+tul){(ut ul) (b+ b1)?}(v + vI)]](b4- bI) 

= [to [{(ut ul + b)? (a + uTD (v + v] + 82) 

= [{(utul)(b+ bI)?W(v-- vl){(u+ul)(v + vI)M( 4- bI) 

= [(u+ul){(b+ bI)(b 4- b1)YJ[((v + vI)((u 4- ul) (v + v1))](b 4- b1) 








( (v 
= İl(b 1) Se LTLÜUÜLÜİILD?DO?D” + bI) 
= [[(vtvul){(ut uD)(v  v1))J[(u + ul) (6 + b1)) (b + b1)](b + bI) 
= [[(b-- bI)t(u-* uI)(v + v1) } {ut ul) (v + vl) }( )]]( + bI) 





bal 



























































= [[{(b+bl)(ut+tul)}H{(ut+ul)(v + vI)) (v + v1) (b+ b1)] (6 + bI) 

= İD cc bI)(u £ uD)) (v +v1)(v + vI)) (u 4- ul) [(b + b1)](b + b1) 

= [{(b+bl)(utul){(v vI)?(u 4 uI)) (b + b1)|(b + bI) 

= [[(b-4- bI)(v 4- v)?V(u + uT)?](b + b1)](b + b) 

= [((u-- uI)?(v + vI)? (b + b1)](b + bI)](b + bI) 

= [{(ut+ul)?(v+v1)?}[(u + ul){(b+ bI)(b + bD))](v + vI)](b + b2))(b + bI) 
= [((u-- uI)?(v + vI)?M[(b + bI)((u + ul) (b+ bI)) (v + vI)](b + bI)](b 4- bI) 
= [[(u-4 ur)?(b 4- b)((u x ur)(b 4- b) MB + vI)?(v + v1) (b+ bd] (b + b1) 
= [I[(b4-bI)((u 4- uI)(u 4- uD)H(u - uI)(b + 61)))(v + v1)?](b + b1)](b + b1) 








[ 

= [[(b-4 bI)((b-bI)(u-- uI)H(u- uI)(u-- ul)}(v + v1)?](b + b1)](b + bI) 
= [{(b+ bI)(u-- uD)H(b-4- bI)(u + uD)?M(v + vT)?](6 + b1)|(b + 01) 
= [H(b-4- bI)(b-- bI)H(u -- uI)(u + uD)?M(v + vT)?])(b + bI)|(b + OL) 
= [H(v-- vI)?(u -- ul)? (b+ bI)(b + b1))](b + bI)](b + bI) 
= [[(b-4- bI)((v + vI)?(u + uD)? (6 + bI)|(b + bI)](b + OL) 
€ [{N(B)N(R)}N(B)|N(B) € N(B)N(B) = [N(B)? 

Thus N(B) C [N(B)]?and so N(B) = [N(B)? 








or 
or 








3 











(di) — (i) 

{N(B)N(R)}N(B) = N(B) and N(B)* = N(B) => {N(B)N(R)}N(B) C 
N(B) and N(B) € N(B)? => N(B) is a bi ideal of (N(R), +,-). m 

The following result gives us equivalent condition for quasi ideals in intra- 
regular Neutrosophic LA-rings with left identity (e + ef). 


Theorem 274 Let (N(R), +, -) be an intra-regular Neutrosophic LA-ring 
with left identity (e+ eT) and N(Q) a non empty subset of N(R), then the 
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following condition are equivalent: 


(2)N(Q) is a quasi ideal of N(R), 

(ii) N(R)N(Q) n N(Q)N(R) = N(Q). 
Proof. (i) — (ii) 

Let N(Q) be the quasi ideal of the intra regular Neutrosophic LA-ring 
N(R) with left identity (e + eI). Then N(R)N(Q) n N(Q)N(B) € N(Q). 
Now (a+ al){(b+ bI)(c-- cI)) = (b+ bI)((a £ aI)(c-4- cI)) by medial law 
by paramedial law, let (a+aI) € N(Q), then since (N(R), +, -) is an intra 
regular neutrosophic LA-ring, so there exists (u+ ul), (v 4- vI) € N(R) 
such that (a+ aI) = ((u 4- uI)(a 4- aI)?). Now for (m 4- mI) € N(R), 
(m 4- mI)(a 4- aI) € N(R)N(Q). Further 





(m--ml)(a--al) = (m--mI)|[(u- ul)(a -- aD)? (v + vI)] 
= ((u- ul)(a 4- aI? (m 4 mI)(v + vI) 
(ut uD)((a £ aT)(a 4- aI))|[(m 4- mI 
[((a+al){(u+ul)(at+ al)}]{(m+ m1) 
= f{(atal)(m+mI)}[{(utul)(at+ al)l 4 v1) 
( 
) 


— 











= {(utul)(at+al)}[(at+ aD)[(m 4 mI)(v + vI)}] 
= [(u-F uI)((a £ aI)(m € mI))]|((a 4- al 
= [(v- vI)t(a- aI)(m k m1)jJt(a  aI)(u + ul)} 
= (a+al)|[(v + vI)t(a + al)(m + mI)j](u + ul) 
€ N(Q)N(R). 

















Now by left invertive law (a+aI){(b+0I)(c+cl)} = (b+6I){(a+al)(c+cl)} 
by medial law and by paramedial law m+mI € N(R),(a-4- aI)(m-4- mI) € 
N(Q)N(R). Further 






































(a-- al)(m--mlI) = [{(utul)(a+al)*}(v 4 vI)](m -- mI) 
= [(m- mlI)(v 4 vI)H(u * uI)(a -- aD)?) 
= (m- ml)“ £ vI)MN(u 4- uD)((a 4 aI)(a -- a1))] 
= (u-Ful)[[(m 4 mI)(v - vI)MH(a 4- aI)(a -- a1))] 
= (u-Ful)[[(m 4 mI)(a £ aD)M(v 4 vI)(a -- a1))] 
= (u-Ful)[[(a € aI)(a £ aD)M(v 4- vI)(m 4 m1] 
= ((a 4“ a1)(a £ aD))[(u € uD)(v 4- vI)(m 4 m1] 
= İl(s ck ul)d(o  vI)(m -* m1)j)(a 4 aI))(a + al) 
€ N(R)N(Q). 
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Hence, N(R)N(Q) = N(Q)N(R).Now by property (3) i.e. (a+ aI)((b + 
bI)(c-4- cI)) = (b+ bT)((a 4 al)(c + cI)) by left invertive law 

(a cal) = [(utul)(a+al)*|(v 4+ I) 
+ul){(a+al)(a+al)}](u + vf) 
(ut+ul)(a+al)}](u + vf) 
(u+ul)(a + aT))](a + al) 























€ 

Now as N(R)N(Q) = N(Q)N(R), soit follows that (a--aI) € N(Q)N(R 

Thus (a+ al) € N(R)N(Q) n N(Q)N(R) = N(Q) € N(R)N(Q) 
N(Q)N(R). Thus N(R)N(Q 

ji) — (i) 


). 
n 
(Q)N(R) = N(Q). 


N 
R)N(Q)NN(Q)N(R) = N(Q) this implies that N(R)N(Q)NN(Q)N(R) C 
N(Q) which further implies that N(Q) is a quasi ideal of N(R). m 
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This book consists of seven chapters. In chapter one we introduced neutrosophic ideals 
(bi, quasi, interior, (m,n) ideals) and discussed the properties of these ideals. Moreover, we 
characterized regular and intra-regular AG-groupoids using these ideals. 

In chapter two we introduced neutrosophic minimal ideals in AG-groupoids and 
discussed several properties. 

In chapter three, we introduced different neutrosophic regularities of AG-groupoids. 
Further we discussed several condition where these classes are equivalent. 

In chapter four, we introduced neutrosophic M-systems and neutrosophic p-systems in 
non-associative algebraic structure and discussed their relations with neutrosophic ideals. 

In chapter five, we introduced neutrosophic strongly regular AG-groupoids and 
characterized this structure using neutrosophic ideals. 

In chapter six, we introduced the concept of neutrosophic ideal, neutrosophic prime 
ideal, neutrosophic bi-ideal and neutrosophic quasi ideal of a neutrosophic semigroup. With 


counter example we have shown that the union and product of two neutrosophic quasi-ideals 


of a neutrosophic semigroup need not be a neutrosophic quasi-ideal of neutrosophic semigroup. 
We have also shown that every neutrosophic bi-ideal of a neutrosophic semigroup need not be 
a neutrosophic quasi-ideal of a neutrosophic semigroup. We have also characterized the 
regularity and intra-regularity of a neutrosophic semigroup. 

In chapter seven, we introduced neutrosophic left almost rings and discussed several 
properties using their neutrosophic ideals. 
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